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On the Secondary Spkctium of Hydrogen. 


By 

IVwciiwox Das, M.Sr., 

Lfrhw'r m Pfiywex, Sfnutt/HH'r ('of If ye 

Although the application by Bohr and Sommerfeld. of Qnnnfnm- 
theory to spectroscopy, lias mot with a phenomenal success, the onlv 
atoms, of which the line-spectra. have as yet boon quantitatively 
accounted for are those of hydrogen and ionised helium. The next- 
structure in the order of complexity is the helium atom. But as it is 
a problem of three bodies, no exact solutions have been obtained. The 
hvurogon molecule is still move complex, as it consists of two electrons 
and two hydrogen-nuclei. Tin* only existing model of the hydrogen- 
molecule is that of Debye, hut the dynamical solution of the Debye- 
model has not been effect ed yet, although it has attracted the attention 
of Silhcrsiein and Saha. It is practically established now that the 
secondary spectrum of hydrogen is emitted by the hydrogen-molecule. 
So a theory of the secondary spectrum must rest on a workable model 
of 1 1u; molecule. The present, paper embodies such a model and the 
1 lamilton-Jucobiun equation of the same can he solved to a certain order 
of approximation. A frequency -formula ha* been deduced ; hut as the 
secondary spectrum of hydrogen consists of an extremely large number 
of lines, if is idle to identify each of these lines with some lines 
calculated from formula, at the present state of the subject. But 
as Sommerfeld has pointed out, some other features ol the second- 
ary spectrum should he studied with a view to observing some regularity, 
and if such is observed, any new : theory should he based on them, 
fflitseher has observed 1 that if the maxima in the energy-diagram of the 
secondary spectrum are superposed on Balmcr lines, then each 
Balmor line nearly coincides with a corresponding maximum. The 
model suggested here appears to account lor this to some extent. 

In order to arrive at the proposed model we start from the genesis 
of the molecule. When two neutral hydrogen atoms approach each 
other, the centre of gravity of their nuclei is approximately at rest 
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or in nniform motion, since tin? masses of the electrons are small com- 
pared with those f »f the nuclei. Now since the mutual force between 
the nuclei is one of repulsion they would fly apart after some time 
unless some electrons intervene, bet us place one electron at the centre 
of gravity of these two nuclei, so that this electron moves in a practi- 
cally force-free field. The two nuclei will now describe closed oibits 
about this electron, and these would form an ellipse- veiviii or degenerate 
into a circle. The remaining electron may now describe some orbit at a 
comparatively large distance from this complex structure. This com- 
pletes t he model. 

The potential of this complex structure consisting of an electron 
and two nuclei can be shown to be approximately that of two centres 1 
of force, Or wo may replace the two revolving nuclei by a ring of 
electric charge and expand its potential in a series form, lint it is 
immaterial which way we regard tin* problem, as it is the form of the 
series-formula that concerns us and not the numerical value of the 
constants involved therein. In accordance with the latter view the 
potential is of the form, 


V-- + 


’* + C * + 


1 


If we retain terms up to 1/r* only and quantise the atom in the 
polar coordinates of t lie valency-elect mn, wc shall then arrive at the 
nsual Rydberg Parmula 


y=X 


1 

0/ + tt)* 



Now the term r i; is proportional to the squaie of the radius of the 
ring of nucle : . If we assume that this nuclear ring also is* quantised, 
then c, becomes a function of these quantum numbers. Thus ihe terms 
a. ft in Rydbergs formula quoted above, are also functions of these 
quantum- numbers. Assuming that these nuclei, each of mass M, 
describe the same circle with radius a, and have an angular velocity w, 
the equation of motion is 


AW 


.V 2 

4a' 2 


Cf. Tank. Ann. <1. Phyaik, 1 01!#. 
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subject to t lie quantum-condition, 


liMa a w— 


» Jt 


1 fence 


1-7T 2 Mr 2 


lr is show in Sommerl'clds* Atom-bau, *Jnd nl. that the constant u in 
Kydhor^s formula is proportional to r, and therefore to u tt l . 

We now introduer the idea that when a quantum-radiation takes 
place, both the numbers » and n „ stiller a quantum-transit, which 
amounts to saying that a rc-aranf/cmcut of both the inner structure and 
and the outer elect runs takes place durinuf a radiation, lender the cir- 
cumstances, the frequency-formula takes the form. 

X __ N „ 
y_ (« + /■.«.')•-■ 0-+A- /.„*)« 

where /r is a small quant it \ of the order of m M. 

This can he approximately written as follows : — 



From the expression for the ladius of the nuclear ri nu . it i' c\idcnt 
that unless //„ is very larife. this riiiif is imich smaller than the one- 
quantum or two-quantum orbit of the outer electron. If is thus obvioii. 
that corifspondiiijr to every quantum-jump of the outer electron, quite 
a lar«fe number of transitions in the value of n is possible, and this 
will give rise to a larue number of closely grouped lines. This accounts 
for the many-lined character of tin* secondary spectrum. Also the 
form of the frequency-formula at once visualises a dose relation 
between the secondary-spectrum and the llalmer lines. For instance, 
if we put //— - and y* — »>, thU corresponds to a quant urn-transit in the 
hydrogen which irive* rise to the line Hu. In the molecule 

however we shall iret la rift 1 cluster of lines somewhere near Hu. Simi- 
larly, if we put «=- and I. we shall »cl another cluster of lines 
in the neighbourhood of II and so on. It is to be borne in mind that 
these idnsters most, probably overlap each other so that no well-delincd 
line of demarkatioii exists between them. The net appearance of thi: 
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thcoiotical spectrum is neither that of bands nor of series-lines. The 
puzzling character of the secondary spectrum and its non-conformity 
to any class is quite; well-known. 

Of course an actual calculation of these lines and their identification 
with the individual lines in the secondary spectruift will lead to no- 
where, but there are other features of the formula which' lend themselves 
easily to an experimental test. 

As already mentioned in the introduction, Glitschcr observed that 
if the maxima in the energy -diagram of (lie secondary spectrum of 
hydrogen were denoted by the symbol H,/, il/, etc., then the differ- 
ence in wave- number between the above and tbe Balmer-linos ; the 
quantities H a ' — Ha, II/— 13^, etc., were approx in ately constant. 

VVe can reasonably assume that the state of the inner core of the 
molecule which corresponds to these maxima, must be the most probable 
states. Let //„=//* be the qiiaiitiim-niimher deuoting these most pro- 
bable states. Then it is easily seen tlmt 

ll„’-Hu= -X ( ! - J ) 

V 2 .1 a / 



Hence I lie ratios of these arc 
_l_l.l_l.1_1 

0.1 ;i’i ' 2* i 3 '2 3 :>'■ ■ 

=0*7:} : 0 !>1 : 0 !»7 : 1 : . . . 

On the other hand from the energy-diagram we Hud : — 

lla'-lla: H.’-U a : H v '-H v : . . . 

= 1380 : 1470 : 1542 : 1052 : . . . =0 84 : 0-8ft : 0-!t5 : 1 : . . . 

if the agreement between the theoretical and observed values is not 
quite close, these values are at least of the same order of magnitude. 
We must make room for the possibility that u „ may not equal p „ in a 



OK THE SECONDARY M’EL'IKl'M <>t HYDKOCEN 


ft 


quantum jump corresponding to any maximum in the energy-diagram 
but may be slightly different from one another: this will certainly 
modify the value of the ratios to some extent. 

It is natural to expert that t lie complex core of the molecule is not 
very stable. It is thns obions that at low voltages, the spark rr the arc 
spectrum should consist of the secondary lines emitted bv the molecule: 
and when the voltage is increased, the molecule atomises and the 
Maimer lines should make their appearance. This is well corroborated 
by experimental results. 

There are reasons to believe that the resonance and ionisation- 
potentials determined by electron-collision (Horton ami Davies) are 
not really those of the atom, but of the molecule (see Foote and Mohlcr's 
"Origin of Spectra/’ p. 7ft). If we put ;/ = l instead w=2. as in 
Lyman's scries, then the ionisation and resonance-potentials of our 
molecule will differ from those of the atom by a quantity of the order 
hi/ M. Hence our model bears out the conjecture of Foote and Mohlor in 
a striking manner. 




Rioiier Order Tides in Canals ot Variable Section. 


By 

Nkii’K.njira Nath Sen, I).S<\ 

The 011)3' problem of higher order tides completely solved is the one 
considered by Airy 1 and McGowan* in which the section is uniformly 
rectangular. The object of the present paper is ( 1 ) to establish the 
exact equations for free tidal oscillations in canals of variable section 
and (2) to determine higher order tides in a parabalic canal. ,H 

2 . Taking the origin on the undisturbed level and the axis of ,»• 
parallel to the length of the canal, the exact equations for free tidal 
oscillations in canals of variable section may easily he seen to he 


§7 + I I - M ‘ +,) " =0 - 

9« -j-„ 9«__1 9/'__ 0>/ (O) 

9/ 0 c P 0,r '0.1! 


where >/, 6, //, y/ are velocity, tidal elevation, breadth, depth and 
pressure at a distance ,r. 


3 . Let h=b {) < A = A 0 (l— - \ , so that the longitudinal section is 

V «v 

a parabola. In this case, we have from (1) and (2), after a little 
simplification. 


3 <lK 

0 /■ a* 


l <*-=’> I’" =-*- 


+ 


0 
0 ~ 

0 

0 - 


0 

0 / 


( "V ) 


(I—-*) » 


0 '< 

0: 


( 3 ; 


1 Airy— “Tides and Waves ” Kncy. Metro p. Art., 192,1845. 

3 McGowan — “ On the theory of long waves, etc.” Phil. Mag., Series 5, Vol. 35, 
250, 1898. 

Also Lamb— “ Hydrodynamics,” Ed. IV, p. 251 and p. 273, (1910). 

:t This problem was attempted in a previous issue of this bulletin (Vol. X, 113. 
1918-19) but the solution obtained therein is wrong due to the use of incorrect 
equations of motion. 
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s 


where 

.r 

z = 

a 

Neglecting squares and higher powers nf h and r], we have from 
(2) and (d) 

9 .'/«» 9 /i n 9j_o 

a t* «• a.- a: 


9 « __ 9>> 

a / y a* 


Assuming that #; oo e and putting 

,r •=,* (« + l) ... (4) 

we have 

9 <^+,,(,, + 1) ,,-rO 

whence 

0=c p. (0 , /,r/ 

where v is to he integral since ij must he finite when ,r= + rr, m-. z=-j-l ; 

.-. From (2), «= /f,C P',(.-) 
mr 

correct to above order of approximation. 

Now, substituting the above values of n and r; in the 2nd order 
terms in (.‘1) and neglecting third and higher powers of u, tj and their 
differentia! co-efficients, we have after a little simplification. 

0 /i ,j\ _ n(n + l) 0J^ 

Qz ' <r' "" 0/* 


= ^,| L-2.-r.» 

«. o* Oz 


(*)-3«(„ + 1) 




(«) 


Assuming 


V= C P. (*) + J*, P, (:) r‘ ,V ' 





HIGHER order TIDES In canals of variahEe section 0 

whore h T is so small that, its second and higher powers can he neglected, 
we have from (5) and (6) 

a k, [4 )t («+l)—r 0 +1)1 P, 0) 

= v°! f [2; lV.*)-3Kf« + l) P.(*) !*.(.-) 1 ... (7) 

Now, it c:an be easily proved that 

P'. 0) = (2»-l) P,_, M + (2»— 5) l\_, 

+ (2»-!)) I’,_ s (.-)+ ... (8)’ 


» P’. (j)=»P.(s) + (2»-3) !*.-,(:) 


+ (2«— 7) I’,., (0+ ... (ft)* 


Also P. (:) P. (.-)= a 
r — 0 


.1*-. r — > 


where 


2i»+»«) + l— Ir | } t , 
2, M+in) + l— 2r 


(W)* 


'41 1,1 and A„= 


(111 


.-. ± P'.*(;)-3«(«+l) P.U) P'.(i) 

=i\(*) [2 * P',(.-)-;b, (u+1) P.0)] 

= r(2«-l) l , ,. 1 (*)+ 2»~51 P„_,(*) + '2it— ft) P. .,('.-) + ...] 

[-H (3»+l) P. (:) + 2 (2»-3) 1 *..,(:) + 2 (2«-7) !>,_*<;) + ... | 

= [11,.., l* t ._ 1 (0 + B,.-,P, .-,(*)+■••] - <12) 

xpressiiig the product of two Legendre’s co-efficients in terms of 
Legendre’s co-etlieients by (10). 


1 Whittaker— Mod. Analysis, p. 303, Result IV. 

2 Whittakoi. ibid, p. 324, Ex. 4. 

a Adams— Proc. K»y. Soc., Vol, 27. Also Whittaker, ibid, |>. 325. 



10 


NillL’ENDRA NATIl SEN 


Now, it may be easily seen that 

B a — m(2m — 1)(3»+ 1) 

(2»-D (3«+i; • jj=-J 


^ » A H — J 

A-2 JI — 1 



+2 (2m— 1) i.2m— 3) A " ' A .v* -w(2m- 5) (3»+l) A i-^s--* 


B ftn _ 5 = — m (2?/— 1) (tfn+1) 


A„_ a A a A». s 
4?# — 5 A aw _ 3 


+ 2 (2«— 1) (2m- 3) *L» Air* A l_ A --.» 

4?/ — 7 A a ,_ 4 


-m (2 m— 5) (&/ + J) 


■In - 9 A_, A l A, 

4» — 7 A a *_ 4 


+ 2 f‘2w-l) (2 m-7) 


A.-t A,. t 

A« It — R 


+2 (2m— 3) (2m— 5) Aiq. -»(!}»+ 1) (2m— 9 ) A* Al-.» 

A a n - A a „ . 5 
etc., etc., where A„, is given by (11), 

Again by (8), we have 


£ [B,.., P,.-, 0 + B,.- a p,.- a + P ln -, (:)+... I 


— (*^ ) ^ ss /* — * Pa*-fi 


O fB _, = (4 m-;*) B..., 
a»-i = (4w 7) | B a +Bj »» -a] 

0..-.,= (4u-4y + l) i B in . ar+1 ... *13) 


where 
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From (7), we have 

SL f 4 » («+!;-'■ iH-C] i\ (~J=^ i_ i’ s 

./ = 




which gives 


A ‘ a . + 1=° ('=U> 2 etc.; 


K 


-2 ./ 


,( ! <r a 


4/i («+!) — (2w— 2/ 1 (2 m— 2/ +1 ; 


when 

,/=i. a 


Hence from (ti), 


a 2 </ 8 4?i( w + 1 j — (2vj— 2/ J (2m — 2/ + 1 ) 


L\. -.,(=) 


2/crt 


U4) 


wh ere 0 „ „ _ a , is gi ven by (1*1). 

4. From (14), it is evident that the 2nd older tides are propor- 
tional to C a and their frequency is double that of the primary 
disturbance. If the approximation he continued it can lie slnwn that 
p ,h order tides are proportinal to C p and its frequency is p times tlmt 
of tlie primary. 

5. The following particular cases of interest may be easily deduced 
from the above results 

i<rt . , , 2 2/<rt 

(a) [f»=l. <>.^*=l-2, r/=<; P,( - ;/i ' - 

U"o 


CO If »=*, »/=0 1\< )«■ " r -\ C l j | Z 2 '^ 

vK “ * ( ) 


(c) 1 f n = 3*4, 

ilK 


„ „ , ' ff/ q C* 2/<t - / ( , 720„ , . . 1125 . 

,,=c p.i* j •*+-*, p .(0+ 4<J 1 a.) [ 
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(</) If n— 4, 

V=C P 4 (:), 


* ir u . „ 

l - =4'5, 


>^ y C 2i,>( 31850 p , , 

( 5+ 1TT P ’ ,( ; + Tl P < (;) + "627- l " (;) 



On the Product of .Bessel Functions. 


By 


K, B/isr. 


Mr. Abanibhusan Dutta (Bull. Cal. Math. Sot*., Vol. XII (3), 1921; 
found out an expression for the product of two Bessel functions in a 
series of Bessel functions bv hm distinct methods but it was incomplete 
in as much as he did not lay much stress upon the coefficients. The 
present paper embodies a third method of the same, which seems to he 
an interesting and straight-forward analysis and attempt lias been made 
so that it is applicable tunny number of Bessel functions. The second 
section of my treatment involves a method by means of which one 
can effect indefinite integration of <tuy number of products of Bessel 
functions. 

I 

Scbdnholzer established 

, M | M _ 5 (-i«r(M+>'+- , »»+l)(i--)'‘J"' +2 " 

' b •' J „fo «!r(M+' t + 1 ;r(>'+»+i)r(/^+''+»+i) ’ 

for all values of //. and v. Also Neumann proved 


,1 ^ (>i+2r).(n+r- 1)! . , 

Va-1 - * ^ | •* n + a - 1 •- 


r = 0 


r\ 


whence 


+ + S (/* + v + '2u + 2r ).(p-f r-f 2n + ' -1 )| , 

f I ’ a-f r + 2h -f 2/ 

r=U • 




oo oo 



l-)T(/‘ + *' + 2" + lT >ft+i'+2«+2/ > +l)r(M' i-v+tn + r) 

Mr '>+«+i)r u'+«+i)r (^+i'+»+i)ro- h- +2-/ + 2 . j 


-•T^t -J- v + 2 u -f 2r. 
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From [A] we can easily determine the coefficients ft f) , (2 , 12 ,...0 , 

- 9 - 4 - 2 * 

Ac., in terms of series of (iamma functions. In fact 12 0 is obtained by 

putting a =0, r=0 ; 12 by putting w=l, r=0 : and v=l, m= 0 and 
— a 

adding up the results, (n general 12 is obtained by summing up the 

-2 A 

terms for w=0, r=k ; // = 1, >•=/.■— 1 ; ; // = /•’, r=0. Thus 

r(/-+F+i) 

r^+ijr^+iv • 

n _ r(M+* , +«) ( r(M+v+i) +( , r(M+r+«) \ 

rln+v+2, ( r(n+i)r(i'+i> r c^+^)r 0-+^) > ’ 

Ac., Ac., Ac. 

12 _ r(M+>'+^+0 < r(/*+»'+i)r<V+''+*)_ 

-*< r (/t+v+2*-) (o'!/,!r(M+i)r"'+i)r(i«+<'+i) 

■ / \ r (M+i'+^r (<'+i / + '■•+!) 

, uu~i)ir^+2ir iv+2)r“(M+v+2' 


r(/*+*'+ 5 )r(/‘+«'+*+ 3 > 

' 2J(ii-2)!r(/a+:{irc'+ 3 )"r (/“+>'+:<) 


+f _ » r(^+»'+ 2 /.+i)rO‘+''+ 2 o ) 

v ' A-!osr(fi+A-+i r(H /.+i)r i/i+i'+i+i) 5’ 

(/»*f 1) terms in all. 

From the general series for 12 we can write down any coefficient, 

-?A 

that is to say, for 12„ we take the first, term putting /» =0, for 12 we take 

- 2 

the first two terms putting A*= 1, and so on. Lienee the coefficients are 
determinable and we establish 


Apiiii 


.1 (;).! (.:)= g $2 .1 , ( ?1 


•l.t , .1 < )J \:)= 2 Ji J. (;)-.( , l0 («) 

A * v ; ~0-* r A ft+r+2r 


- fir, V J )*V+ I '( S ) + n _2 J A(*)'V + r+2 (; ) + - 

+ I1 -2A J A<-*>V+r+2A (;)+&c 



ON TIlK PRODUCT <l! UK.s.SKI, FUNCTIONS 


Suppose 

^ -n '’ J A+/i + ^^ + nl - 2 ' , A 4 . /J + r + 2 ( ^ + ”' 

+ ll '~ 2 r J X+ / T + r+ 2 /,' f: ) + ‘ t,, - ; 

J \^ )J ,*+i-+ 2 <')- n n. 2 ,, A + /; , + , + 2 ( : )+“ , _ 2 . 2 ,, X + / i + l ,+.|. L ^ + "- 

+ Ii '- 2 /.', 2 J \+ /A+ „ + 2 r+ 2 W +A,? ; 

J X^“ '\*+F+l(”)- H o,t J A+/..+i-+ |.( ) + u - 2 .r l A+ /i + r +(;( ; ) + "' 

+ !2 — 2 ^','i' , X+ / u + i/-p 2 //+ ].(*)+ & ,: ' ; 

&c.. Ac;.. Ac. 

' , X^'^ J / a+f+ 2/^ ^~ Ii (),2/' l X+/i + i/+2// ) + U — 2,2/,:’ , A+ j u.+r+2/ l +2^ 

TI . . . + - +I 2 , - 2 //. 2 i' , X+,,.+ l .+ 2 /. + 2 S <) + &*■ 

lheretoiu on substitution 

J x( ; V ,)J '' < *') = ^[*Vx+ / .+ f <:)+U '-2 J A+^ + k+^ + -" 

+ iy - 2 r , X+ / c + p+ 2 A-' (:)+ - ] 

+a -‘j[ il '0,2 J \+ /t +r+^ (:)+ “'-2.2 ,, X+ / ,. + ,+ tW + - 

+ I1 '-2//.2 ,I X +m+ , + 2/ 1 ' + 2 (:) + - ] 
+ “-l[ fi Vx+/,+p+ ^>+°'_ 4 .i.J A+/t+I . + , {(-■) + ... 


+ n, -2/.',|.' , X +/ c + I . + 2/.'+.|<^+- ] 




<&c*. 


Ac. 


+ n — 2A f “ 0,2/. J A + C + 2A ( c) + 12 '— a,2/ ( J X + /x + 2A -f- 2^ > + ’ ‘ ' 


+ Ac. 


— 2A'\2A *X+/t+»<+2A'+2A^‘ ! *"^ 


° 0^X+ < t+v'*' fi — 2 J X+ ( i+v+2^ " + “ — 2fc ,J X+|ui+i»+?.A' ^ rl 
+ Ac. 
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whore 

«o=Wv 


J1<, _2 =o 0 n ’_2+ o — 2 fi 0,2’ 


“"_4= n 0 n '-4 +n -2 W '-2,2 +12 -4 l 


etc.. 


etc., 


etc. 


n "_ 24- IJ 0 IJ '-24 + I2 -^ a '— a(/--l),2 + U — t fi '-2(A-2) ( 4 + - 


+fi -24 n O,24’ 


and so on ; tliat is the now coefficients are expressible in terms of series 
of products of known coefficients. Proceeding in a similar manner we 
obtain for ( m + 1 ) factors 






j x <+1 (:) - ii ,!’ ,,j a 1 +x s + ...+\, 


(-■) 

+ 1 


+ n -l ' , A 1 +A 2 + ...+\, +1 +2 (;) 

-f&c., say, where the coefficients 12 , 12 («) , ... are determinable from 

O -2 

those of the product of n factors. The general formula is 


II 

n *4“ 1 


J X W= ^ « 

A k = 0 


-2 k J 2 + W 


where stands for ^ +^ 2 "^ •’* ^"\ + l 


From definition 


J 

V 


<:) 


oo ii+ 2r 

5 (-)' £ 

(•=0 2 ^+^' , !r (/,+»■+ 1 ) 
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whence 


f 


_p+2r+l 


J (;)<*:= 5 , 

p < =0 2/’+ 2 '' »!r(p+r+l) P+2/ + 1 

=a l + 1 + Vp + 3 + Vp +5 +&f - sa J'- 


(1) 


where fig, f(y..,nre undetermined coefficients. Substituting the 


values of J «l &c. in the above we find 

C ( oo p-fl + 2 /• 

1.) (*>/:=*■] 5 (-) r — TIT? 

J p A (r=0 2? J + 1 + 2 'V!f i ?) +r+2) 

„p+3+2r 

( 0 2t>+* + lr r 


ii 


■f <fcc. 


(2J 


'Hr 

Comparing the coefficients of &c. ? we obtain after necessary 

simplifications. 

Hence 


'*1 (/ o *“ ^ 


l«) 


Again 


jv-- , '' t=2 !o j f+S'+i ( °- 

jn_ 2 ,-i„ +1 . +2 ,(=M-- 

=“»| J ,+.(--W--+“-2j •V+, + 2<-->' ; + B -*[v + , + 4(=)'' ; + i ‘'- 

B( J“ ( | 0 ' / i+i'+lV+l* ,+B — ' , ^+k’+2/-+.'i^ 1 

+ °-l' 2 ,I„ , ( .+v+2.+f> ( -' )+fc 

=2fi o[ J p+v+l ( ^ +J f .+v+3^ +J p+v+.'>^ + * c -] 

+« 4 w» (:) V» ,:, W )+fc ] 


+&e. 
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+ 2ft -2l[ 'V + r+2fr+l (l ’ )+ V+i'+2H-» ( ‘' )+ *”"' ] +& °' 
=2(n)^ +v+1 (0+2(ny_ 2 .j^ +v+3 (0+... 

+ 2 W'-2A- J /J +i’+2A + l (r)+4c ' 

~ 2 + * + 2/,+ 1 ^ 

where 

(«)'o= n O’ 

(n)'_ 2 =n 0 +n_ 2 . 

(n)'_ 4 =n 0 +n_ 2 +n_ 4 . 

W'_2A= n 0 +ft -2 +n -4 + " +n -‘_*', 

Proceeding in a similar manner with the throe- product integral, 
we obtain 

jj,(-w,< ! .'J r (.i*-8s # («r_ sl i» +) , +>+4 , + |. 

where (Q/'q=0"q, 

(«i"_ 2 =o" 0 +n"_ 2 , 

(»/'_4= $r 0 +I1 "-2 +ir -t' 




Longitudinal Vibrations of a Hollow Cylinder, 


1*y 

Jyotirmaya Ghosh, M.A., 
Lecturer, Dacca Vnivcm '///. 


1. The longitudinal vibrations of a thin circular cylinder have 
been dismissed at great length by Lord Rayleigh. 1 A second approxi- 
mation (retaining terms up to the square of the radius of the cylinder), 
generally known as Porli hammer’s solution, lias also been obtained by 
CL Three.* The frequency equation for a solid cylinder of any radius 
is given in Love's Elasticity. The object of this paper is to obtain 
the general frequency equation for a hollow solid hounded hy two 
co-axial circular cylinders. 

2. We take the axis of the cylinder as the axis of z and (/■, 0. z) 

the cylindrical coordinates of any point Denoting the displacements 

by w « tin, n . we tnav assume.” as usual. 

■ / v 

, T /( a:-f vt i 

H =1 )C r 




... ( 1 ) 


/( «: + »)/ ) 
n — YY v ' 1 


j 


In the case of longitudinal vibrations, we may put 17=0 and take 
V and W independent of 0. We t hen have 


a=( V : +-’ +«w y /(ar+ ^> 

\ 0 r r I 

=«, =0, 2<o= ( /al T - y? y ( " r + ?,/) 

where w lias been put. for o^. 






... ( 2 ) 


1 Theory of Sound, Vol. I, Chap. VII. 

2 Qnaiterly J. of Math., Yol. 21 (1880). 
:t Love’s Elasticity, Art, 201. 
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The equations of motion in lerms of A and w are 




a%. i 9»_o, 

0» » ». g ( . 


where /;» = ^7* _„a t« — V % P __„z 

X+2/x ’ ~ M " 


( 8 ) 


(4) 


The solutions of the equations (.'!) may be written 

A= jA'.T 0 a,', + B'Y 0 fM l / (r:+ i’0 

y ... <5) 

<■)= j C'J , (Ar) + I >' Y , l /•) ^ r r: + p ‘) | 

; J J 

h’rom (2) and (5), we have 


an u 

Or r 


+ /« W = A M 0 (/</■) + B Y „( /i /•) 


'“ U ~ d Qr =C '' , ‘ (l ' r)+tn > (i ') 


These are satisfied by 

U = A 9, ’'" (, " ) + B j| r Y 0 (*r) + (JuJ 1 (*r' + ll a Y' I (iy) 


\V = A/a J 0 (Ar) + B/«Y 0 (/„.) 

+ 7 I.S !*.«} 


K«) 



B= — 


B' 

**+B* 


0^ _2C'._. n__ 2D' 

(*■+<«*)» ’ (*»+«»;,• 


where 
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The tractions across any surface /■=?■ are given l>v 

/?=XA+2/x®"' 

O' 

ooX[A'J 0 (/ic) + B'Y 1> (A» , )J 

+ 2 '“ f, [ A J .. c A ' > + ( ■ «J , ( At j + B | ¥,,(/„■)+ l>«Y,(A,) J 

which, after simplification, 

= A •)+*' .!,(/«/•) j +B j VY, ,(/«•)+ ,(/»■) j 

+ C “ jw (1 «T)-.l l( ^)J + | IrY „(h-)—Y l (kf) j, 

ii=o, 

oo / .j2C'J ) (/, ) )+2iyY 1 (/,r) + 2 J 
which reduces to 

+ !>{ A. 2a// J t (///') + 13. + 

*,(*')}. 

in which we have put 

V=X(A*+a*)-2ft/f* 

3. The notations for Bessels functions used in this paper are those 
of Gray and Mathews and in the simplifications involved in the follow- 
ing processes, use will be made of the ordinary recurrence- formulae 1 
for the functions Y n (,c), J„'(«»), Y/(«r) and some others derived 

from them. Use will also lie made of the two theorems : 1 

O') .1 .+ , (*)Y. (x) — J „(.r) Y, +1 (.i )= * 

(*Y) J . (■<’) Y .'(•>’)— Y, (*) J , '(*)= ] 

Oray and Mathews, Bessel’s Functions, pp. 13, 14, 10. 

Nielsen, Tlieorie der cylmderfimktionon, p. 24. 
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Case T. — Both boundaries free. 

4. If the boundaries r=a and r=6 are both free from tractions, 
we have the following conditions : — 

X'Jjha + ^J,(A«) J+B £ \'Y„(ha)+^Y t (ha) ] 

+ C ~ [ AaJ 0 (fra)-J, (ka) J+ [ kaY 0 (ka)-Y ,(ka) ]=0 
A[ \'J 0 (hb)+£ .!,(/<&) ] + B [ \'Y n (hb)+^ Yjhb) j 

+ G J £ kbJ n (kb) — J j ( kb i J + y [ kbY„(kb)-Y,(kb) J =0 

A2aW 1 (Aa) + B.2aAY 1 (;/«) + CU’ l -n*)J 1 (<o)+D(A*-a*)Y/trt)=0 
A^aW^^ + B^aAY^AJJ + C^-a^J^^ + D^-o^Y.C^O 

Eliminating the constants A, B, C, D, we get the frequency 
equation — 


X'J 0 (/m)+£. J,(JM 

a 

A'J 0 (hb) J , (hb) 

X'Y 0 (ha) + **- Y , (ha) 

A'Y ,(M) + jV.lAfc) 


“ j 

^A«Y 0 (A<«)-Y,(Aa) j , 

“ | A6Y n (A6)— Y,(W<) j 

2a/* J j ( ha) 

2ahJ,(hb) =i 

2ahY l (ha) 

2ubY, (hb j 


(A‘-a*)J,(A6) 

(A*— a*)Y,(A«) 

(A'- u’)Y ,(A6) 
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or, 


|x'J„(Aa) + ,'A«) j I- jx’.I,, (/,&) + ^ J , (Jib) | II 

+2«/tJ,(/t«) TII-2aW 1 (/ l /,) 1V=0 


where 


1= jx'Y„(AA)+? YJhb) ](<»-«’ ,(A«) 

u= Jx-Y „(*«)+£ Y ,(*,.) ^ (fe’-a 

— 2ahY l (ha) a (A“— tt s ) | “^(,,1/, | —2ahY l [l>b) “ Ik- —a') 

111=*- {x , Y 0 (A«)+£y,(*«>} *(/,’-„•) 

- {XT.W+^Y.W J 

+ “ r 1 (“, si I +*.,», ! 

IV= (X'Y 0 fAa)+^- Y,(//«)| "lilp*) 1-A6F . + F . { 

+ |'x’Y 0 (Ali)+^' Y,(/m) | 

+ 2aAY t (/,a) a ) . -16F , -iUF . +F . ] 

' ( "(A. “A> »<A «,6i J 


where 


F th *-F. =J r (^»Y^AM~.J.(^)Y r aa> 

0| 0 |fl c 
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The freqncuey -equation may he finally put in the form 1 

( l Ganh ' + \ G »X ! 

+ h ab G *X ] 

+ 2 t( l{ '~ a ‘ l ) 1 + '■ «a 1 ! vr, «« 6 , + « G « a i 

1 K^ g «aI 


4o^ s f A ., ((6F _/,/,K — AwK , +F , Id, . 

ah ( »<A «Ai ".A "A ) "i&t 


4u*(fc , -<A _ 


=0 ... ( 8 ) 


G a.b, = - (i b,ar' ] '(l»W.(kb)-i,(hb>Y t (ka) 


Cask II.— Onk im»cxl>aky muio. 

5. If the cylinder be free at the surface r=u and rigidly damped 
at /•=&, the boundary conditions arc 

X'J„(/«<) + ^ J ,(ba) ] + li [ X'Y„(/m)+^' Y,(ha) J 
+ r /ca.) n (f i a')-J,(/ca) 

a L 

A2fl/zJ 1 (/oe) + B2a/ A Y l (Aa) + 0(A->-aViJ 1 (A«) + D(^-a > )ri(A-a)==0 
AW t (kb) + BhY,( kb) - CaJ , ( kb ) - Da Y x < kb) =0 
AaJ „(/*&) + BaY n (kb) -f- GkA n (kh) + VkYJkb) =0 

1 Here, as also in other cases, the actual process of simplification In ing rat het 
long, Lho intermediate steps have been omitted. 
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Eliminating A, B, C, D, wc have the frequency -equation 


VJ 0 (/*«)+ J,<M 


a 

\'Y 0 {ha)+£-Y l (ka) 

■2ahY,[l,„) 

a 

" |teJ 0 (U)-J ,(*•«) | 

I,U«) 

“ j* UY„(k',)-Y,(l«) | , 

( I;’ 1 —n* )Y hit) 


U x (hh) 

a.J n (hb) 

;=o 

hY , (/*/>) 

a Yo(«) 



W.(H) 



-aY, (kb) . 

After simplification, Lliis equation will reduce to 




2a a V __a 8 (/,‘ 8 -a 8 ) 
b ah 


— kh(h* —a 1 '» E . ( V(1 . G , I 
( ‘V'i a f V'i J 


*“ cl 8 ( 4) 8 *■— tt 8 ) E , (x'CI + ^G , )+ 2aa - 3/, rT , 

(a«F . -F . ] 

1 ",t*o ff.Oo) 


+ 2a+// G , \ka P , — E , > =0 

a «i»o ( "rA "A ) 


G. The equations (8) and (9) do not admit of exact solutions. 
Approximate solutions by trial may he obtained for assumed values of 
the ratio a: b, by making use of the tables for the values of »l 0 (.* ), •!,(.» 
Y 0 (.t), Y 1 (j)» The actual work of calculation will of course he very 
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2rt 

complicated. Tlie tables of .l 0 (.e) and .1 x ( j:) are given by Meissel' and 
those of Y 0 (.i:) and Y,(a:) hy Airey.* This method has been adopted 
by Mr. Southwell 8 in the numerical calculation of some of the approxi- 
mate values of the period in the ease of the transverse vibrations of 
ail annular disc, where, in addition to the ordinary Bessel and Neumann 
functions, the corresponding functions with imaginary arguments also 
appear in the frequency equation. 


Cask 111. — Thickness ok tiik shell very small. 

7. When the thickness of the shell is very small, wo may write 
a + da for b , expand the functions containing (a+da) in ascending 
powers of da, and, to a first approximation, neglect all powers of da 
beyond the first. 

Performing these operations in the equation (7), we obtain the 
frequency-equation for a thin shell of radius a in the form 

X'J 0 (/ia) + ,(/*«) -X'Aj;(/«t)-^J,(fctt) 

a a 

X'Y„ (/«/■) + £'y,(A«) — X'/tY, (ha)—t-Y(ha\ 

a a* 


a U x '(ka) 
nkY x '(hi) 

. 2a// J x (ha ) 

2aIiY x ( ha ) 


nk*.] x "(hi) 
a k'YSilta) 

2a AM/(k) |=0 

2a h 9 Y x \ha) 


<k* -a* ).U hi) , ( - a 8 ) J , '( ka) 

( p - a * )Y t ( hi ) . ( W -«•)*/(*») 


1 Reproduced in (i ray and Mathew’s Bessel’s Functions. 

2 Bop. Brit. Agsoc. (1014). 

Pioc. Rov. Soc., Ser. A, Vol. 101 (1922), p. 188. 
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which gives 

,(*«) 

+ ’ | J, ) Y 0 <■ /i« ) — J 0 ( /«( ) Y, ( A«) 

+ /i ’^~ aa) ’ I J, (MY , (Aa) - J , (Art) Y, ( Art) 


+2Ao’A*A'(A’— a’ !H 3 J.XAaJY.CArtJ-J/ArtJYJArt) 


) 

1 


| J 0 (/trt)Y, Art) — J, ha)Y n (ha ) j 

+ 2/ *' 0 ' **<*’ ~ “ “ ) | J , ( A-,)Y , ’(A,, ) - Y , ( A< ( ) J , '( Art ) | 

+^-“---7^-“’) | — J .(Art'Y ,'(Art)+J,'(Art)Y ,(An) | 

+ 2^a «A«(A»- a » , | J( '(Art )Y ,(Art)— J,(Art)Y , '(/«*) > 

+ 4a*A»A’H | J , (Art)Y , ’(Art)— Y, (A«) J,'( Ao) | =0 
where 


H=J 1 '(Art)Y l "(Aa)-J/'(Art)Y/«rt) 

= ?[ S J ' a " )_ r, Jl(te) } {-»*.(*«) + *,'*«)} 


-| Yo (ArO-^Y 1 (Aa)| |-:U,(Art) + J s fArt)| J 
= 4 [ 3 {j.(A^Y 0 ,Art)-J 0 (A„)Y„(Art) J + |j 0 (Ao)Y s fArt) 

-Y n (Aa)J s (Aa)j+i|j,fArt)Y 1 (Aa)-J 1 (Art)Y 5 (Art) J ] 

_1 _ J_ 

k(t k 3 a* 
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Tin's can bo further simplified into 


Ui-a •)*X'* 2Xy(A 4 — a 4 >' 

An 4 Wt 4 a* /tia 4 


_2a 4 i 4 X , (ft 4 -u 4 )/ _i \ 
n \ Aa A s a 5 / 

2XV 2//« 4 7/(* 4 -« 4 ) _2Ay_/i 4 (A' 4 -« 4 ) 

+ n-* + ""n»“ ij* 

4m*h i k" / 1 _ 1 \ 

+ a " V Ail f*o* / 

_ 2p'a *(A* — a* ) f) 


or, multiplying tlironglioni by ir\ we have 

a 3 1 4a‘/i 4 A- 4 -2W/i 4 (A' 4 -a 4 )— 2X’Aa 4 ( A- 4 —a 4 ) — j V 4 (A- 4 — U 4 ) 4 

X'a 4 (A- 4 — a 4 j+2X'a 4 -4« 4 /l 4 j 

-f 2//a 2 (Af 2 — a 4 )=0 

If the tube is of very small bore, and we may neglect all powers 
of a beyond the first, the frequency equation is 

a \ ~// 2 (A ,a — -«*)+ f A/tt 2 (A‘* — a* ) + 2Va 2 — la 1 /** i + 2//«* (A* ■—«*)==(). 
(. hk n ) 

My thanks are due to Prof. S. N. Basil, at. whose suggestion I took 
up the work. 
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A GENERAL THEOREM FOR TOE REPRESENTATION OF X, 

WHERE X REPRESENTS TOE POLYNOMIAL X ^} • 

,r~l 


By 

Pandit Oudh Upadhyaya, 
Lucknow Univeniltf Research -Scholar. 


(1) If is a well known theorem that if p is an odd prime and if X 
v p l 

represents the polynomial « . . , there is a remarkable transformation 
of X, which may he expressed as the identity, 


ft- ^ 

4X = Y*-(-l) " pZ*. 

where Y and Z are polynomials in r with integral co-efficients. This 
identity is known as Gauss’s Identity and much has been written about, 
it by different distinguished mathematicians including Gauss, Legendre, 
L. J. Rogers, G. B, Mathews and others. 

There is another identity 

27X=/(U, V, W) 

where IJ, V and W are rational integral polynomials in x. This identity 
has been given by Mr. Eisentein. Without knowing Mr. Eisentein's 
result 1 1 discovered the same identity in a different form. 

The object of this paper is to show a general method with the help 
of which many other formulae of similar type can be easily discovered. 
The well known Gauss’s identity and the cubic identity are only parti- 
cular cases of this general theorem. It is believed that many other 
general formulae of transformation will he obtained later on. 

This method can be usefully applied only to those values of q for 
which the cvclotomic section has been completely solved* 


1 T did no! know that the same problem had beer, worked out, by Mr. Eisonstoin ; 
it has just been pointed out. to me by a referee of London Mathematical Society. 
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Throughout this paper T have adhered to the notation of Mr. \V. 
Burnside ns given in the Proceedings of the London Mathematical 
Society, 1915. 

( 2 ) Let X lf X K ,..., X,, be the period values of cyclotomie 
7 -section, [l mean that X,, X 9 ,...,X, have the same meaning as given 
by G.B. Mathews in proving the Gauss’s identity], and let it be supposed 
that )/ n , rj l , ?/ 2 ,. are the rorts of the period equation. 

(3) T have taken the following notations from the paper of Mr. 
W. Burnside : 

p is an odd prime 

7 is an odd prime factor, and p— 1 = 7 /. 
to is an assigned primitive p ih root of unity. 

u is an assigned primitive root, of the congruence a 1 ' M 1 (mod />). 
ft is an assigned primitive root of the congruence ft' 1 "' 1 (mod. 7 k 

Pach of the /> — 1 prim ilivo />"' roots of unity is included just oju 
in the form 

„* + •« 

1,1 ( * l,..., 7— 1 ; * — 0, / - l). 


Put 

*=/-l 

A.- 5 <»" (/-<), )..., « — 1 ). 

.!• = () 

Riioli A , consists of the sum of / distinct prim it ive j > ' 4 mots of unit v. 
ami each primitive p' 4 root oeenrs just once in one of the A’, ». When 

u is replaced liy at .each A, remains unaltered. When n> is replaced 

hv w“. A undergo the cyclical permutation 

(A A,...A,_,) 

If Cl' is any mot occurring in A then 

v-l-l ,, 

A,= 5 c.' a . 

,r~0 

In particular since I is even, if A , contains 0/ it will also contain 01'-', 
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When i is replaced liy ji , , 1 1 1 e A’,x undergo the permutation 

(A-A'A.-A- X 

where the suffixes are reduced (mod. q). This leaves A unchanged ami 
gives a regular circular permutation of the other A\s. 

Tf A, and A, are two distinct A\s and if the product of A, and A , 
is formed without reduction, without taking account of the relation 

1 + 0>-f (d ? -f ... -fad" 1 =0, 

it will consist of tlie product of /* primitive p* k roots because o>‘ occurs 
in A,, tlicm «/ -1 does not occur in A,. Moreover since A, A, is im- 

a 9 

altered when o> is replaced by w , the product can be arranged as the 
sum of a number of A’s. 

Hence 


/. =/ 

A, A,= 5 (•, ,« A* 

A = 1 

where are zeroes or positive integers, such that 


/,=/ 

_ <\ , 4 =/. 

4 = 1 


The product 

4 =/ 

A, j =/+ (. r , a A 4 . 

4 = 1 


where again the (Ts are zeroes or positive integers, and 

/.■=/ 

5 C. ,*=/—! 

4 = 1 

( 4 ) In particular, the square, cube, etc., of A’s can always be 
represented as tlie sum of A\x. It. follows therefore that it is always 
possible to represent the square, cube, dr., of ?/, M »; n and 

as the sum of a number of »/„, »/,, and Thus we can form 

q equations which can he always solved uniquely because they are linear 
simultaneous equations in 

r/o, VJ X , r/ a ,... and rj u - x 
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Therefore X r X g ,..., and X q can always be expressed in the form 
C + Vr/ + W7/ s + ... +M17"- 1 . 

where U. V, W,...M are polynomials in with integral coefficients. 

What has just been established shows at once that the following is 
always a possible operation ; 

X^U+V^o+W^^... + Mi ? 0 v “ l . 

X t =C+Y Vl +Wip l * + ... + M Vl *-». 

X 3 =U + V^+Wt/ 9 » + ...+M ij,'-'. 


X , = l +Viy, ., + ••• + Mi/, . 

Now it is well known that 


X=X l X 2 X,-X f . 

=(t-'+V9« + W^» + ... + M 9o *->)x 

( i:+V, Jl +W»/ 1 a + - + Mr )l ’-'^ X ... 

...x^ U + Vi>,., + Wv,., + ...M>/,-, 

=U - ' + V , )/ 0 r/ 1 )) a . + W , >; 0 a Vi 2 '/* 2 -V»-1 + ••• 

... (A) 

the symmetric functions involved in equation (A) can always be deter- 
mined by the method given in any standard book 011 theory of equations. 

Calculating the symmetric functions in the equation (A) and substi- 
tuting them in it we find the required formula. Now this general 
formula will be applied in two particular cases in order to illustrate 
the use of this method. 

When </= 2 , we get 

X=X, X, =(U+ V%) (U+ Vt/j ) 

=u* +V', (l , l + UV(, 
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Substituting the values of r/ 0 1 r/, and r/ 0 f from the theory of 
cyclotomie bi-section we get the well known Gauss’s Identity. 

In order to prove the theorem when r/=3 let us put for X,, X t 
and X 3 their values corresponding to cyclotomie periods. Let us 
suppose that iy 0 , rj l and 17 s are the roots of the period equation 

)=0 

where p is a prime number of the form 6u + l. Then is a polynomial 
of which the coefficients are symmetric functions of the roots of X=0, 
the sum of which makes up 7/ f) =0. Similar statement holds good for 
X, and X aV 

Let us suppose for a moment that 17,,, and r/ a are subject to the 
same conditions which are true for r;„ and 17 1 in finding the transforma- 
tion formula 

Then it is evident that the coefficients of X t may all he reduced to the 
form n-H/17,,. Similarly the coefficients of X 2 and X, can also be 
represented. 

Therefore we have identically 

x I= u+w 

x,=u+v> ?1 . 

X 3 = U+Vr /f , 

where II and V are polynomials in with integral coefficients and >/ (( . 
?/ l and >/, are the roofs of the period equation 

r)'+V'- P ~/v- l § ( K + 'y 1 )=° 

.•.x=x l x a x a =(U+v v „)(U+v^)(i:+v,,) 

=U» + V + 5 VnVl L'V* + VoVtVt V* 

=(3U— V)*— pV a (9U — 3a'V — V) ... (1) 

Let us now suppose tliat tlie condition to which the investigation 
given above is subject, has been removed and let 3 be a factor of *1 ; 
because p is a prime of the form + l this operation is always possible 
Lei' it be supposed that t= ? i\ 01 a primitive ptli root of unity and a 
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a primitive root of t lie congruence (mod p). Plien each of 

the — 1 primitive roots of unity is involved only once in the form 

a (t= 0, 1. 2; .t=0, 1,..., /■ 

o> 

Pnt^iss's' 1 “ +3T (*=0,1,2) 

N-n 

Then each A, consists of the sum of t distinct primitive pth, root of 
unity and each primitive pth. root occurs only once. Jt is very well 
known that the product of A’s can always he represented as the sum of 
A's art! hence in particular the square of A’s. Hence it is always 
possible to represent r/ () 2 as the sum of tj 0 , and t/ 2 . 

r / (l 1 — m +^« + bq \ + 07 a ••• 0*) 

where m, a. b , and e are integers and some of them may be zeroes. 

From the theory of eyrlotomic tri-section it is evident, that the 
roots r/ 0 . t] i and tj „ are connected by the following linear relation: — 

>l',+'h +»/* =—! ••• 

iiy (he help of t In; equal ions (15) ami ((.’) il is always possible to 
represent >/, and >; 2 in terms of //,, ! , j/„ and some integers. 

.'.X, can be represented as U + V*/„ + W»/„ * where Ij, V and W 
are polynomials in .« with integral co'llieients. 

Similarly 

X, — U + V»/, + Wi/,* 
and X 3 =U + Vr/. +Wij,* 

X=X l X,X H 

=(u+v, /0 +w, 0 »)(u+\r )7l +\\>,*)+(i;+v, a +w (/l ”) 

=U* +U*V(ij„ + »/,+»/,) + U* W (ij„* +i),* +*;»’ ) 

+UV s (i7„i/ l +)j, ) v,+v,v«) + UW ll (»/ 0 ,, >/ 1 ’+V..' ! V J :i 

+ *,**.*) 

+ UVW(v,Vi , 3 +VoVi t +Vo , Vt + 'h , V- J +VnVi ' 2 +ViVi' > ) 

+ V^loVtVi + V*\vt r/,,*?/,!;, +Vi t Vt , Vi+V«V\Vt") 
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Now calculating the symmetric coefficients etc. 

and substituting the values in the equation just obtained and simplify- 
ing it we get 


27X = 27 II s — 2717 * V + ( 18p + Jl) U * W — (9p >U V ’ 



\ 2 )l T VW+3 )•+%«'+ | 


U\V* 


-«( i < "'+ / 7 1 )vw- 0 »-l)( f‘»'+ v ~ l )vw 


+ !>( ) J ' V ’ 

If in this equation W becomes zero, tlien this formula reduces to 
the formula (1) obtained above. It is evident, that the value of IT can 
not be equal to zero for any prime and hence wo can not obtain any 
formula by supposing 1 J to be equal to zero. It is also evident that 
whenever XV is not zero, V also can not be equal to zero. 

Now to establish this theorem in the case when 7=4 let us put 
tor X^X;, X., andX, their values corresponding <0 eyclotomic periods 
Let us suppose that r; 0 , 7/ 1 ?/ 2 and are the roots of the period equa- 
tion of eyclotomic quarti-section. Then X 1 is a polynomial of which 
the coefficients are symmetric functions of the roots of X=0, the sum 
nt which makes up r/ o =0. Similar statements hold for X 2 . X., and X., . 

It is possible, as in the previous ease, to represent //,,* as the sum 
°f '»/.>< '/u V* «nn V % 

1 +n) 2 +<hh ... (D) 

and nS/ fl + /A;, -f r'?/., ... (F) 

where m, m\ u, a\ b , h\ r, v and //, %X are integers, some of which may 
be zeroes. 

From the theory of eyclotomic quarti-section it is evident that the 
roots Tf 0 , V\* V* aT *d V* are connected by the following liner relation 

Va + Vi+Vi+V*- — * — 

By the help of the equations (D), (K) and (F) it is always })Ossible 
to Represent and r/ s in terms of Vo*» Vo a™! some integers 
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X, ean be represented as U + Vii„ + Wr/ n ! + Y >/,, * , where U,V, 
W and Y are polynomials in ,r with integral eoellicients. 

Similarly 

X,=U+Vi), +Wij, , +Yi), s > 
X H =V+V Vt +Wr,,'+Y v ,\ 
and X^U + V^+W^'+Y,,*- 

.-.X^X.X.X.X, 

=a T +v, n +w,„*+Y,.*Kr+v, 1 +w,,' •+Y,.»). 

(U + V V) + w,, * + Y*. » ) ( u + Y v , + W*, • + Y,, * ) 
*XJ'+U'Y5i fo +U'WS^ , +U*YSi, n *+ir*VS, o1 , 1 + 
IJ*W*Sij ( 1 , Vi ' +TT‘Y*^„ a V, i + T T *YAYS Va , 1 * + 

n*VY5M,« + 

u*WYSi»» , ^, , +uv'SM,i.+rv*wsij^,^ , + 

UV*Y5 im.*.* + 

UVW*S»oV. •i,* + UVY*5, (l , 1 '?,* + 

UVWY^^^'+IIW’Sr/o’^^H 

0W‘Y5^ 1 , i l , i 1 , +UWY 1 § 1n ^,' 1 , , + 

IJY*Si» n *ij,*^ 1 *+V‘ij 0 v l v.ij»+V*WSij n )j 1 ij,ij, , + 

V*Y5 1 ?o 1 J i 1 ?> 1 7 s * +V* * + 

V*Y*5ij 0 i| l ij t *i»,*+Y 1 WYS^ 0 ij l ^ t «ij !1 » + 

VWS?.?, ’+YW YSm, 8 V, ’V., • + 

V WY»*>ij 0 r; 1 *W + 

VY'SVoV, *1, *1, * + W ^Vo *V. a Y, ■*, 8 + W» Y 

2y n 'vi*y, , y* l + 

W*Y‘5VVV^ , +WY»2> ? oN 1 s V>/, , + 

YWy. V- 
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Now calculating the .symmetric coefficients §r/ 0 , 5>rj 0 y i, etc-, and 
substituting the values in the equation just obtained and by simplify- 
ing it we get 

X = U*-U®V + (l-2 a iU 5 W + l3y-3r-l)U»Y+ 

(^ f -2r 4- &)U * W * 4- 
( 3 ,s+r/ s +3r* — -3^r— 3^s)U , Y * 4* 

(3r— j)U* r+4.!>)U , Vy *f 

(2/— + ?/ — 5,v)l T » WY-rUV 8 + 

( r* - 2g.s) U W 8 4- f %*-r 8 -3** )UY 8 4- 
( V+gr-&-3r* )UVWY + 
(^4s)UV*W-h(2gr-r+s)UV*Y + 

(ar-9r)UW»V + (2r* +^- ? V-5.sv)UVY 8 + 

(2^4- r* )U W 1 Y+ 

(qr % — 2qr * -s —.<>■>• 4* -W* )U W Y* 4- *'V * ■— ?V 5 W 4 
(«-2gOV # Y+vV*W"+^ i -2#-+&)V»Y» + 
(3 >t-^)V* WY-jvVW* + (*■- V )VW*Y+ 

(3s* -?/•>) V W Y * 4- O 8 -2qs* ) V Y '4-v’W 4 
— s * W 8 Y 4- ** 1 ? W ■ Y - — « - r SV Y * 4- s a Y 4 
or 256X =/(U, V, W, Y ) 


It should be noted here that the period equation of cyclotomic 
quarti-section is supposed to be 

>j*4-7/ s 4-'/r+ ; 

and all the symmetric functions involved in the quartic identity given 
above have been expressed in the terms of the coefficients of the period 
equation. The coefficients of the period equation, however, can always 
be determined by the formulae given by A. Ca-vley, V. S. Le. Resque, 
Charlotte Angas Scott, W. Burnside. 

Putting q= 5, 6, 7, etc., we can obtain as many identities as we like 
bnt the calculation of symmetric functions involved becomes unmanage- 

able/ 
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1 have calculated the values of U, V, and W for the primes 13 and 
31 in the cubic identity given above. Similarly the values U, V and 
W for other primes can also be calculated. 

Calculation for the prime 13. 

It is well known that 

i? 0 =u>+ 0>*+0> ia +<l>\ 
yf l =w 6 «f w® -f (i) 7 w*. 

and >;,=o) lo + (i) 2 + w 8 *f w 1 *. 

We may take any of them. Let us take the first. 

Then 

(.#; — «)(.«— w** )(.«;— w 1 *)(x— u> 5 )=0 

+ t ; o . c + 1=0 

%+Vi+Vi=-l ••• 0 ) 

V=Vi+ 2, 7i+ 4 ••• ( 2 ) 

Solving tlie equations (1) and (2), we obtain 

Vi=Vo*+»/o- ; !. 

and '—2ij„+2. 

** - Vo * + ( Vo a + Vo -■ 1 )*' Vo *• + 1- =0. 

In this case we do not require the value of r/ a . 

:.U=a‘-c' + l. 

V=— j;* + «*—*. 

ahd W= C ‘. 

If we substitute these values in the cubic identity we Hnd that the 
identity is satisfied. 

As this is an identity we may put .i =l. 
and then 

U— 1. 

V=~l, 

and W=l. 

t 

Substituting these values in the identity we get 

27x13=27(1+1+0— 4— 7+14+1+1— 4+1}. 
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Calculation for the prime 31. 

vj 0 o>* 7 +to lfl_ ^w* 9 +w s +w so + wi + w l5 4 , w*4 , to* s , 

iy l =(i> s + w l9 4***>' 7 -fo)* J 4 , w , *-fa}* , **4’ w "4**»> l4 '+<*> 8 + w 7 , 
and l; a =o) 0 + (i>* (, •fw ,0 •fu> l3 4•0J l0 4•w 8t +w 5 «fo> ll +« l8 4•w , ^ 

Then (.«— <u)(uj — u> 8 7 )(.i — u» l<5 )(jj— w 8 °)(#— <*> 8 ) (.t* — w* 0 ) 

x(.B-a>*)(.u- W la )(aJ-ui*)(. < ;-(«* 8 )= 0 . 

.•..I! 10 — >? 0 f* + (iJ 0 + 2>» l +1 t +5)»* — (&Vo + 3 Vx +‘ t Vm)r’ 

+ (10+5v o +8, I +7,,)c«-(9^ o +7, 1 +9,,+2)* s 
+ ( 10 + 51 / 0 + 89 , +7t/ i )c i — (5.90+3]/, +4i/, ).c* 

+( 5 +Vo+2vi+->|,)c* — >/„n-+l=0. 

»)o+»h +’). = -! - (l) 

=10+49, +3 Vo +2, a - (2. 

Solving tlip equations (1) & (2) we obtain 

„ -Va'-Va-S 
I'- ~ T * 

and 

_6-9„’-9 0 

</ 3 9 • 

Substituting these values we get 

2li 1U 2,0 Jl* +(, 0 * -Va) ‘ 8 + ( T /o’ -%.)*' + (^ 0 * — 5 l 7o —2).V 

+ (29„* — 2,„ — 2)j; s + (Vo ’ — 5,„ — 2)*‘ + 1, 0 * — 39o ).e a 
+(Vo , -VoU , -‘ 2 Vo r +^=°- 
U=2. 10 — 2t“— 2 j ,s — 2*' +2, 

V= -2 r* - j * -3 . » -5*" -2 c” — 5e* — 3as* — ** -2r, 
ami \V=.i 8 +,r’ +■»“ +2.e” +,« 4 +j * +.t*. • 

Now putting . 1 = 1 , 

11= -2. 


Mid , 


V=— 24, 

W =8i 
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Substituting these values in the cubic identity we get 

27 x 31 =27 x }{ — 8-f 96+672 + 11520-5370 - 14848 
-110592-36864 + *32768 + 122880 } . 

Here also we see that the identity is satisfied. 

Q (tactic Identity. 

1 have calculated the values of U. V, W and Y for the primes 13 
and 17, which for other primes also can be calculated in a similar way. 

For the prime 13. 

The period equation of eyclotomic quart j - section for the prime 13 is 
r/ 4 +77 8 + 2r; a -4> ? + 3=0. 

The value of quart i-seotiotial period equation for each prime under 
100 has been given by A. Cayley in the Proceedings of London Mathe- 
matical Society. And for other primes they can be calculated by the 
formula given by Miss Scott in the American Journal of Mathematics, 
VIII. 

The formula is as follows 

V* + 7 s “ { K p — 1 ) + 1 + m \ V 9 + U pi 1 ~ ~ J + w) } 1 

— )*—(/+ w) 8 } =0. 

But in the quartic identity given above we have supposed the period 
equation to be 

>) x + 7* + 77* + rtf + 0. 

Hence 

7=-{ , i(y-l)+H«i}, 

'■=;}{ p( 1 — m ) — (/ + »*)}, 

and > = — J {/^(/ — /«)* — (/ + wi)*}. 

It is well known that 

7J 0 =0> + 0) S 

rf x =<o* + o>" + w s , 
tf9=w + +w l> + w l °. 


and 


Vn ==<*> 8 +w l l +w 7 . 
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Then (a:— <o)'x— a,»)=0. 

/. ijoc'+ij,*— 1=0 

Vn+'Ji + 1 ?! +Vn =— 1 ... (1) 

Vi + &),-V n *=<' ... (2) 

’/o+^h+^s+fi— ij n *=o ... (:i) 

Solvin',' the equations (1), (2) and (3) we obtain 

„ _ 3— 2)?,,— «/„ ’ 

,s ~ 3 

Here in this ease we do not require the values of »/, and r;,. 

.'. r" — .t a + J 7 a ,c — 1 =0 becomes 
:V i * + (3— 2ij n — i/,,*).! — 3=0 

:.U =3.i * + 3.r—3. 

V = -(3,*+2r), 

W=0, 

and Y= — j*. 

If we substitute these values in the qnartic identity we find that it 
is satisfied. 

Now if we put ;r=l, 

U=3, 

V=— 5, 

W=0, 

and Y = — 1 . 

Substituting these values in the identity we get 
13 = J T { 81 + 135 + 0 — 459 + 450 + 0 + 639 + 0 + 450 + 0 — 1 500 + 0 
+ 105 +0+0+ 675 +0-1710+0+0+1875 + 0-1125 
+0+1350+0+ 0+ 0 + 0+ 60 + 0 + 0+ 0+ 0 + 27! 

Ca/ni/oiion for the prime 17. 

The period equation of evolotomie qnarti-seetion for the prime 17 is 



yj 4, -f 17 3 — &)* — 7 / -4- 1 =0. 

And 

^ 0 =0> + ID l S +<0 l 0 


rj x =&>* -f a) 1 ' + ti) 1 * + w 1 * 


9 l =« l> + w 13 + •*+«■, 

and* 

7)^ = 0) 1 0 + W 1 1 +(i> 7 + <0 ,J 
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Then 


— O))^ — O) 1 — (iJ 10 )(,75 — a> 4 )=0. 


■»*— V,,*’ , + (2+Vi) x *— »?o*+l=0. 


Vo+Vi+Vt+V> = - 1 

... (1) 


... (2) 

>Jo' , =%o+ 1 ?. +3»h + 3’? s 

... (3) 


Solving the equations (1), (2) and (3) we obtain 
Vi = a(®Vn 3 r] 0 *). 

Mere we do not require the value of i) 2 ancl rj.<. 

.r 4 — + (2+i/, )**—*/„( + 1 =0 becomes 
»'*-Vo ' * + l(Gvn -M-Vo * )-c 8 -V<v T + 1 =° 
or ‘Ar-* ~ 2>? 0 ** + + 1 -r/„ ® ).( 8 — 2yy tl aj + 2s=0. 

l. T =2»* + *»+2. 

V=-2.-» +«..-• -2.I-, 

\v=o, 

y=-c a . 

If we substitute these values in the quartio identity we find that, it 
is satisfied. 

Now if we put ,/=l. 

U=5, 

V=2, 

w=o, 

and V = — 1, 

Substituting these values in the identity we get 

1 7 =V,t {625 - 250 + 0 + 2000 - (500 + 0- 5250 +0+ 3650 +0+40 
+0— 80+0+0— 280 + 0 + 370 + 0 + 0+16 + 0—104 
+0+160 + 0+0 + 0 + 0-26+0+0+0+0+1}, 

The quartic identity may also be looked upon as a general formula 
in quartic forms, because with its help any number of primes of tl# 
form 4a + 1, where a is a positive integer, can be represented in a 
quartic form as has been shown above. 
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( Vizi anagram) 

§1 

If /— a r * s=o represents an algebraic curve of the u* h degree, its 
Hessian, St cine nan and Cayley an are represented by covenants of the 
form J and are therefore called corn riant mrres. There may, of course, 
be other curves which aroalso represented by (invariants of the original 
ijuantic ; 1 2 but in view of the simplicity of the relations which 
these curves bear to the original and the detail in which 
they have been studied, we shall throughout be dealing with 
them alone whenever we speak of co variant curves. Many 
beautiful properties of these curves have been established* but 
the central problem in regard to them is however the determination 
of their Plucker’s numbers. This problem has been completely 
solved and the Plucker’is numbers of the covariant curves tabulated 
in most of the standard treatises on the subject , 3 for the case where 
the original curve is non-singular. But when the given curve is not 
non-singular no attempt seems to have been made to calculate 
systematically all the characteristics of the three curves nor, is this 
surprising, in view of the fact that in addition to the order of each 
curve we have to determine directly two characteristics ot each curve 

1 For example Zeuthon has considered the curve enveloped by the tangents 
of the tirst polura of if (poiut of Steinerian) at the double points. See 

Cleb&h ani* Lindkmann : Jjccohs mo* In Q tome trie. 

Fr. Trans, t, 2 ; Ch. I ; IV. 

2 Vide Clehsch.Lindcmann ; ibid Ch. I; Section IV also Salmon, High* Plane 
C urves . pp 363*8. 

*/ See Encyclopadie der Mathenwtischen B’i#*. § III C 4. No. 7. pp 339*42. 
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or the deficiency of any one 1 * of them and uhp other characteristic for 
each directly. Only some scattered results seem to have been obtained 
in this direction. 9 We have attempted this problem here and believe 
that we have been able to solve it successfully. 

Coming back to the case of the non-singular primitive curve, it has 
been pointed out above that the problem of the determination of the 
Pluckerian characteristics has been completely solved. In fact there 
are two distinct methods by means of which this lias been achieved. 
Wo shall briefly indicate them here. 

1°. Salmon’s method : Assume that the Hessian has in general no 
double points. 3 The order of the Hessian boing known a priori this 
assumption enables us to calculate all its characteristics as well as its 
deficiency and this in virtue of Riemann’s theorem, already referred to, 
will enable the calculation of the characteristics of the other two 
curves knowing their order and class. 

2°. Clehsch’s method : This method is indirect and has for its 
basis the determination of one characteristic of the Steinvrian in 
addition to its class and order, »•/:., the number of its inflexional 
tangents. In fact-, wliat is done is to take any point and find out the 
tact-invariant of its first polar and the Hessian ; this tact- in variant 
equated to zero would give the point equation of the Steinerian. The 
degree of this tact-invariant in terms of the coefficients of the first 
polar would then be given by 2)(5 m - 11) and observing that 
the tact-invariant also includes the inflexional tangents of the Steincnav ^ 
the number of these last is given by 

11 )— 3 (»— !>). 

The next step is to calculate the deficiency of the Steinerian, and then 
pass on to the other two curves witli the aid of Reim aim’s theorem. 

We here indicate another entirely different method of obtaining 
these results and this consists in proving directly that the Cayleyan 

has no inflexional tangents. This enables us to calculate all the 

1 hi virtue of Kiemann’s famous theorem relative to the invariance of the 
deficiency of a curve in all unideterminative transformations, the three covariant 
curves have the same deficiency. 

Bee “ Clebsch —Lihdeniann ” : Ibid ; t. 3. ; Oh, 1(1) 

* See Koehler : Bull Soc Math de France i (1873), pp. 124-9 
for the determination of the class of the Steinerian when the given enrve lias 
multiple and higher singularities 

See also Hilton : Plane Algebraic Curves ; p. 100. 

3 As regards this assumption sco tho remarks by Clobsch ; Ibid t. 2. 
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characteristics of this curve aw well aw its deficiency. We then pass 
on to the Sfeniemm and Hrssiau and also calculate their Plucker’s 
numbers. 


§ * 


We first proceed with the case where the original curve is 
lion-singular. 

Let C, Cj. U a , C H denote respectively the original curve, its 
/U/tfH, Steinerinu and ( 'uylrynn. Confining to Clebsch\s notation which 
we shall use throughout, let 


u= order of C 
k — class 

'/ = no of double points of C 
t=no. of double tangents of C. 

/■= .. cusps of C. 

m>= ,, inflexional tangents of (\ 

/^deficiency or genus of C 


v 


i-. 


A, 



l'i 


Fig. 1. 


and let the same letters with the suuseripts 1. 2 or o denote the corres- 
ponding characteristics of the //eWfia, Sfpinrrian or ('aybijan respec- 
tively. 

We shall now proceed to prove that //*,= 0. In fact, if r n had an 
inflexional tangent, then, at the corresponding inflexion-point two of 
its tangents would he coincident. It requires therefore that corres- 
ponding to this inflexional tangent two corresponding points of C, and 
C 3 would coincide or the corresponding points would be double points. 
It follows therefore that to a double point of C a there corresponds a 
double point i*f C,. // therefore ter run tin nr that double points of C a 

take birth from the fact that to two separate points of C,, corresponds 
a single point of C 3 and inversely that to a double point on C 3 corres- 
pond two separate points on (!,. we can conclude that to a double 
point of CL, cannot correspond a double point of C, and lienee C 3 has 
no inflexional tangents. 

Nor is it difficult to prove the assumption we have made above. 
We shall show that the pole of every first polar with two double points 
must he a node of C 3 . Suppose that a first polar curve has two double 
points A x and A, (Fig. 1) which must necessarily lie on 0,. Remem- 
bering that the polar line of a double point of the first polar touches 
C, at a point of which it is the first point, we deduce that the polar 
line of A, is a line L t touching C, at a point F,. Similarly the polar 
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line of A a is a line L # touching C„ at the same point P t , for, otherwise, 
one and the same curve will have to be the first polar of two distinct 
points. Hence the double points A x and A a give a node on C 3 with L l 
and h, as nodal tangents; L, and P* are necessarily distinct lines for, 
Aj and A s must be a pair of poles of a line touching C t at two 
points. 

Conversely the first polar* of wny two points, except i J 1 , on hj 
touch at A, and similarly those of any two points on L s must touch 
at another point A.,. Also, the first polar of P t , considered as a point 
on ljj, has a double point at A, while the same first polar when l\ 
is considered a point on L a has a double point at A s . lienee the first 
ptlar of a node P, on C a has two double points A, and A. 2 lying on 
Hence to a double point on U 3 correspond two distinct points on 
G t and vice vmn ; and this is the theorem which we set out to 
establish. 

We can write therefore /r 3 =0 

but H JI =o(n— 2 )(*)h— 11 ) 
and =3[h — l)(a— 2). 

Knowing three of the characteristics of C a it is now easy to deduce 
all the others. We have, in fact, 

(«.— 2 )(»>/<— 13)(5 w * — 19 a +16) 

Ct 

=18( n — 2)(2»— 5) 

^•=-5 

M 

and we also have 

j> s =l(3»-7)(3»-S) 

Proceeding next to the curve C t we have, in virtue of Riemauirs 
theorem already referred to ; 

|(3n-7x3«-8) 

and a priori =3(a — 2) a 

/•’, =&(n — 1 )(m— 2) 
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and these three equations enable ns to determine all the other charac- 
teristies of C a . We have actually, with the aid of PI acker’s equations ; 

d g = ^ (a— 2)(w— 3 (3 m*— 9m— •>) 

i “ 

r g = 12(H-— 2 (?i — 3 l 

(m — 2) (m — 3 ( 3/< * — 3m — S , 

and <r g =3 (m — 2) (4m— 9) 

Similarly for the curve 0, we have 

/' 1 =/'. =/»., = .> (3w — 7 >< :{»/ — 8 ) 

and also a, =3(w— 2) 

so that it only remains to determine one other characteristic of (’, ; 
hut we have 

and putting: w, t=3(w — 2) 

lo),— 1 )(h,— 2) = ^(:{i)— 7)(S//— s) 

so tliat we deduce d, 4-/^ =0 

/.e , r/ t =0 : /•, 

It. is now easy to determine all the other characteristics o! We 

have, in fact. 

A- 1 = :ir w — 2 1 < 3w — 7 ) 

/, =-^(m — 1)(m— 2)(m— 3;(3m— S) 

w x =9( v — 21(3n — H ) 

These results may now be tabulated (See Table I), 
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Let us now consider t he case where the origiral curve is not non- 
singular hut. has only #/ double points and /■ cusps, there being no other 
1 1 i gh tit* s i ngu la r i t i ex. 

We have seen indirectly in §2 that when the original curve is 
non-singular the curve C, has in general (/.#*.. it* we exclude special 
relations between the eoetlieients of the original curve > no double points. 
A direct proof of this docs not as yet seem to have been established. 1 
It may, however. happen that a particular relation among the ooefli 
cients of the primitive curve may he different from that obtained l»v 
expressing the condition for a double point so that 0, may have a 
double point without the primitive curve possessing any. Thus, for 
example, considering the // — / /• 

’■/ 1 + '\ V ," ■*+»//.. -* + ...=<1 

(f'r, »*,V it** being binary qualities in .* .#■,) it is easy to show that 
the lirst polar of a point PH .0,0; will have a node at Q((),0.l) if 
h n =0; r n =zr x =0 and further that the curve does not pass through 1*. 
Thus the curve r 1 should pass through and it can he shown further 
that Q is a node on c t provided (t n =z<t t ~ 0. Thus it appears that the 
Hessian of a curve has a double point at (0. 0. 1) without that point 
lying on the curve at all.* 

As stated above, this is due to the fact that the paiticular relation 
</ 0 =d 1 = 0 is different from the condition necessary for the possessing 
of double points. 

We shall, however, assume that the Iiessiau has. in general, no 
double points when the original curve is non-singular. 

Now, a double point on the original curve transforms into a double 
point on C, and a cusp into a triple point. Moreover, since the triple 
point has two distinct branches only and the other touching one of 
these branches, the triple point is equivalent to tint nodes and one cusp. 
Thus, 

tt nodes on T are </ nodes on C , 

/•cusps .. .. 'lr nodes and 

/• cusps on (\. 

See “ Clebtich'Litulpiiia nil t. 2. Section IV. 

For another such example see “ Cblsch-Luniemann " Ibid. 
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Therefore. when the original rum* is not. non-singular. we ran 
write 


■/,=</ + ! 


Further n x =3(u—2) 

so that we ran proreed with the determination of the character!* stirs of 
( ' , completely. 

We have, in fart, 

A , =3(w— 2;(#i— 7)— 2r/— 7r 

? r 1 =0fi!-2)(3«-S)-rW-.2tV 

/ l= ~ Cm — li;'rt - 2) ,/-:{)(:?» -S) 

- SW(:to * - 27//. + 46) - :!/•( 7c/ 3 - «3 rt + 101) + (2c/ + 7r) * . 

We ran also calculate the deficiency of (\ as 

p 1 =.~ ( 3)i — 7 ) ( 3)) — S ) — c/ — Hr 


Proceeding next to the curve 0,. we have, in virtue of Riemann’s 
Theorem 


P* 


=/>,= *( 3»-7)(3»>-fl)-rf-8i- 


Further. 


// a =d('// — 2 r 

so that it only remains to determine one] other Plueker’s number of 
CJ a when the primitive is not non -singular. But it is a well-known 
result 1 that the class of the Sfp/uprtttn is in;this case equal to 

/,, = B(w — 1 ) f )i — 2 ) —2c/ — 4r 


1 Sec Hill on : Ihul. p JOtf. 
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Tliu other Plucker’s characteristics now follow easily. We can write 

M 

r a =12 (m— 2)(fi— 3)— 2r 
tc a =!Vw— 2)(4w— 9)— (>#/— 1 4/- 

—2(1C>h * — — 1( 12»* -3<m + 29) + 2 t! + 2n 2 . 

It now remains to calculate the Plucker’s mini hers of tin? i'uylnjnn. 
The available data : ave 

n , = 3(« — 2 ) ( 5a — 11^ 

J's =/'« ==Pi = 5 < 8 h— 7)(3»i — ) — r/ — :>#* 

so that, as in the case of C a , it is sufficient to know one other charac- 
teristic of C, by direct methods. 

A method immediately suggests itself by considering the arguments 
by means of which we deduced in §2 that tr a =0, when the primitive 
is non-singular. In fact, that proof depended on showing that to a 
double point on (\ does not also correspond a double point on C x but 
a pair of distinct points on C,. Xow even when the original curve is 
not 11011 -singular this argument need not in any way he modified and 
we can therefore write in this case too 

W?j, =0 

and the other characteristics of ait* now easily determined. We 
find on actual calculation that 

f/ 5 =A(n— 2)(5 h — 13)f 5a 8 — 19>/ -f lb i — 2d— tv 
J 

r % = 18(u — 2) (2w — 5 1 — 3d — 9/ 

/, = ^(w — 2)* i w* — 2w — 1)— &£,(//) — k<l> t (n ) 

+ (A8+Bi)« 

where </>,, </>, , A ami B are obtained by an easy simplification. 

Herewith is appended a tabulated list of these I’luckers number." 

(See Table II), 
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Equitknsk TRANSFORMATIONS about a fixed point 
taken as origin. 

II Y 

0. K. Ci'i.ns. 

[Summary. Kq intense. transformations in ordinary ft. way space fl 4 (which 
include reflexions, rotations and translations) aro first defined, and are divided into 
rigid transformations and psendn.ngid transformations, —a rigid transformation being 
an equitenso transformation wliicii can he regarded as a resultant of infinitesimal 
oquitonso transformations. Those which take place about a fixed finite origin 0 
(divided into rotations and pseudo- rotations about O) are then discussed in greater 
detail. Tn connect ion with the complete interpretations of rotations and pseudo- 
rotations about 0 whoso equations are known, special attention may be directed to 
the theorems of Arts. 1 and 5, in which those interpretations are given in forms 
characterised bv perfect symmetry and freedom from ambiguity. The paper 
concludes by explaining how pseudo-rigid transformations in can be regarded as 
rigid transformations in Cl-, - a reflexion about a piano in n + being equivalent to a 
rotation abont that plane through two right angles in fi : .] 

1. Equitense transformations ; rigid and pseudo-rigid trans- 
formations. 

Wo take 0 to ho :i tixed origin accessible to an observer situated in 
ordinary d-wny space fl— 0., (of rank t) ; and (OX. OY, OZ) to bo a 
right -h awled set of rectangular axes drawn from 0 in 12. All points and 
all transformations will be supposed to he real \ and it will be left to the 
reader to gather when these restrictions are unnecessary. 

We limy regard (OX, OY, OZ) as a mathematical abstraction 
derived from a man standing upright with outstretched arms and 
looking forwards, O being the base of the head, OX being the right 
arm, OY being drawn horizontally in the direction of vision, and OZ 
being drawn vertically upwards through the head. The rotation about 
OZ which carries OX to OY through a positive right angle is right- 
handed, and OZ is the right-handed axis of that rotation. If OX' is 
the left arm, then (OX'. OY, OZ) arc a set of left-handed rectangular 
axes; the rotation about OZ which carries OX' to OY through a 
positive right angle is left-handed ; and OZ is the left-handed axis of 
that rotation. To make the results of this paper applicable when (OX, 
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OY, OZ) are a left-handed set of rectangular axes, the terms ‘ right- 
handed ’ and ‘ left-handed ’ must be interchanged whenever they occur. 

*4 project hr transformation in ft is a transformation which converts 
the points of ft into the points of an ordinary 3-way space ft' coincident 
with ft in such a way as to establish a one-one correspondence between : f 

all finite points of ft and all finite points af ft' 

all infinite points of ft and all infinite points of ft' : 


every finite point of ft being converted into the corresponding finite 
point of ft', and every point in the plane at infinity of ft being converted 
into the corresponding point in the plane at infinity of ft'. If the point 
P whose co-ordinates with reference to the axes OX, OY, OZ are ,r, y t % 
is converted into the point P x whose co-ordinates with reference to the 
same axes are r l9 y x , z x , the general equation of such a transformation 
(as applied to finite points) can be expressed in the form 


*1 


«U ! 

X 

i 

Vi 


y ! 

y 

i 


=M 

(equivalent to ] 

: i 



1 


1 1 1 

l 




i 

1 i 


... ( 1 ) 


where 


K 1* l* V 



vl | nl % m n q j 
"i " t r i 


0 0 0 1 


(*> 


is an undegenerate square matrix whose elements are all finite. 

An cquitense transformation in ft is a projective transformation in ft 
which leaves the (positive or undirected) distance betwein every two 
finite points of ft unchanged. It necessarily leaves the angles between 
any two straight lines or any two planes of ft unchanged. If we put 



7 a ^8 


l x m l n j 


1 0 0“ 


?n l m f m 9 


l t m, », 

,1= 

0 1 0 


n t n % 

i 

_l, in, »,_J 

1 

0 0 1 


the transformation (1) will be equitense if and only if the equation 
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it an identity in r, y, t, J, y\ s' when 

*'-» j 

=</>• y'-y . 

-i Zx "... 

/•>. if and only if 

0'0=j r =00\ or 0'=0-' ... (4) 

Accordingly (1) will bo the general equation of an equitense transfor- 
mation (supposed to be real) when ami only when 0 is a real square 
semi-unit matrix. We then have 

det 0= jh 1 ; 

and the equitense transformation will be called 
a rigid transformation when det 0=1 

a pseudo-rigid transformation when det 0=~ 1. 

It can be applied only to those points of fi which form a configura- 
tion S t . It then converts the points of S into the points of another 
configuration S x lying in 12. 

Clearly all equitense transformations constitute a group G, which 
is a sub-group of the group of projective transformations ; and all rigid 
transformations constitute a group H, which is a sub-group of Cl. 

The equitense transformation (1) will be called ■ 

(1) the identical transformation (which leaves all points of 11 un* 
changed) when M is the nnit matrix of order 4 ; 

(2) an infinitesimal transformation (which gives only an infinitesimal 
displacement to every point of 11) when we can put 

/ a , p J 

, I+Msj " l 3* 7 

M= 

u l , . l + i\,. '* 

0 , 0 , 0.1 

where all the lei tern denote infinitesimal scalar numbers, i.e. when the 
difference between M and the unit matrix of order 4 is on infinitesimal 
matrix ; 
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(3) a translation (which can be interpreted to be a rotation through 
a zero angle about a straight line at infinity) when we can put 

10 0 p ~ 

0 1 0 it i 

M= 

0 0 1 r ! 

0 U 0 1 

so that the matrix equation (1) is equivalent to the three scalar equa- 
tions 


''i = <+7 , » Vi :,=-+'■• 

In all such cases if is a rigid transformation 

It will be shown (see Art. t) that every rotation about O is a 
rotation about a straight line through O, and therefore (see Art. 3) a 
resultant of infinitesimal rotations. Moreover every translation is 
clearly expressible as a resultant of infinitesimal translations. Hence 
from Ex. iv below we can conclude that . 

A rigid transformation i< an rqn.iloisr transform at ion which is expres- 
sible as a resultant of iujinilrsimal rquifnise transformaf i<ms. 

Again an equiteiiso transformaf ion will ho called one; 

about a point A when it leaves the position of A unaltered ; 

about a straight lino (or a.iis) L when it leaves the position of every 
point of L unaltered ; 

about a plane p when it leaves the pusitiun of every point of p 
unaltered. 

All equitenso transformations about a given finite point (or straight 
line or plane) clearly constitute a group. 

Ejc. », If an equitense transformation in fl leaves the positions of two different 
finito points A and B unaltered, it necessarily leaves the position of every point of 
the straight line AB unaltered, and is an oquitense transformation about AB. If it 
leaves the positions of three non -col linear finite points A, B, C unaltered, it neces. 
sarily loavcB unaltered the losition of every point in the plane ABC, and is an 
oquitense transformation about that plane. If it leaves the positions of three 
non-coplanar finite points A, B, C, D unaltered, it necessarily leaves nnaltorod the 
position of every point of fl unchanged, and is the identical transformation. 

For if it leaves unaltered the points whose co-ordinates are (.»•, y, 2), (*', y\ % f ) % 

y v t i "). it also loaves unaltered the point whose co-ordinates ure 

(Ao? + n x ' + Ay + pu/ + vy'\ A 2 + ftz r + r:"), where A + n + v — 1 . 
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Ex. ii. A given eq intense transformation (1) converts 0 into the point O' 
whose co-ordinates with reference to (OX, OY, OZ) are p, q, r; and it converts OX, 
OY, OZ into the mutually rectangular axes O'X', O'Y', O'Z' whose direction-cosines 
with refcrenco to (OX, OY, OZ) arc (/,, m, w,), (l s , « 2 ), (L. m.. a 3 ) respectively. 
The rectangular axes (O'X', O'Y', O'Z') form a right-handed or left-handed gel 
according as as dot <p - 1 or det </>=« — 1 ; and they can clearly be any set of rectangular 
axes drawn from a Unite point in H. 

Since 1\ in (1) can be any finite point of fl, and the co-ordinates of P. with 
reference to (O'X', O'Y', O'Z') must be the same as thoso of P with reference to 
(OX, OY, OZ*), we see by writing 

(.r, y, i) for (» lf y,, ;J and (*', y\ /) for (.r, <j t \) 

in (1) that if any finite point P of il has co-ordinates (<, y, .) with reference to 
(OX, OY, OZ), then the co-ordinates (.» ’, y\ :') of the same point with reference to 
(O'X', O'Y', O'Z') arc given by the equation 

l / I ’ x ' X : o' • 

\ i 

'/ : (/ | |/ ?/' ; 

1— M \ !, (equivalent to - M. * ). (1) 

! I * i * i 

! 1 l ; 1 _I 

which reproseiits a 1ran*fnnnatnm of rcdanyulnr co-ordinates. The two sets of 
rectangular axes (OX, OY, OZ) and (O'X', O'Y', 07/) arc like-handed when and only 
when dot <f> - 1. 

Ex. tii. E quit cure transformations about a [joint. 

In order that the equitense transformation (1) may be one about the origin 0, 
it ia necessary and sufficient that />=• q r- 0. The general equations of an equi- 
tense transformation about the origin (), about a finite point whoso co-ordinates with 
reference to (OX, OY, OZ) are a, b , c can be expressed in the respective forms 


• r l 

" l, 

X ' — 1 1 


l l ^ 5 J, -« 

i/l = 

in x m in a • 

y •, 


m i in o ;m 3 */— h 

1 ' rf l 

it j n n 



n, ?>, n n ‘ ’ : — c 


where in each equation the prefactor on the right is a real square semi-unit matrix. 

Ex, iv. The matrix M in an equitense transformation (1) can be expressed as 
a product in llio forms 


10 0 p ~ 


1= /. 0 , 

l x /, /, 0 ‘ 

1 

0 

0 

p~ 

0 10./ 


tn l m s w 3 0 

Ml, Wl 9 ?«;, 0 

1 0 

1 

0 


0 0 1 r 


j v .j n 3 0 | 

' »- w a 0 

0 

0 

1 

it 

0 VI 0 l 


1 0 0 0 1 • 1 

0 0 0 t 

' 0 

0 

0 

i 
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P “ 

p. 



where 

Q 

-1 i. 

;»a 71 .j 



R 

■ i ' . 




Tims any equi tense transformation can bo regarded as the resultant of an 
equitense transformation T about 0 followed by a translation, and also as the 
resultant of a translation followed by the same cqnitense transformation T about 0. 

2 . Equitense bodies or configurations ; congruent and pseudo* 
congruent bodies. 

Two finite bodies A and B situated in ft will be said to be equitense 
with one anothei* when there exists a one-one correspondence between 
their points of such a character that the (positive or undirected) 
distance between any two points of A is equal tD the distance between 
tlie two corresponding points of B. The following general remarks con- 
cerning two such bodies can be established from those properties of 
equitense transformations which are proved in this paper. 

If A and B are 3 •dimensional bodies, and are equitense with one 
another, there exists in general one and only one equitense transforma- 
tion T in ft which converts A into B. According as T is a rigid or 
pseudo-rigid transformation, A and B will be said to be congruent or 
pseudo-congruent with another in ft (alternatively to be lib- or unlike in 
handedness). 

If A and B are congruent with one another, we can (in many ways) 
construct a series of mutually congruent bodies A, C 1 , C,, ... B such 
that the distance between every pair of corresponding points of any 
two consecutive bodies of the series is infinitesimal ; and each of these 
bodies can be converted into the next by an infinitesimal equitense 
transformation. Thus the equitense transformation converting A into 
B can be regarded as the resultant of a number of successive 
infinitesimal equitense transformat ions ; or A can be converted into B 
by a continuous displacement in which it moves as a rigid body. 

If A arid B are pseudo- congruent with one another, the equitense 
transformation converting A into B cannot be regarded as the resultant 
of infinitesimal equitense transformations ; for such a resultant would 
necessarily be a rigid transformation. Each of two such bodies may 
be called an imago of the other in ft. If C is any other body in ft 
which is equitense with A, then C is congruent with one of the bodies 
A and B, being convertible into that body by a rigid transformation ; 
and it is pseudo-congruent with the other body, being convertible into 
that other body by a pseildo-ri rid transformation. 
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In particular cases as when A and 11 are two spheres or two regular 
polyhedra, and are oquitense with one another, there exist both rigid 
and pseudo-rigid transformations converting A into B but the corres- 
pondences between the points of A and B will be different in different 
transformations. When the correspondence has been fixed, there is 
only one transformation as in the general case. 

The above remarks (see Art. 7) are applicable only to ^-dimen- 
sional bodies in ft. If A and B are two 2-dimcnsioual (or 1-dimensional) 
bodies in ft which are equitense with one another, there exist many 
equitense transformations in ft (both rigid and pseudo-rigid) converting 
A into B, and we can always regard A and B as being congruent to one 
another in ft. 

3. Equitense transformations about the origin ; rotations and 
pseudo-rotations ; perversions. 

? l hi , n 

Let </>— j and </T 1 =(/>' = j / 8 w t n a f 1 ) 

i ! , 

)t l n a n :l ! t 3 vn :i n. A 

l>e respectively a given real square semi-unit matrix of order 3 and its 
inverse (or conjugate), which is also a real square semi-unit matrix. 
Also in matrix equations let 


P=: 


y ,i\= 







Then if (OX, OY, OZ) is a given set of right-handed rectangular 
axes drawn from 0, and if these are used as axes of co-ordinates, the 
general equation of an equitense transformation about 0 in ft is 

PjS^.P, (equivalent to P=< f>~ 1 -P) ... (A) 

where y, y, z are the co-ordinates of any finite point P with reference to 
(OX, OY, OZ ), and .r 15 y l9 are the co-ordinates with reference to the 
same axes of the point P, in which P is converted by the transforma- 
tion. If det^=l, the equation (A) represents a rigid transformation 

about 0 , which will be called a rotation about 0 ; if det ^=— 1 , it 
represents a pseudo-rigid transformation about 0, which will be cal ed 
a pseudo-rotation about 0. 
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The transformation converts the rectangular axes OX, OY, OZ into 
tho rectangular axes OX', OY OZ' whose direction cosines with refer- 
ence to (OX, OY, OZ) are respectively 

(?i, '/iij, » t ), (/,, (/■*, w a ) ; ... (3) 

and the set of axes (OX', OY', OZ') is right-handed or left-handed 
according as the transformation is a rotation or a pseudo-rotation. 
Since OX', OY', OZ' can he any set of rectangular axes drawn from 0, 
and their direction-cosines with reference to (OX, OY, OZ) are known 
when they are known, wc see that there is one and only ono equi tense 
transformation about 0 which converts the axes OX, OY, OZ into 
another set of rectangular axes drawn from 0. 

By writing (»■, y, ;) for (.»•,, z x ) and (/, y\ z) for (.<\ y , :) in 
(A) we see as in Kx. ii of Art. 1 that the yon oral equal ion of a hansfor - 
mat inn of m (angular co-mih'iialos from the axes (OX, OY, OZ) to the 
axes (OX', OY', OZ') is 

P ('equivalent to P=<j>). P') ... (B) 

where ,r, ?/, c are the co-ordinates of any point P with reference to (OX, 
OY, OZ), and /, y, z are the co-ordinates of the same point P with 
reference to (OX', OY', OZ'). The two sets nf rectangular axes are 
like-handed when and only when det <f>r- 1. 

Xow let OX', OY', OZ' bo any second set of rectangnlai axes drawn 
from 0 in 0. not necessarily those mentioned above : let the equation 
of a transformation of rectangular co-ordinates from (OX, OY, OZ) to 
(OX', OY', OZ') ho 

P'=„rVP (equivalent to P=«. P'), ... (4) 

where o> and w" 1 are real square semi-unit matrices ; and let the points 
P, P t in (A) have co-ordinates ; 

(.r, //, z). (r n //j. :,) with reference to (OX, OY, OZ) ; 

(j', y, {•'iJJx* O with reference to (OX', OY', OZ'). 

Then the equation (4) and the corresponding equation 

P 1 '=or , .P l (equivalent to Pj=« P/) ... (5) 

show that when OX', OY', OZ' are taken as axes of co-ordinates, the 
equation of the equitense transformation (A) is 

P 1 '=a)” 1 </>cu. P', (equivalent to P/). ... (A') 
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It will bo more convenient to express this result in another form. If 
the equation of a given oquitense transforination about 0 is 

IV = P f (equivalent to P , =^" 1 # P), ... (O') 

% when OX', OY r , OZ ' are axes of co-ordinates then the equation of the 
same equitense transformation is 

P l =zu\l/o)~ l . P, (equivalent to P=<D^af J . PJ, ... (C) 

when OX, OY, OZ are axes of co-ordinates. 

The equitense transformation (A) in which 



1, 

0,0 

COS#, 

0, 

sin# 

cos#, 

—sin#, 0 


0, 

cos#, — sin# 

0 . 

1, 

0 

sin#, 

cos#, 0 


: 0, 

sin#, cos 6 

— sin#, 

0, 

cos# 

o, 

0 , 1 


are right-handed rot at tons through the angle 0 about the (right-handed) 
co-ordinate the* OX, OY, OZ. Replacing $ by —0 % we obtain the 
corresponding left-handed rotations through the angle 6 about the same 
axes. If #=# t + #* +# s + •••. a right-handed rotation through the angle 
# about OZ is the resultant of successive right-handed rotations through 
the angles 0,, # 8 , # 3 , ... about OZ. Consequently a rotation about 
any axis can always be expressed as the resultant of successive infinite- 
simal rotations about that axis. 

The simplest equitense transformations about 0 are the eight 
perversions, viz. the transformations (A) in which 



± 1 . 0 , 0 
0 , ± 1 . 0 
0 , 0 , +1 


They clearly form a complete group. The perversion in which the 
signs of the successive diagonal elements of <|b starting from the top 
are 


+ + 

is the identical transformation. The perversions in which those signs 
are 


+ + 


+ 


+ i 


+ + 
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are respectively reflations about f hr co-ordinate planes .r =0, // = 0, £=0, 
these being pseudo* rotations. The perversions in which those signs 

+ -- -+ - - + 

are respectively reflet ions about the co-ordinate axes OX, 07, 0 Z, and 
are also rotations (right-handed or left-handed) through two right 
angles about those axes. The perversion in which those signs are 


is a reflt'.iim about the origin, which will often be called the inversion. 

Ex. i. The inversion (or reflexion about 0) can 1 e regarded ns tho resultant 
of : 

(») three successive reflexions about three mutually perpendicular planes (07, 
OZ), (OZ, OX), (OX, OY) drawn through O; 

(ii) a rotation through two right angles ? bout any axis OZ drawn from O fol- 
lowed by (or preceded by) a reflexion about the plane (OX, OY) drawn 
through 0 perpendicular to that axis. 

Ex. ii. Equation »/ a rejlc.»wn about the plane h. + nni + u\ =-0 ichcn /. m , u 
tire dircction-vusincs. 

Let (A. j , fi it Uj), (A z , fx v.,) t (/, in, n) be tin- direction-cosines of three rectangular 
axes OX', OY', OZ' with reference to thu given co-ordinate axes OX, OY, OZ j so 
that in (4) we have 

I A l A I 

W -- | p t fl , IH | . 

I i 

Vo n I 

When OX', OY', OZ' arc axes of co-ordinates, the equation of the given plane 
ib z’=Q t and the equation of a reflexion about it, is /.<>. 

1,0, 0 : 0 0 0 i 

I I 

F/«*. P', where <t>= 0, 1, 0 j -1 — 2 0 0 0 |. 

0, 0, ~1 0 0 1 | 

It follows as in (C') and (0) that when OX, OY, OZ are axes of co-ordi nates, tbs 
equation of a reflexion about the given plane Ix + mr/ + /i® = 0 is 

V, -\ff P, where \ft~-u<f> u l . 

1 - 2 1 9 , - 2 Im , -2ln 

is. 


+ = 1—2 


[/,«,«] = -2 ml, 1-2/a 2 , -2 mn 

— 2 nl, —2 nm , 1— 2n a 
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This resnlt clearly remains into when the axes OX, OY, OZ are left-handed. 

Ex. iii, Equation of a reflexion in the given plane /.«+ m y + nz +p=0 when l, m, n 
are direction -cosines. 

If ^ is the same matrix ns in Ex. ii, this equation ib 
| i\ + lp x + Ip 

j y , t mp =\f/. y + mp ' 

I 1 

• : , + a p . 4 - n p 


1-21"-, 

— 2 hn , 

-21 n , 

-21/.- 

f ■ r " 

— 2ml, 

1 —2m 2 , 

— 2 win, 

— 2 mp 

1 

j a 

-2nl , 

— 2nm, 1 — 2m 2 , 

— 2 up 

1 

j 

0 , 

“ , 

0 

1 

I 

! i : 


Ev. ir. If a plane )> can he converted into a plane q by a rig hi -handed rotation 
thmugh an angle \a about any a.i is, then llic ecu n Hunt of tiro sucre.** ire reflexions in p 
and q is a right-handed rotation through an angle a about that. axis. 

This enn he seen bv taking I he given axis to he OZ, and p, ./ to he the planes 
y — 0, r sin l a—g cos }, a = 0. 

Ex. v. Equation of a right-bandtd rotation Ihrongh an angle 6 about a given 
axis 07/ whose direction -cosines are A. /u, v. 

Lefr (A n p lt i'j), (a 4 , i' ,), (A, /«, I') he ihe direct i On -cosines of three light- 
l.nnded reetangnlnr axes OX', OY', O // with reference to the given (right-handed 
rectangular) co-ordinate axes OX, OY, OZ, so that in (4) we have 

i A i A ■: X ' 

uf -j p.. p , and dot «— 1. 

[ v l v.. 

When OX', OY', OZ' are axes of co-ordinates, the equation of the given rotation 
is 


j cos tf, 

— sin 0, 

0 

P l , = 0. 1*', where 8-| sin 9 , 

cos 0 , 

0 

i o , 

» . 

1 


It follows as in (C') »nd (C) that wlicn OX, OY, OZ arc axes of co-ordinates, 
the equation of the given rotation is 


P j = <p T, where <f> = u 0 u > ' l , 
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A* —I, 

A/t . 

\v 


0, -r, 


P A . 

M*-l, 

HV 

+ sin 8 

u , 0 

-A 

_ vK ’ 

*7* . 

r a -l 


_ -M. A , 

0 


This result could also have been deduced from Exs. ii and iv by treating the 
given rotation us the resultant of two successive reflexions about two planes contain- 
ing O 7/ which are inclined to one another at an anglo I 8. 

If OX, OY, OZ were a left-handed set of rectangular axes, the same equation 
would represent a left-handed rotation through an angle 8 about 07/. 

Ex. vi. If in Ex. v wc express the square semi-unit matrix <t> in the form 


0= 


~ l t l « ?; 

m , in in 3 

w , », n 


we have 


+ cos 8). (A 1 *— 1)=A 5 +cos 8. (I — A 2 ), 

wj 3 -= 1 + (I — cos 8). (ju- — l)~-ju 2 + cos 8. ( 1 — ju°), 

+ (1— COB 8). (k* — 1)-V 2 + COS 8 . (l-V 2 ), 

7i 2 + m 3 ~2 (1 — cos 8). juu, + n x =2 (1 — cos 0). uA, m x + l a 2 (1— cos 8). A fi. 

n „ — m ;l = 2 sin 8. A , — a, — 2 sin 6. p , m x — l,, = 2 sin 8. u. 


4. The axis and angle of a rotation about the origin 0 whose 
equation is given in the general form. 

Let the equation of a rotation about the origin 0 of the right-handed 
rectangular axes OX, OY, OZ be given in the general form 




h h h | 


X 

Vx 


in, m j w, 


y 

i 

z \ . . 


_»i »« 


| 


or P ,=<#>• P, 


(O) 


where <f> is a given real square semi-unit matrix whose determinant has 


the value 1 ; and let 



• 

7 1 — fr 


1 

<Kp)=<l>—p 1= 

?n,, 

w a - 

! 

... (1) 




J 

be the characteristic matrix 

of <^. 

The latent roots of ^ are the roots of 


the equation det 0 or 

0>-l){p’ -(>,+*»,+«, -!)/>+!} =0, 


- ( 2 ) 
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and because I is always a latont root, the square matrix </>(l) is always 
degenerate. The position of a finite point. P whose coordinates with 
reference to (OX, OY, OZ) are u\ y , z will be unaltered by the rotation if 
and only if <£P=P, *>., if and only if 

<K1)P=0. ... (3) 

Because <£(1) is always degenerate, this equation always has at least one 
finite non-zero solution for the matrix P ; and if P is the corresponding 
point, the rotation (see Ex. i of Art 1) is one about the straight line OP. 

Tints every rotation about 0 ( which may be any finite -point) is a rota- 
tion about a straight line passing through 0. 

In the particular case when (D) is the identical transformation, /.c\, 
when <£=I, it leaves the positions of all points of 12 unaltered, and can 
he interpreted to be a rotation through an angle 0 about any straight 
lino we please passing through 0 or about, any finite straight line 
whatever. 

To obtain all the points whose positions are unaltered by the rota- 
tion, or all the solutions of (3), in other cases, we will consider the 
conjugate reciprocal for the reciprocal; of ^(1), which is the symmetric 
matrix 

1 + /, — — + *s+ w i 

wi,+f a . 1 + vt f — + - (4 ) 

j /i ? *ftw v \ + n. } —1 x — m q 

Because ^(l).4>=dety(l)-T=0, 

the equation (3) is satisfied when ,r, y, z are proportional to the 1st, 2nd, 
3rd elements in any vertical row of <P. Again because is degene- 
rate, the rank of $ cannot exceed 1 ; therefore by one of the properties 
of symmetric matrices the radicals 

Q x = \^1 + Q* = v^l-t-w* — 7*,—^? 

Q,= Vi + Wa-fi— W, 

can be so chosen that 

Q. 

Q f [Q i . Qa’ Qa]* 

1 Qa . 


(«) 
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There are then two possible choices of Q l? Q 2 , Q ft , any one of the 
radicals wliich is not 0 haying whichever we please of its two possible 
values. 

From the equations 

lit 9 w j m 2 — Z 1 , wi 3 ?i' i wi | Jin — ra ■“ -m 2 vi j — Z 3 i 

»,f 3 — /i 3 / 9 =»»J) WsZj — W|?s =^ a , MjZj =Wi s 

Z 9 va 3 — / 3 w 9 =w A , ZjV/ij — 7j m 3 =*/,, l t ui M ^l 9 m l =v< 3 , 

it follows that 

(« a +wi 3 )* = tl+w«— Ha — Zi )(1 + // 3 — /j — wi 9 ), 

(/„ -f",) 2 + w^tl + Z.!— w,— w a ), 

(ffl.+Z,) 2 =(l + 7 ] -m s -7?,)(l + vH a -v/ ;t -/ 1 ), (7) 

(w,— Wsi) ,== t.l + ^1 + W i + M »)0 + ^— W,— W s ), 

(/ a — M,)* =(1 + 7 1 +?« 9 +w ;i 'j( 1 + W,— « n — f ! ). 

( I — / a ) * =(1 + ^ + +v? s )(l+v? 3 — /* — l/i 9 ), (7 r ) 

(/., — Vi 1 )(ii? , / 2 1 = (1 4* Z t + iii 2 + '':t H n g + )j 

(wr 7 a )(w 9 — ?« :i ) = (l + /i +va 9 +?i; { )(/,+><! ), 

(w 2 - w :, ) (7 3 - V 1 ) = ( 1 + z 1 + w . + w ) (m ,+/„). (7") 

The equations (7) find (7') sliow that the real factors occurring 011 the 
right in them are either all positive or all negative. Tf they were all 
negative, it would follow that ft— l x —ih 9 — w 3 , the sum of the three 
diagonal elements of <1‘ in (4). is negative, hut this is impossible because 
7 t , wi 9 , v< s are all real quantities whose nnmorieal values do not. exceed 
1. We conclude that the real quantities 

1 + f x — tn 9 — w 5 . 1 + m.j — — / , , l+w s — / 1 — a , ... (8) 

1 + i‘i+nii+tit' ^ , — ai s — w «. ... (8'j 

are all positive. Hence the three radicals Q^Q,, Q, and the two 
radicals 

Q=^i+r, +W12+HJ. r= v'vi— (f/) 
which satisfy the eq nations 

R^QS+QJ+QS, Q a +R 8 =4, itQ^-R-J^+w.+n.-l, (9) 

are all real. We have Tt=0 (or Q l =Q 9 =Q a =0) when and only 
when Z 1 =vw 9 =w 3 =l, when and only when (D) is the identical 
transformation, 
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^ Qn Q«i Qa are chosen in accordance with (0), we must have 

».+».=Q,Q„ ?.,+»,=Q,Q,. 

The equations (7) are then satisfied, and the equations (7') and (7") will 
% also he satisfied if and only if 

w , “ m .i ==€ Q^2 i J !=:€yQ a , #a, — Z 3 =eQQ a , 

where c is either 1 or — 1. Whichever choice has been made of Q lf Q 2 , 
Q, (supposing that they are not all equal to 0), we can choose Q so that 
<= 1* Consequently we can. and always will, choose the radicals 
Qf Qn Qf« Q 3 so that 

QiQ»= h i+Wjh Q#Qi=^+»i» Qi Q*=»»i+/ # , ... (10) 

QQ t =/2 a — Iii 3 , QQ i =/ ;t -i/ i; QQ a =»fi 1 — : ... (10') 

and the equation (hi is then satisfied. Kxcept when (D) is the identi- 
cal transformation, there are two and only two possible choices of 
these tour radicals, the signs of all being changed when the sign of any 
one which does not vanish is changed. 

That the three quantities (fy and the quantity 1 — j^. 2 — >/ a are 
necessarily positive follows immediately from the fact that <l> is a real 
symmetric matrix whose rank doe* not exceed 1 ; for the diagonal ele- 
ments of such a matrix nnut all have the same sign. 

We now see that when ( D) is not the identical transformation, the 
diagonal elements of <J> do not all vanish : therefore has rank 1, $(1) 
lias rank 2, and the equation (.*>) has only one distinct non-zero solution 
given by 

- (U) 

therefore (D) is a rotation about the uniquely determinate straight line 
(11), which is the locus of all points whose positions are unaltered. 
There arc two possible axes O A and OA', drawn from O in opposite 
directions along that, straight line. After choosing Qj, Q a , Q s , Q in 
accordance with (10) and (10'), and selecting one of the two possible 
values of R, we will take OA to be the axis 

* _ V _ s 

Qi ~q7 ~ q; 

with direction-cosines 




... ( 12 ) 
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When (L)) is the identical transformation,^., when 
both ^(1) and $ are zero matrices, each having rank 0. 

We will next determine the possible angles of rotation. 

The three latent roots of <£, being the three roots of the equation (3), 
are < 


1 and ■J{(Zi + tw 1 + w a — 1) + V(/ t +m 8 + « tH — 1)*— 4, } 

*>■ 1 and i-f^^+w.+Ma-lJ+QR^-'l}. 

Since Q and R are real, ?>., since J(/ t + ?a i + u s — 1) is not less than — 1 
and not. greater than 1, we can always determine a real angle 0 such 
that 

cus0= — l) = I(Q i —R B ) = .]Q 3 — 1=1 — J-R a ; ... (13) 

and if v'— 1, the three latent roots are then 

1, cos0-Wsin0, cos0— /sin0. ... (14) 

This result is in accordance with the facts that every real latent root of 
a real square semi-unit matrix must be either 1 or — 1, and that the 
latent roots which ate not real must occur in pairs of the form 
cos0-M‘sin0, where 0 is a real angle. The latent roots (14) are the same 
for all values of 0 satisfying the equation (13). If u is any one angle 
satisfying the two mutually consistent equations 

cosa=.j(Z l -f m 9 + w iH — 1), sina=JQR, ... (15) 

or any one angle satisfying the two mutually consistent equations 

2cos*ia=cQ, 2sinia=cR. ... (15') 

where € is either 1 or — 1, then 0=a and 0= — a are solutions of (13), 
and every other solution differs from one of these two by a multiple of 
2 IT. 

lhe three latent roots of </> are all real iu two particular cases only, 

vi:.. 

(0 when R =0, i.e. when l x +m % -f =3 ; 

(») when Q=0, *>. when l x +m, +w s = — 1. 

The first particular case occurs when and only when = Wa =w a = l. 
i.e., when and only when (0) is the identical transformation ; the three 
latent roots being then 1, 1, 1 ; the angle 0 being 0 or a multiple of 2ir; 
and Q 3 being all 0. The second particular case occurs when 

and only when the semi-unit matrix <f> is symmetric but not a unit 
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matrix, as wo sec from tlio equations (7'). The angle 0 is then an odd 
multiple of w ; the three latent roots of are 1, — 1, —1 ; and tlie rota- 
tion is not the identical transformation. In all other cases there are 
two distinct values of $, if values differing by a multiple of 2 tt are not 
considered to be distinct from one another. 

By a well known property of real square semi-unit matrices, the 
equation (D) can be converted by a transformation of rectangular axes 
into an equation of the form 


I ./ 1 | cos0, —si ii0, 0 

| y x *= sin0. cos0, 0 

! ! I 0. 0, 1 


V '■ ... (!>') 


where 6 is any solution of the equation (Id); and (D') represents a 
rotation through an angle 0 about, the now axis of which when <#>=£1 
must be one of the two axes OA and OA\ Wo will verify this without 
using tin* general theory of semi-unit matrices, and at the same time 
determine what angles of rotation are appropriate to each axis. 

Supposing that <£ r /=l> let OA be the axis (12), and let a lie any solu- 
tion of the two equations (15) or the two equations (1«V). Then from 
Ex. v of Art- 3 we see that the equations of the right-handed rotations 
-j-« about OA are respectively 


,c i 

Vi 


j 

i *.• 

l, + m, 


-111 


2m,. 

»>»+«, 

! 

: n x +2 n . 

", + w s . 

2» s 



0, 

lz 111 1» 

J u i 


.0 

± 


0, 

Mu — n 4 


\ y 



0 % W <| $ 

0 




the equation with the upper sign being the equation (D). Accordingly 
we have the following theorem in which the axes OX, OY\ ()Z are right- 
handed. 


Theorem I. When <£=./, the equation (/)) repregents the iilen Itcal 
transformation. In all other cases it represents a rujht -handed rotation about 
an axis OA whose direction-cosines are 


_ Q 
~ IT ’ 




to 
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and through an angle a which is determined (uniquely except far an arbi- 
trary additive multiple of 2 ir) by the equations 

cosa =-}(? ! + ni g + 3 — 1 ) , si na = J Qlt. 

It is immaterial which sign we ascribe to the radical R, and which* 
of the two possible sets of signs wo ascribe to the radicals Q,, Q # , Q s , Q. 
We can choose Q and R to be both positive, and consider a to be the real 
angle lying between 0 and it which is uniquely determined by the two 
equations 

2cos£a=Q, 2sinJft = R. 


5. The pseudo-axis and angle of a pseudo-rotation about the 
origin 0 whose equation is given in the general form. 


Let the equation of a pseudo -rotation about the origin () of the right- 
handed rectangular axes OX, OY, 0 Z be given in the general form 


" ,*i l x /, 

If i ; =:: 01^ 'M -i M ,h 

I : x i u } u 2 n „ 


x 

If 


or P l =<M\ 


(K) 


where </> is a given real square semi-unit matrix whose determinant has 
the value — 1. The quantities (/,. »*,, n x ) % (/ 2 , m , n a ), (/ H , m 3 , «,) 
are the direction-cosines with reference to (OX, OY, OZ) of the left- 
handed rectangular axes OX', OY', OZ' into which OX, OY, OZ are 
converted by the pseudo-rotation. Putting «// = — 0, wc can interpret 
the transformation (E) by comparing it with the transformation 

,o j 

V orP,=^.p f ... (E') 


which is a rotation about 0. Let (E f ) ho a right-handed (or left-hand- 
ed) rotation about an axis OA through an angle 0\ and let 

6=6'± it. 

Then (E) is the resultant of 

aright-handed (or left-handed) rotation through an angle O' about OA ; 
an inversion, or reflexion about the origin 0 ; 


■«*1 


i* 




.Vi 


— nil. 

— Hi 3- 

Vl i\ 


*1 ._! 

j 


n 2 1 
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the order in which the two operations are performed being immaterial. 
Therefore by Ex. i of Art 3, it can also be regarded as the resultant of : 
aright-handed (or left-handed) rotation through an angle 0 about OA ; 
a reflexion about the plane through 0 perpendicular to OA ; 

the order in which these two operations arc performed being again 
immaterial. Taking the latter view, we will describe (E) as a right- 
handed (or left-handed) pseudo-rotation of angh* 0 having OA as a 
pseudo-avis ; a pseudo-axis being a locus of points which suffer a re- 
flexion about the origin. 

If 0=0 or is a multiple of 2zr, the pseudo-rotation ( E ) is simply a 
reflexion about the plane through 0 perpendicular to OA. 

If 0= +7r or is an odd multiple of r, the pseudo-rotation (Ej is the 
inversion, i.c., a reflexion about the origin 0 : and every straight line 
drawn from 0 can be regarded as a pseudo-axis. This case occurs when 
and only when, <£= — 1. 

Except when $= — I, there are two and only two pseudo-axes 0 A 
and OA', drawn from O in opposite directions. 

Applying Alt 4 to the rotation (E'h we see that the radicals 

l},= /--1 + /,— ?/?„— w s , Q a = I+m,— / n 

Q s = \ r — 1-f / 1 — in 9 - ... (1) 

Q = \ ' — 1 -f- / x + w a -f- // , 1\ ~ d / x ni 4 — u 3 ... (. 1 ) 

satisfying the equations 

K*=Q«+Q*+Q*. y* + It* = — l, J^ , -I5 2 )= / i + »'. + , 's + 1 - ( 2 ) 

are all purely imuginaiy, and that Q,. Q*, Q v Q can he so chosen as to 
satisfy the relations 

Q.Qs =«.+»'»» Q,Q.=', + ".. Q,Qt=»i+<«. - W 

QQ l =« 1 — QQ»= ? »— "i- QU» =w i — If ••• 

We have R=0 (or Q l =(i 1 =Q,=0l when and only when (K) is the 

inversion, i.e., </.= -!; ami in all other eases there are two and only 
two possible choices of the four radicals « lf Q s , Q s , U consistent with 

(3) and (3'). 

When the above defined radicals have been cliosen in accordance 
with (3) and (3'j we can deduce from Theorem I the following theorem, 
in which the axes OX, OY , OZ are right-handed : 



n 
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Theorem II. When <j>= — I, the equation (E) represents the inversion, 
i.e a reflation about the origin 0 . Zw ti/J other cases it represents a ; right- 
handed pseudo-rotation about 0 having a pseudo-axis OA whose direction- 
cosines arc 




Ox 
R 5 




nntZ aw<//c a which is determined by the equations 

eosa = J (?i + mi f + w ., + 1), siua = * (iR ; 

i.e., it is the resultant of a right-handed rotation a about OA and a reflexion 
about the plane through 0 perpendicular to OA. 

Ex. i. When the square semi-unit matrix $ in (E) has the values 


-1, 

0, 

0 ~ 

cos0, 

0, 

sinfl j 

0, 

COB0, 

— sin0 p •, 

0, 

-1, 

o !, 

0, 

sin0, 

COS0 | 

— sin0, 

0, 

i 

cos0 


cos0, — sinP. 0 

ain0, cob0, 0 

0, 0, — l j 


the equation (E) represents right-handed pseudo-rotations of angle 0 about O having 
OX, OY, OZ respectively ns pseudo-axes. 

Ex. ii. By a transformation of right-handed rectangular axes it can be deduced 
from Ex. i that the equation of a right-handed pseudo-rotation of angle 0 about O 
having a pseudo-axis OZ' with direction -cosines A, p, v is 

where 


j A 8 1, A fi, 

\V 


■ 0. 

“*» 

/* 

<p= —I — (I + CO80) ! fl‘ —1, 

fiv 

+ Rj’n0 

r. 

o, 

-A 

L v Pi 

v’-l J 


!_-m> 

K 

0 


Ex. iii. If in Ex. ii wo put 




*. I. h 

in. m. m. 


5 — det<p = — 1, 
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wt have 

/, =-■ 5 + (5 - cosfl) ■ (A 2 - 1) - 5A 2 + cos0 ■ ( I — A*), 

=8 + (8 — cos#)* (ju* — 1 ) — 5^t" + cos0‘(l— /x a ), 
n s = 8 + (5— cos6)‘(i/ 2 — 1) = + cos0* (1 — v*), 

n 3 + hi, --2(8 — cos0) */ak, l 3 + #^ = 2(5— cob0)*i'A, m, + t a = 2(5 — cos0) ■ A/x 
n 4 — Mi a — 2ainfl. A, '*2tufi0-/t, ?// , — J 2 = 2sin0. y 

The corresponding formulae given in Ex. vi of Art 3 sire obtained by putting 5 = 1. 

6. Analogies between rotations and pseudo-rotations about 
the origin. 

Jf we make use of Kxs. ii and iii of Art. 5, we can give a direct proof 
of Theorom II. which is strictly analogous to that of Theorem I given in 
Art. 3, provided that we determine those points which suffer a reflexion 
about the origin 0 instead of those points whose positions are unaltered. 
Tf 8=det</>= + 1, then in both theorems we have 

Q, = \ / S + l t — Mj,, Q s = /S+m, — w a — Q 3 = /8 + w s — /, — m 2 

ti= v'S+Z, 4 - m 2 + w a , R= \'3$—1 x — w 2 — w ;l . 

Q|(^» =w * + ,,, a» Qatt, =/ s + R,. QjQa +/. 2 , 

QQ,=w,-w 3 , QQ a =/ s “-Wijp QQ S =Wj — /*. 

In both theorems the latent roots of </> are the roots in p of the equation 

(p—8){p*— (!, + »#,+«,— «)#!+ 1}=0; 

and both theorems can be proved by determining all the solutions of the 
matrix equation 

<£(8) . P=0. 

In botli theorems the matrix <£(8) is degenerate, and its conjugate 
reciprocal $ is the symmetric matrix 

; 8 + / t — »! a — W a , /,+«„ j 

$ = ?>l , 4" Z j , &+M t — M s — / XJ w a 4-i' f | 

n x + l^ a a 4- w 7 8 4- « s — / 1 — ^ , 

f Qi 
= Q 2 ! 

Qs ! 


[O..Q..Q.] 



74 


C. E. CCTjLIS 


i. From Ex ii of Art. 3 it will be seen that in both theorems we can put 



A 2 



^ 5 { I — 2 

M2 

[A a ,/t a ,v a ]}{I-2 



,V 

1 



where and (A a ,/K,,i'.) are two sets of direction-cosines. Wo then have 

[QuQiiiQaQ] A^.-A^/i,, AjX. + *'»»'*] 

H= ±2a / «* v'(/i 1 *. t -/ 4 2 i' l ) t +(v l A a -v s A l ) s +(A 1 /i a -A s /i|)*» 

co8a=-s5 • (Q 3 — R 2 ) ; sina= }QR, ^ 2 +K 3 = 40. 

Ex. ii. The complete axis and complete pseudo^axis of an equitense transformation 
about the origin O. 

If we define the complete axis to be the locus of all points lvhose positions are 
nnaltered by the transformation, and the complete pseudo-axis to be the locus of all 
points which mffer a reflexion about O, the general characters of these two loci for 
any ecpiitense transformation about 0 are as shown below, where ; 

a means an angle which is not a multiple of ir ; 

L means a straight line drawn through 0 perpendicular to p 

P means a plane drawn through 0 perpendicular to C. 


Rotation of angle 0 about 0. 

Complete axis. 

| Complete pseudo-axis. 

0~« : (ordinary case.) 

a st. line L. 

; The point 0. 

\ $~ir: (reflexion about a st. line) 

a st. line L. 

a plane p. 

| 0 = 0: (the identical transformation) 

i 

The 3- way space ft 

i 

The point 0. 

Pseudo-rotation of angle 0 about 0. 

Complete axis. 

Complete pseudo-axis. 

| 

0~a : (ordinary case). 

The point 0. 



a st line L. 

8—0 : (reflexion about a plaro). 

a plane p. 

a st. line L. 

0=i r : (reflexion about 0). 

Tno point 0. 

The 3- way space ft. 

According as the complete Axis is 


the point 0, a st. line through 0, a plane through O, the 3-way space ft, 
the equitense transformation can be regarded ns the resultant of successive reflexions 
about 


3, 2, I, 0 planes through 0. 
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It ia a rotation in the second and fourth cases, and a pseudo-rotation in the first and 
third cases. 


7- Pseudo-rigid transformations in ft, regarded as rigid 
transformations in ft„. 

The principles and methods explained in the foregoing articles can 
be extended to ordinary metrical space f2* + l of n dimensions, where n is 
any positive integer. Any particular set of n rectangular axes drawn from 
a finite point () in 12 can be regarded as right-handed ; and by re- 
versing the direction of one of the axes w e obtain a second set of 
rectangular axes in 0 M + I which is left-handed. The choice of a standard 
set of right-handed rectangular axes in 0, + l will depend on some 
standard u -dimensional configuration in !2„ +l . 

Let $2* be the ordinary way space 12 which has hitherto been 
considered, (OX, OY, ()/) being a set of three rectangular axes in 12 + ; 
and let (OX, OY. OZ, OW ) he a set of four rectangular axes in an 
ordinary 4-way metrical space 12 s which contains 12,. Then if the first 
of the equations 
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represents a pseudo-rigid transformation in 12 4 , the second equation 
represents a rigid transformation in 12 - . Moreover if S is any ^-dimen- 
sional body in 0 4 which is converted into S* by the first transformation, 



7fi 


c. e. r;nxH 


w being 0 for all points of 8, then the second transformation also con- 
verts S into Consequently S can be converted into S* by a 

succession of infinitesimal eq intense transformations in 12 r>) i.c. by a 
continuous displacement in which it moves as a rigid body ; but in 
general it will be entirely outside the space 12 v in all the intermediate 
positions. 

Again of the first of the equations 
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represents a pseudo-rotation in 12 1 about 0. the second equation re- 
presents a rotation in 12 f> about O ; and if S is any d-dimensional body 
in 12* which is converted intoS, by the pseudo-rotation in 12, , then S 
will also be converted into by the rotation in 12. represented by the 
second equation. The two transformations have the same complete axis, 
but the complete pseudo-axis of the second transformation is the space 
determined by the complete pseudo-axis of the tirst transformation and 
the new co-ordinate axis 0W r . The pairs of f rausformations next 
considered aro representative cases of (2). 

The two equi tense transformations about (.) represented by the equa- 
tions 
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cos0, — sin0. 0 


Vi 


sin0, cos0, 0 
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COS0, 

— siiifl, 

0 , 

0 ■ 


; 


si n0, 

cosfl, 

0, 

0 


i 

y ! 


0 , 

o, 

- 1 , 

0 


3 


1 0 , 

", 

0, 

-1 


W 


(3) 


are equivalent when applied to a d-dimensional body in 0 4 . The first 
is a pseudo-rotation of angle 0 in (1 4 having OZ as a pseudo-axis ; the 
second is a rotation in 1 2.> which is the resultant of a rotation 0 about 
the plane (OZ, OVV) and a rotation tt about the plane (OX, OY). In the 
ordinary case when 0 is not a multiple of 7r, the first transformation has 
the straight line OZ as complete pseudo-axis, the point 0 as complete axis, 
whilst the second transformation has 

the plane (0Z,0 \V) as complete pseudo-axis, the point 0 as complete axis. 

In the particular case when 0= tt (or is an odd multiple of tt), the 
first of the transformations (d) is a reflexion about 0 in fi 4 ,* and the 
second is a reflexion about 0 in 12,, which is also the resultant of a 
rotation i r about the plane (OZ,()W) and a rotation i r about the plane 
(OX, OY). The first transformation has 

thed-way space 12, as complete pseudo-axis, the point Oas complete axis : 
whilst the second transformation has 

t he 1-way space 12. as complete pseudo-axis, the point 0 as complete axis. 

In the particular case when 0=0 (or is a multiple of 27 t), the two 
transformations (d) become 
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The first transformation is a reflexion in li 4 about the plane (OX, 0\ ) ; 
and the second is a rotation in 11 3 through two right angles about the 
the plane (OX, OY). The first transformation has 



the straight line OZ as complete pseudo-axis, the plane (OX,OY ) as 

complete axis ; 

whilst the second transformation has 

the plane (OZ, U\X ) as complete pseudo-axis, the plaue (OX, OY) 

as complete axis. 

From (4) it will be seen that, so far as events in 12 4 are concerned, a 
reflexion in 12 , about a plane p is equivalent to a rotation through two 
right angles about p in 12. . Thus if a man existing in 12 4 and occupy- 
ing the configuration H surreys his image 11' formed by reflexion about 
a plane mirror, be will know that he could he carried from H to H' by 
a rotation in 12 5 about the plane of the mirror through two right angles, 
/>., by a continuous rigid movement in 12 s ; but in the execution of this 
movement his 0 4 -existence would cease in all the configurations inter- 
mediate between H and H' ; />.. in every such intermediate ’position he 
would be entirely outside the space 12 , to which his existence is confined. 
Using definitions appropriate to 12 4 , the right arm of H will be converted 
into the left arm of H' ; but if we used definitions appropriate to 12., tho 
right arm of H would be converted into the right arm of 11'. In the 
latter case we regard H and H' as two different aspects of the same 
o-dimeiisional entity, and distinguish between the two sides of that 
entity in 12., a distinction which is impossible in 12,. Similarly in 
speaking of the right-hand and left-hand edges of a printed page, we 
use definitions appropriate to 2-way space ; but in order to speak of the 
right-hand and left-hand edges of a printed leaf, we should have to 
distinguish between the front page and back page, and use definitions 
appropriate to d-way space. 

The distinction between congruence and pseudo-congruence (or 
between a right-banded and left-handed set of three rectangular axes) 
which occurs in 12,, disappears in 12. ; and both the spaces 12, and 12 a 
have definitions of right-handedness and left-handedness which are 
peculiar to them. Similarly the distinction between congruence and 
pseudo-congruence which occurs in 12„ +1 , disappears in 12„ +J ; and 
every space 12* +l has definitions of right-handedness and left-handed- 
ness which are peculiar to it. 



On the Evaluation op some Factorable Continuants. 

Part II. 

By 

Satis h Chandra Ciiakraiurti, M.So. 

In the first part of this paper, published in the Bulletin of the 
Calcutta Mathematical Society , V<>1. XIFJ, Xn*. I and 2, pp, 71-S4 
towards the end of the Article 7, there have been given some operations 
for evaluating a factorable continuant. In combining these operations 
we have got some identities which are treated in Arts. .*1 and 4 of the 
present, paper. In the paper 1 of Mr. Haripada Datta in which the 
above continuant occurs, there has been given another factorable 
continuant, which has been evaluated in Art. 1 determ inantalty. In 
combining the operations given in Art. 1, we have got some more 
identities which have been established in Arts. 5, f> and 7. Tn Art. 2 
we have considered the general case of the identities which occur 

in Arts. 1, 2 and 3 of the first part. 

1. The continuant 

1 

1 + 1 + 2/ a* 

(a-l)(a n -'~l)y, 1 +ay, x 

| (l+y)(l + n*y)u. 1 + «*//. x 

I 


( a -- i * _n(,,_i), /«*--*, i+'/» "-*//. 

! (1 + 0""*;/) n"" 1 . 1 'In 

={(i+y)(i+".y)(i+" 4 y) 

X {(1 — .r) ( 1 -ojr) (1 -'/V) (l-*-V)[ 

1 Haripada Datta, “On the Failure of fleilernifmn's Theorem,” Proc. E>lin. 

Math, Soc, Vol. 35, part 2, 1916-17 or Univ. Edin. Math. Depart. Session 1917. 

Research paper No. 7, pp. 10. 
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Here the elements, except tho first and the last, of the lower minor 
diagonal, are given by = (l+a ,,| -*y)(1 +w w+H ~*?/)a M, ~ 1 and e im+1 

= (u"‘— l)(f/"“ w — l)ya tw " # , where v f denotes the element of this 
diagonal in the rtli row. 

Let us first consider the particular case when m=3, viz, , 

1 * 

1 + a*y l+y, •»' 

| (u-l)(a 4 -l)2/, 1 + ay. * 

! (1+//)(1 +a*y)a, 1 + «*J /, 

| («* — l)(a— l)2/rt 2 , l + rt 8 //, .v 

(l + «y)a* f 1 

On this perform the first operation 

— a*(a f — ' 1)(«— ' l)y t (l + y)(l + ay)w)l a + a # (a 1 — l)(a— l)y*(l + y)col s 
+ a(a* — 1)7/(1 + 2 /)col* — (a* — l)?/col 3 — col 8 +colj 

This enables us to remove 1— a’ from the last column and then subtract- 
ing the first column from the last we can remove another factor— (1 + 2 /) 
from that column and write the co- factor in the form 

.1 * 

a s (a 4 — l)(a— l)2/ 2 (l + 2/) 

1 .« 0 0 0 

l + a*2/, 1+2/, .« 0 1 

(rt— l)(a 4 — l)y, l + «2/> •»’ (({a 9 — l )y 

a+y)(l+«*y) ff> 1 +«*y, rt s(rt 4 -l)(a-l)y* 

, (a 4 — l)(a— l)t/a 4 , -a*(a*-l)(a--l)y 4 (l+a!/) 

On this determinant perform the second operation 

(a—* l)col 5 +a s (a— l)y(l+ay)col 4 — a 3 (a — l)ycol 8 — acol f +col x 

This enables us to remove the factor (1— ax) from the last column and 
then subtracting the first column from the last we can remove another 
factor — (1+uy) and get the co-factor in the form 

1 + a * y 1 r 

?/(«-!) ■ 

■1 +n*y, 1 +y, 1 

(a— l)(o“— l)jy «*(a— 1 )»/ 
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On this performing tlie third operation 

( a - — 1 )col — a - col 2 -f col x , we have 

! , - 1 X 1 — ft ~ X 

, /( „_l)(«‘-l) ( 1 + ,,*y, 1 + y. 0 

(«— 1)(«*— l)y. 0 

the continuant of the 6th (mler=(l— n 2 .i\)(l+y) 

( 1 + "y ) ( 1 + « 2 y)( l + " 1 y) 

It) the general case if mt denotes the multiplier of the frth column 
and 1 that of the last column, then we have : 


-(1 — «*,*-)(l+« s y) 
x(l+«»jf) 


In the first operation 

3/ ,a — 7r+4 

Kl+y)(l+«»)...0+«'-^)} 

/ is governed hy these two rules. 

In the second operation 
l\r* — 5/*+ 1* 

■m.j — l)'u ^ y ‘ ” l [ — 1). . . (#/ H “ J ‘ — 1)J 

{(1 + ( «.y)(l +a*y).-(l 

m., mi =( — 1)'« * y' {(rt B " a — l)('< n ~ s — 1)} 

{(i+«y)( 1 +®*y)—(i+« , " l y)} 

L «=a-i. 

In the third operation 
3/ ,a — 3r+4 

— ^ y V “ 1 { (<f M ” — 1 ~ * — 1) ~ 1 — 'l) } 

{(l+« a y)(l+ rt!, y)-.(l+« r y)} 

‘ 3r»+£+_4 

«‘ a r + ,=(~l) r '« 2 

{(l+«*y)0+' ,, y)”*0+ tt 'tf)} 


L f =«•-!, 
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In the fonrtli operation 

:V—.+4 

»!,,=( — l)'n “ ~ — — 1 )! 


i 


«i,, + i = { — 1 )'« 


\=a'-\. 


_ 


{(l+«*y)(l+« 4 y)...(l+" r+, y)} 


and so on. 


Tn each of these operations w, is always unify. After each operation 
being performed we shall find a factor of the form (1— a'x) removable 
from the last column. Removing this factor and subtracting the first 
column from the last we shall find another factor of the form — (1-f a'y) 
removable from the last column. On removing this factor we shall 
have the co-faclor in the form of a determinant, on which the next 
operation is to be performed. 

2. {.*(#+ l)(.r+ 2) ... (a-fr— 1)} 


= {(«— S)(o — S— l)(c— S— 2)...(., — 8— r— 1) 


+ (*+r— ljO.itar— 8— r— 2)} 


+ (S +r _l) ( S +r _2)C B {0«— 8)(.v— 8— S— 3)} 


+ +{C»+^—i)(»+^— «)(*+•— 

+ {(8-f-r— l)(8-f r— 2). ..(8+ 1)5} identically. ... (1) 

Proof. If we substitute any of the values 0,— 1,— -2,. 1) 
for ,'c in (1), then by means of difference formulas we can show that 
in each case of these substitutions the left- hand-side expression = the 
right-hand-side expression =0. Again if s=8, each of the two expres- 
sions is equal. to the last term of the right-hand-side expression. Thus 
for more than r values of a?, the equation (1) is satisfied. Hence it is 
an identity. 

Ex. I. Putting 2.c=.» + l and 2$=$-f 1 in (l);we get as a particular 
case of the theorem (1), the same identity as given in Art 1 of the 
first part. 
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Ex. 2. Putting 28=1, r—h and 2*=« + 2/t— 1 in (1) wo have 
{(<t+2/t-l)(a+2fc+l)(«+27t+3) (a+4/t-3)} 

= [ (<t + 2/t — 2) (a + 2/t — 4) . . . (it + 2)<t } 

h 

+ ( 2 /t— l)C l {(«+ 2 /t— 2 j(«+ 2 /t— 1 ).„(k+ 2 ;} 

h 

+(2/t— l)(27t— 3)C,{(a+2/i— 2)(a+2/i— 4)>”(«+4)} + 

h 

+ {(2/t— l)(2/t— 3)...(2/t— 2A + l)}C*{(<t+2/i— 2)(«+2/t— 4)..,(it+2A)} 


but 


+ + {(2/t-l)(2/t-3)...3}C,_ l («+2/t-2) 

1, 

+ {(2/ t -l)(2/t-3)...3-l}C* 


0) 


{ (2/t-l )(2/t -3) . . . (2/t -2 A + 1) } C i 


•;/t 


--V^rik Ka/t-l)(2/t-3)...(2/t-2A+l)} 


= ~ A+1 )( { (2/t — 1 ) (2/t— 3) • • • (2/i — 2A- + 1 ) } 


_ { 2/t(2/t -2)(2A - jO^g/i-jfc+g)} | (2 l 1 -l)(2/<-3)...(2/ t -2A+l)} 


2h 


2 h 


z \2k^2k{2 • i : <j...(2k)} = i 1 ‘ 3 ' 5 ‘ •••( ' 2k ~ l ) \>k 


llouoo from (2) wo have 

j(<t+2/t-l)(« + 2/t + l)-(-i+4/i-3)} 


2/t 

= {l-3o„.(2A-l)}C,t.,t 


2/t 


! 21 , 

— {«(« + 2)(n + 4) . .. ( 'i + 2 h — 2)}C, * 


+ l'C,,_,l(«+2)( t t+4)...(, t +2/t-2)} 


21 , 

+ 1 •3C,*_ 4 {(«+ 4)(<* + tI).,.((i+2/<— 2)} + 


2/t 

+ {l-35- ...(2/t— 1)0,*.,, {i/+2A)(<(+2A , +2>...(a + 2/t— 2)J 

21 , 21 , 

+ + {l-3'3 - ...(2/t— 3j}C,(n + 2/t— 2) + {1-3-5 - .,.(2/i — 1)}C„ 

which is the same indeutity as given in Ait. 2 of the first part. 
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En. 3. Similarly by putting 28=3, r—k — 1 and 2#=u+24— I iu 
the theorem (1) we can show that 

{(a+2/i-l)(«f+2A + l)...(ii+^-5)l = {«*(tt+2)...(a+2fc-4)} 

24-1 

+ l-C B ».,{tf+2)(tt+4) i . i (fl+2fc-t)} 

24-1 

+ l I 30 i *. # {(a + 4)(rt+r.)...(.« + 24-4)} 

24-1 

+ l*3'5C tt /,_ 7 {(tt+6)(a+8)...(a+24 — 4)} + 

24-1 24-1 

+ {1:>5...(24— 5)}C., (a + 24— 4) + { 1 • 3 • 5 . , . (24—3) { 0 , 

This identity has been given in Art. 3 of the first part. 

n—k n—k 

Ex. 1. m— l+|w— 20, (a+i— 1)+1 m— 30, (t«+4)(a+ 4—1) 

+ m— 4C 3 (a+4+l)(a+4)(a+4— 1) + 

a—4 

+ 4— 1 { a + /* — 2) (a+ a— 3) . , . (*.t + 4— 1) } C H . * 

l{(a+2£— l>^<jt+2Jfc)(a+2lr+l>...(tf-|-M+ft— 2)} 

identically, where // and 4 art* both positive integers and 4 is less 
than n. 

This identity may be deduced from the theorem (1) by putting 
8=1— ?«, /• = a — 4 and — »=a+n+4— 2. 


liV. 5. 


U— 4— 1 ^ !l a— 4— 2 4+1 a+r+4— l 

L V-f Ca C,l+ ,-l °* + t 


a — r 4 + 2 (£+/■+ 4 )i—i' 4+3a+r+4+l 

;2 >*-4-3 C Ma C* C, |3 ia—4 — t C A+3 C\ C. 

+ i " + " i/-_i 

it— r n—i — 1 «+«—;! 

^ — 7/ — 1 <—2 C* C, 

+ + Jr-1 " 

n—r a— /• a + u— 2 

l'-l W-r- k C„., C\ C._ r _* 

+ Y-l 


= C A {(a+2/’+4— l)(r/ + 2>’+4)(a + 2r+ 4 + 1) ..,(*< + n+r— 2)} 
identically where 4 is <n— r and /•<?*. 
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Proof. Thu left-hand-side expression 


n — r n—r—h a-fr*f h — 1 

= C, r |n -/i- 1 + )1 'n — / i — 2 C, C\ 

L jr— 1 n— 1 

w — /•— A n — i — A tt-fr-PA-fl 

+ C. G\ + p C, C, 

ir^T" " "r~T 


>•—2 ;>/■— ;•—// — 1 C w _ r _ 

+ " 


n—r—lt a 4- >i — 2 - 

+ n — r—h C n _ f ._ A 

~~ 7-T ’ J 


Tf A- = 7? — A , b—a+k and hence /> + /*=?? + </. then the left -hand-side 
expression 



lA— 1 , !*— 2*,7 r 

+ , 

Ir- 1 Jr — 1 


(Hr-1)+ -"f 

(»•— 1 


h-r 

0, (&+r)(J + r-l) 


+ :r-l 


jfe — r 

0. 


(i-f r+ !)(&+ r)(fc+r— 1) + 


V- , {(1 + ft-2)(&+ Hr— 3)...(h+i 1)}J 


= M c/(6+2r-l)(6+2r)(l+2r+l)...(i+H-r-2) by example 4. 
Hence the left-hand-side expression 

= "(7 r ( ( tt + + 2 r — 1 ) (u + ft + 2r)(a + A + 2r + 1 ) («+«+r-‘2)| 


Thus the identity iR proved. 
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3. If (a, 6, x) 4 denote the expression {a(a-f 6)(a-f 26) 

i ..(, /+r ri6)}_C 1 {(a-^Ka+6)(a+26)...(a+T^16)}« 

+ C,{(a -d)(a+6—d)(a + 26)(a-f 36).,.(a-fr--16)}.e* 
“*0 8 {(a— ff)(a+6— ^)(a+26— ^)(a + 36)...(a+r— 16)}jj a + ... 

+ (— l) r C,. {(a-<J)(« + 6— d)'„(a+r— 16— d)}a; r . 

then 

(ri., 6, x )»— .v(a+Z»i 6, ,« ) ft = {a((i + 6)(a+26)...(a + r— 16)}. 

/ •+ 1 

x(l—aj) identically ... (3) 

Vor the coefficient of a* in (a, 6, a ) A is (—1) C*{(a— 6)a(a + 6) 

(rt4*26)...(a+A”26)(rt+66)(a+fed" 16).,.(a+ir— 16)} and the 
r U r 

coefficient of ,i*in— (a + 6, 6, x )*# is (—1) C*_ l {a(a+6)(ri+26) 

...(a+^6)(a+/^6)(a+/i+16)...(rt+r6)} 

the coefficient of .r* in the left*hand*sidc expression of (3) is 

h _ _ 

(—1) {a(a+6)(a+ 26)...(a + /i— 26)(a + /i6)(a+6-+16).t.(a + r— 16)}. 

X [C A (a— 6) +C*. 1 (a+r6)]=(--l) {a(a+6)(a+26) 
i ..(« + A^26)(a+; t 6)(a+A+16)...(rt+r-i6)} , 'J j 1 (a+^i6) 

h t «|-1 

s=(— 1) {a(a-f 6) (a + 26)... (a +r— 16)} C A . 

r r 

.*. (a, 6, « )* — (a+6, 6, a? )*,r={a(a+6)(a+26) 

r+1 >+l r-fl r+1 **+1 

,..[a+r — Cj *+ C, 1) C r+l * } 

f+1 

={o(a+A)(o + 2fc)...(o+r— 16){(1— x) 
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# r - 1 

4. (a+rA)(a, 6, x )»— a(a+6, 6, a? ) 4 — ?*6*a;(a-4-26, 5, *) i6 =0 

identically... (4) 

For, in the left-hand-side expression of (4), the coefficient of x k is 
ft 

(- 1 ) ' C k {(a-b)a(a+b)...(a+h-2b)(a+h 6)...(a+r6)} 
ft 

*“(“1) r C4a*(a-f6)(a4-26)...(a + ; t -16)(a+7i-fl6) 

7-1 

...(a+>*6)} + (~l)* C k - l rb'{a(a+b)...(a+h-2b)(a+h 
ft 

= ( — 1) {a(« 4- 6)(a -f 2b) , (a -f ft — 26) (a -f h -f 16) . ..(a + r6) } 

i-1 

x[ r C*(a-6)(a + 66)- r C*a(a-*-/;-16) + 6»rC A . l ] 

h __ _ 

= (-l) {a(a + 6)(rt+26)...(a+6-26)(a+7i+16)...(a+>-6)} 


'0,[(a-6)(fl + fc6)-a(rt+/t-l'6) + W»] = 

: 0 for the expression within 

the brackets f ] is zero. Hence tlie theorem is proved. 

n 

5. Jf S, denote the sum of the products of the n factors, 1, a, »%••• 

a" -1 taken r of them at a time and if ^ ” 

denote the product 

(a"-l)(o— '-l)-(fl'-l) then£ , '“ 1 


, 1 f h-r -ir7 t -3*]r+l_ 1 f 

+ a 1 * L A ~ r ~ 1 J L J S « <*’* L 

h-r “j f 7,— A"], +fe 
h—i 2 JL r J S, +- 


1 

+ (— \y- r [’^Y r ]^ +fe =0>There/ ij r and 7; are all positive 

integers ft varying from 0 to ft— r— I, 1 


1 [tfote : — // n is less than r, \S, t* fo be taten as zero bat £ " n* unify. If 
w=»r then [ f J denote* a single factor r»~., a" — J.) 
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(») Let us take the sories u x , f/ t , ?< 3 , n 4 ,...and obtain from it 
another series by subtracting each term from the term which imme- 

1 1 1 

diafcely precedes it. The series M t — M at « a — S, w 3 ,« s — *S l thus 

found, may be called the series of the first order of differences and 
let this series be denoted by A i- Multiply each term, of A x » 
by it and subtract the product from the term which immediately 
precedes it, then we get the series of the second order of differences viz., 

2 2 2 2 2 2 

n l — S l a # + S a « s , S,ii 8 + S a f' fcl which may be 

denoted by A * . 

Similarly we are to get A a from A, by using a % as a multiplier 
-••A*-** A*-” «*•••■ 


and so on. 

Here we observe that some formula holds in the case of each term of 
any of the series Ai and A r l^et us assume that this formula holds 
in the case of A»-i A'*., suppose A, -i is 

1 >~1 »•*— 1 / —l i—l 

-f* • • • "4" ( 1) 8, it j 

,-l /—l 

+ ...( — 1) S.-i«r + l} ... 

Then by multiplying each term, by n r ~ l and subtracting the product 
from the term that immediately precedes it, we get the r * A order of 
differences vi:. t 


f r 


iS i // a S 8 

— 1) S,«, +1 .W 

;■ r 

r ’- 1 

mmm • • • ( 1 ) ^ r f t r + f » • 1 

for S„ + u" 


Thus if the formula holds in the case of Ar-i, it also holds in the 
case of Ar* Rut it holds in the case of A„ and A, and hence it holds 
universally, 

(ti). If donote the sum of the products of n factors 
a, a, s , a a ...a“ taken r of them at a time then it is evident that 
, r A* + = r A* + 1- r A*_j = r+l S A andjsince every term of g is the 

product of v factors and each of these factors, multiplied by a, gives the 
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h 

corresponding factor in Mie corresponding term of A,., we have 
h h 
a r S r =A r . 

(in). Let us take tlie series A r 

/• r )• )• r 

^i'Mj "fhiMj*"... "f ( 1) 3 -j” 

— ( — 1) r S r M r + l , ... 

Multiply each term, of A , by - and subtract the product from 

the term which immediately precedes it Let the series, thus found, 
be denoted by D , , : Then the first term of 1), is 

«i — ~ + + brt’Sj+rtS,)/!, — ... 

(I tl* 

+(-l)I(»'S r +«'-‘S r „ I )«, 11 + ( -l)' + 1 l, «'S,» r+a 

= (A, + l)»,+ 1 . (A j+A 

a <t 

f i >' <■ »'+i i '+i 

+ ( — 1) ~, ( A * + A,_, )« , +1 +( — 1) ,s, + ,«,+, by (ii) 

i ? 4" 1 i 

=«,— • S, «,+ ■ S a ii,... 

a a 1 

», >+l <+l , r+ 1 

+ (-l) -8, «, + j+(-l) - 7 - +1 S, +,«,+, by (ii) 

Similarly the other terms of D, may be obtained. 

We can similorly show that if the series obtained from l) lf by using 

^ as a multiplier, be denoted by J> 4 , then D a is 

/i* 1 


jf +2 J r +2 <+2 ! r +2 l <+2 

W 1 ““I ^1^1+ . 1) .V i »#\ ^f4| M r + S» H l 

a 2 < i * 11 

r + 3 1 '+ 2 

+ .•. + (”"!) 2(r-f 2) ^ r+ * 


Thus D,, D + ... may be obtained by using ~ s , ns multipliers. 
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Then by the method of induction we can show that D* is the series 


1 r+k i r+k 
"V SjMj-f oj S,tt a — ... + (— 1) 


r+k i r+k 


k 2k k(r+k) 

(i it rt 


s,+* « 


w r+*+l» 


l r+k r+k j r+k 

S l + + ® r+*Wr+*+ »!■•• 

(iv). Let us now take the seaies 

[' ‘r 1 ],(*--> )[*? ], [‘ 7 s } 

[^: 2 ]['-/]; [*r ]<•'-»> 

[*7 ] 0 , 0 , 0 , 0 ... 

Then 

A,- ‘r '- 1 («■••-> )[?:?]■ 

;—[ tu][ tt ]••■»[' ‘r 

[V] °- °’ 0 • 

A * i9ft [i-2^ a ) [rJ]’ 

2 (A_ r _ 2 ) /t _,. -i r/ t - 5 -| ri-r], n 

[h-r-1 J L--S 2 J<« ’- 1 )- 

[V] a °* °" 


Ar-l »8« 




[V] ■ " 'pr] 


r— 2) r , - r— 1- , _ _ , _ 

[*r]-* [ r][‘r]». »■ »- 

> J j 

0 , 0 , 0 0 , [^ 7 r ] 0, °* 
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Hence all the terms except h— r+1** of An except A— r+1'* and 
h-r tk oi D lf except /i-r+l'\ /i-r <A and /i-r-r*ofD t etc are 
zero. In the case of D A-r _ 1} the first term is zero but all the terns 
from the 2 %d to the h— r+ 1** do not vanish. Thus the first term of 
^ach of Ar»D &l D t ,...D A _ r _ 1 is zero. Hence by (i) and (m^ we have 


rh-ll 1/ 7i-r 

L ' J -*\ a 




1 



r+k 

s. 


-... + (-1) 



s r+i =0 


where k varies from 0 to /t — >■ — 1. 

n. 

It is interesting to note in this connection that if S r denotes the sum 
of the products of n factors « 15 a 3 .,.a n taken r of them at a 

time where a’s are all arbitrary, then using a lJ a %y a % etc. as succes- 
sive multipliers it can eassily be shown by induction that the r th order 
of differences is the series 


r r r r /• 

““S j V ] * 4 * S ““1) S r W U j ~ fe j U j *f* S a 

rr f r r r+1 1 

— ...( 1) b r H,.4 # ,...L for S* J 




t+r_ 

S* 


cn 
mm 


( S* identically. 


h h + 1 h -f 2 

Let T* denote the series S A , S* , S* .... then we find by trial that 
the theorem holds good in the case of each term of the series T,. 
Let us assume that it holds in the case of the series T k _ l . 


The first term of T* isS*. 

k+1 h h 

The second term of T* is S* =S A +a*S*., 


[‘t‘] 

[{][!] 


ft 

S* 
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Thus we see that the theorem holds in the case of the first two terms 
of 1\. Suppose it holds «(oud in the case of * +r ~ l S* 



r A+r-l I 

But V , '=* +, - , S t +«.‘ +r - 1 * + 

L fc+1 J * 

— CJ f 

r »•— 1 1 


L i J 

r a +,-1 -| r 

A+r-l 1 

Jfc+r— lL 1 J L 

+a — 

A+l J 


r <• 1 

r r ~- 1 1 

L i J 

L i J 

|“ k+r— 

1 I 

x ( A , k+r— 1“*~ A ic ) _ ^ ^ +1 
X \S k +a a'-l - j 

-'A C. , , «* -l ) 
S*i 1+a a'-l S 

L i 

J 


r a + »• i 

r ;, ' +r i 

1 A+l J, 

1 1 

L Jj. 

L J 

r r i s * r 

A "1 f r 1 

L i J 1- 

. i JL i J 


Hence if the theorem is true for ?•— l' A term of the series T*, it is 
also true for the r th term of the same series. But it is true for the 
first two terms of the series T*. So it holds in the case of each term of 
the series T* . Thus we see that if it holds in the case of the series 
T*_ n it also holds in the case of the series T*. But it holds in the 
case of T,. Hence it holds universally. 



— /c — r (n— &— r)r 

+ ... + (—1) a 
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(l+a ,+ *- 1 y) 

( 1+ a r +*y )•"( l + a —ty)J 

f n—li—r 1 

r n—k—1 "I 

L i J 

L r ] 

1 + «* r + *->y ) 

( 1 + (l» r + *y )" (l + o" + '-»y)| 


identically. 


[ ”-‘r* ] 


Proof. If ? if—— each of the two expressions of the above 

is equal to unity, 

11 ?/= “ ,27+T-T ’ tlie right-hand-side expressions!) and the left- 
hand -side expression 

= ,_( - lX «7‘ ) + "[«-t! -l ] [ /-I ] 

e-»(r‘7 1 ) + i?Yfi=n 


[T][;::K] 


+ .. 


= 1 - 


+( -r‘- r ')[ + ,4, +1 1 



f „_Ar— I 


n—k—1 
a -1 


r s,+ 


r n-k-l 1 

L »-fc- 2 J 


'S.~ 


+<-!)" 


,[ I-’ ],. 
[-;-■] 


s..*_ r 


by Art 6 
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_ 1 ( r n-k-l ~\r 

' s 


r n-k-2 -| 

( v r «-*- 3 1 

f n—k—r "I 

r * 

L ’• J 


| w— A-— >•— 1 J 

s. 


n — k — r. 


74 A- / r J. 

-... + (-1) [ n ~\- r ] =0 

for, if we put n — A=A, the expression within the brackets becomes 

['7 x ]-( a‘--i )[*7*]i 1+ [S=;-.][‘T’]i.- 


which is zero by Art 5. 

Similarly by means of the theorem given in Art 5, we can show that 
both the expressions of the equation are zero, when we substitute any 

1 1 1 , . , 

of the values— »— 2r +Js +'. 1 j-1^2 for y 1X1 the e( l uat,on 

a / ' r a ’ r a 

Thus for w— A*— r+1 values of ?/ the equation is satisfied. Hence it is 
an identity. 

As source of references is too difficult to be available here, so if any 
of the above results have been discovered by other mathematicians, 
we shall be very glad to mention their names in proper places. 



On the Perturbations of the Orbit of the 
Valency-Electron in the Generalized 
Hydrogen-unlike atom (A) 

By 

K. Basu. 


Introduction. 

According to the modern theories of atomic structure, the atom 
consists of a nuclear positive charge Ne, with X electrons rotating round 
it in different successive shells (N=atomic number). Of late years, 
attempt has been made to explain the spectral lines as well as the 
chemical properties of the atom on a dynamical quantum theory of the 
orbital motion of the electrons. The first attempt in this direction was 
made by Bohr 1 ; by combining the quantum theory of energy exchanges 
with the nuclear theory of the atom, Bohr was able to explain very 
successfully the spectral series of hydrogen and ionized helium (He + ). 

Bohr’s method was generalized by Sommerfeld* in a remarkable 
series of papers. With the aid of the generalized theory of quantum 
vibration, Sommerfeld succeeded in explaining in a qualitative manner 
the spectral series of alkalies and ionized alkaline earths, and in laying 
down certain general rules for the elucidation of the spectra of elements. 
Further progress in this direction is hampered by our inability to cope 
with the time-honoured problem of three bodies. 

The problem is to fiud out the motion of any one of the electrons in 
the combined field of the nucleus and the other electrons according to 
quantum-mechanics. When the electron happens to be the outermost 
valency electron, the solution of its motion would provide us with the 
key to the explanation^ its visible spectra. If it happens to be any 

1 Phil. Mag. July, 1913 et . seqq . 

* Sommerfeld “ Atombau und Spcktrallinicn Chap, 4. 
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one of the inner electrons the solution would enable us to explain the 
K— , L~, M— radiations in the X-ray region. 1 * 

Since an exact solution is not yet in sight, attempts have been made 
to obtain approximate solutions. Tims Lande* and Bolir 3 have tried 
to tackle helium (N=2j, Sum m erf eld 4 tried to tackle the general case of 
motion of the outer electron, assuming the total charge of the electrons 
to be equally distributed in a ring of radius a. But as we know 
from other sources of evidence, this is far removed from the actual state 
of affairs. The electrons are arranged in different shells, containing 
2, 8, 8, 18, 18, 32, ... electrons which move according to definite 
quantum-conditions. 3 * The problem is therefore to find out (I) The 
electrical field due to electrons moving in definite shells about the 
nucleus, (2) to investigate the motion of tlie outer electron in the 
combined field. 

In the following 1 have assumed that n electrons, situated at the 
corners of a regular polygen of w-sides are rotating with angular 
velocity w about the nucleus. The general field due to such a ring 
being found, we can obtain the total field by simple addition. The range 
of validity of Sommerfeld’s assumption has also been investigated. And 
as a matter of fact, it is very probable that the outer electron cannot 
describe the same circular orbit permanently under the action of u 
rapidly moving electrons, on the contrary, it may suffer periodical 
perturbation, the present attempt aims at determining the perturbed 
orbit of such an atom conventionally known as hydrogen- unliko 
( W (laser slojjnntihnlich ) . 

The ring configuration having Z — A* electrons (Z=atomic number) 
was tackled by Sommerfeld 3 on an assumption of sufficient quickness 
( hinreichcnd rasch) of revolution of the electrons and he calculated the 
energy function by a method of approximations, in terms of quantum 
numbers, which can be utilized to frame the llauyt , Neben and 
Borgmann series formulae. The type of such formulae is quite different 
from that of the hydrogen atom, so the name “ hydrogen-unlike atoms” 
is prescribed to signify another typo of series formulae. Such ring 

1 Koeael, “ Zs.f.Physik Vol. 2, p. 470; Wcntzol. "Zs.f.Physik” Vol. 8. 
p. 85; Coster. “ Phil. Mag.,” 1922. 

* Lande, “ Phys . Zs.” 1921, p. 114. 

3 Bohr, “ Zs.f Physik.” Vol, 9. pp. 1-67. 

* Sommerfold. ° Atombau. third ed.,” Anhang, p. 721. 

8 Loring, 11 Atomic Theories.” 

8 * Atombau und Spcktrallinicn ’ 'Awcite Auflagc, Braunschweig, 1921, Zusdtse und 

Ergdmmyen, § 10 pp. 506-14. 
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configurations Lave been applied provisionally with apparent success 
to a wide range of phenomena, notably, the theoretical derivation of 
Ritz formula and a fortiori of the Balmer and Rydberg ones, and the 
computation of X-ray frequencies. 

• The additional field ( Zusat:feld ) of Sommerfeld is modified in this 
paper to fit in with the assumption that the angular velocity of the 
ring electrons will not be indefinitely large in comparison with that of 
the valency electron, provided that under certain legitimate limitations 
the ring configuration as postulated is a stable one 1 , and the ionization 
potentials found out theoretically on such a basis is in agreement with 
experimental facts. 

In fact the term generalized is appended to signify ail electrically 
neutral atom, although the present problem is applicable quite well to 
ionized atoms, and without loss of generality to all heavy atoms ionized 
to have a single valency electron, since the ring next to the latter has 
the most important bearing on its motion than other interior rings. 
Although, as a matter of fact, the theory of ring configuration of atomic 
systems is losing much of its interests anti Bohr (loc-eit) conceives of 
separate orbital configurations for each electron still it is quite apropos of 
the time which has hardly ever any permanency of theoretical grounds. 


II 


Determination of Potential Function. 


(a) By the Method of Zonal Harmonics. 


Suppose generally there are n electrons situated at the corners of a 
regular n-gon, which is rotating with the velocity w. We wish to find 
out the potential at an external point (/*,d) having a charge — c, the 
initial line passing through the centre and a particular electron on the 
ring. 

We have 


r \ >' x r x r n ) 


where rj,r # ,...r w are the distances of the electrons from (r,0), the 
Aufynnlrt, and + Ze the central charge. 


The stability will be discussed in paper B in the next issuo of this Bulletin* 
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r, * =r* +a* — 2racos0 
r a # ssr f +a f — 2racos(0+a), etc., 


r^ssr* +a* — 2racos(0+s— la), where a=*y. 


We have 


m 

i = J( 1 + ®P,(fl+s-l“) + ...+ ( " ) IV0-M-la) + ... 


For brevity, let us denote 


P„(0+«— l®) *»y P-,.-i • 


*--*+7[K? Ms 

+ 7 *[ 1+ ( >• ) p,,,+ ( ; ) P .»+-]+etc.- 


That is 


v= -v + t[ w+ ( 7 ) Si ' + ( ? ) ‘ v+ -]’ if 


»• » - 1 • 


We know 


’’■““TRRraiir 

similar values for P» n , P m ,,, etc. [See Byerly’s Spherical Harmonics 
p. 159.] . 
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Whence 


S;= ^ [2{cO8Mfl+COS1w(0 + a) + COS7w(0+2a) 

2 , 4 *b... 2 rAi 


1 ‘7)1 


+ ...+ cos7w(0+7i — la)}-f 2- {cos(m— 2)0 

X ‘ tm Wl — ' X 


+ C09(w— 2)(04-a) + ...+cos(7)i— 2)(0 + /t— la)} 


+ 2- 


1*3*7)i(m— 1) 

1 • 2 ( 2 m — IJrim — Hj 


[cos(w< — 4)0 + cOS>i — 4)(0 + a) 


+ ... + CO s(?/i — 4)(0*f 7/ — la) j +•••]. 


Put 


^I(0) = C°8rf + C}88(0+a)«|- -fcos?(0 +/*"’* la)* 

(*=?>i. w— 2. ?h— 4, etc.) 

•**C;(®)=co» j s*0-Hm — 1)** | sin 5 aa.’sin**-. 

=eos } s $ + n — Is jr } si nsir/sin** . 

M II 

= 0 , (*=£»). 

CM) = cos { u6 + ( n — 1 )tt} sinw ir/si nr. 

Now, if u odd, sin)i7r/sin7r=« ; if n even, sin « ir/si nr = — n ; therefore 
u lW=±wcos{w®+(«— l)*-}, according as n is odd or even=»jcosM0, 
whether n be even or odd; and C; „ (0) =co8{2t40+(7i— l)r} 
sin2w7r/sin27r=7ico'92?iS, whether n bo even or odd ; and so on for 
(/ = 1 , 2 t ...adinf). 

When m even, 

s; =" { *s^ i 5 '^ 1 } ’ : 0 


when m odd, 


S;=0, (wzfsn). 
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«- ‘tt'stE-- • **» 


_l-3-5...2»-l 

2 , 4 > 6...2»t 

S* =1 11 -2 h+3[ 


2«eos»0 ; 


s -=ot£i[>*- • + 2 - c: »] 

2*4-6. ,.2^+4 l*2/i + o 

all others^except C * n (0) vanish 

(vC;(^)=0, vizfzn as shown wife). 

s:+ -2^:IS [2C: - w +2 ' rS5 c - (,) 

l‘>. . (« + 4)(« + 3) l 

h 12 (27) + 7 ) (2/7+ 5 ) ■ ; + " , l 

_1^5...2n+7. 2.1-3 . (»+4 )(h+3) 

— 2 , 4-6...2»+8 1-2 (2» + 7)<>+5) 

all other terms contributing nothing, excepting C 1 ,( 0 ) ; and so on. 
Hence 

*-* + ?t‘+(i)‘( ';)’+( i* )'(?)* 

+ (a7ii)’(“) + -i 
+r[ K “ )" 2 7 3 .r£ 2 r'“^( : f 

lz±2 , icostt 0 +( « V**8-l:« -5-2»+ 7. l'3(n+4)(«+3) 
1 2»+3 \ r ) 2-4-6...2»+8 1-2('2m+7)(2»* + E 


ncoswtf+etc. J + {( i ) 2 • 
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/ . 8 w +a 8»+4 

+(0 • 

. •i&i-K-n } + *• ]• 


4* — [/ > »('0 t,os, ^+/*-( /, ) 1!OS 2 / ^+ e ^ e 0» 


whore 


« « + 2 «+i 

/.(<•)=««( ; ) +ii.( “ ) +y.( ) + 


2 n + 2 


2 « + t 


/..('■)=“•.( ~ ) + /J s ,^ “ ) +Va»( " ) +etc 

and so on ; 


1-3-5... 2«— 1 ,, 1 . 2k + 1 . 

2-4-<>...2» ' " 2 2n+2 


_ Id 2« +1 2»+:> _ :i 2 k+:5 

‘ 8 ' 2k +2 ‘ 2k + 4 U ' 4 2n+ r - ’ 


/,„(/•), / S ,(> ), etc., being the same functions of r us /„(/*) obtained by 
simply substituting 2/i, 3 m, etc., instead of n in /»(/). 

(4) Uy ///*? Method of Fourier Series. 

As in (a), 

V=- +'■’ [(l-2ucos^+/i J ) -i + (1 -2^0+7+^)""' 

+ (l—2ficus(^4-2a)+fi :i ) 2 + ... 


+ {1— 2/acos(0+/j— !«)+/* 9 } "] 
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Hence 


V = - 7 i f + e Ti 2 b^ } cosW+ \ 2b {l) C 0 B/(« + a) 

'* 'L^-oo J -oc 

+ ! 2 cos/(0+2a)+...-f * 5 6^ CO8«(0 + it— la) T 

- — ao w -oo J 

where 

1 _13'5...2*-1 , ri ,1 , 2*+l . .1-3 . (2t +l)(2t'+ 3) 

2 " 2T-6...2/ 1 1 + S 27+2 ^ 2-1 (2/+2)(2*+4)' 


1,(0 


1 00 , 

1 — , U ) 


1-3-5 . (2/+l)(27 + 3)(27+ 5) „ , , 

M T 8-4-6 ( 2 7+ 2 ) ( 27 +4 ) (27 + 6 y J ’ 


>j,(o> (4)v+ (i)’a+Dv . + (^*a+i) , ...a+‘-i)> ,« 

- a)* (i-2)» (T-2-3;.:*j* M 

+etc., 


=i +«>v+( » • ) /'*+( 

, / 1-3-5...2/-1 V .... , 

+ ( 2*HC2/ K +eK '- ; 


and M’> =b { - i] . 

[See for inatance Tibseraud ‘ Mcc. Celeste.' J. pp. 270-72]. 

... Ze» e» rf , n4 ,,/ 1-3 \* t , . . * 1-352/-1 . 

:.V=- _ + 7 («i)V+( Ft ) f't.4x-tS tKQj . f • 

11,1 2<-'+l J, l'O (2< +l)(2i + 3 ) A ,f .a, •//It 

* 1 + 2 ' 27+2 ^ + ‘_M (2? +2) (27+4) ** fl a»/6+«>w(6+B; 

+ ... +cos<(fl+ n — la) } J. 

=-7-’+“’ ['+(i )V+( JrJ)V+~] 


5 1-3-5...2/- 1 n 1. 2£+l 1-3 (27+l)(27+3) 4 

2-4 , 6...2i ^ 1 T 2 2 . +2 <i + 2 4 ^2t+2)(2*'+4) * 


+ ...}cos(i0+ - (»— l)ir) • 

h . «ir 

win 


"1 Off 

, putting iii a= - . 
J « 
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If i=f=n : or 2u or 3?/, etc., 


If t=», 2 ?i, etc., 


» • / • '6TF r\ 

siiHTr/sin - =0. 
n 


sini7r/sin — = +v. 

n 


according as n is odd or even. Hence 


ros{/0*f * — 1 )7r } - =weo&w0, ?/cos2m 0, etc., 


whether v is even or odd. 
We find then 




,2 .•» ri-3-5...2»-l , M , 1 2,i + l 
+ , "L 24<S.3 ,,(U 2 2,i+2 


13 , (2,»+l )3,+:l) - + j 
+ 2- 1 (2 h+2)(2»+4/ t 1 


, 1 -3 4/<—l „ „ , 1 t?? -f 1 v 

+ 24<C4„ >' ,U 2 +7+2' 


+ \1 • (. 4 . , i±110l±5V + -)co»?< i0+... ! 

2-4 (4m+2)(4h+4)' 




+ f ( <• COS ilO +/, ,((';COs2,,0 + .. 


/■ , 1 a_ 1-3-5...2«-1 1 . 2i, + l ..1*3 . (2» + l}l_2ji+i) M 4 + f 

,,() "M : Oi7 /1[+ 2 2,1+2' + 2-4 (277+ 2) (2,1 +4/ 


= l i"a'‘+^p H + H L' + *y. + ..., 
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_13-5...2»— 1 /? _1,2«+1 

: 2'4-6...2n Pn 2 2n+2 


1-3 . (2» + 1)(2h + 3) 
y " 2-4 (2»+2;(2»+4) * 


3 . 2»+3 

4 2«+4 


P, ; etc. 


f 


as found out in (a). Similar values of / 2n (r), / sn (r) etc. 

The expression for this potential may be compared with that given 
by Sommevfeld. 1 This is 




Thus Sommerfeld has got only the first term which is free from 6. The 
remaining terms involve both r and 6 and cannot be neglected except in 

H 

the exceptional circumstances, except when ^ a ^ is very small, or r is 

Large compared to a, /.c., for distant orbits like 2p or H</‘ 2 3 or 2 2 , 3 a orbits 
in Bohr's 8 newer notation. For the treatment of (vis) orbits, such 
approximations are not permissible. This is not allowable in atoms of 
smaller atomic weight like Lithium where // is small (2 in the case of 
Lithium), or where in the outer ring, there are more than one electron, 
o.i f', in the case of the alkaline earths or elements of higher groups. 


Ill 

Equations or Motion of the Valency Electron. 

Suppose the ^-electrons distributed at equal distances on the ring are 
all describing the same unperturbed circle of radius a with angular 
velocity (i) (there being no mutual perturbations between them); and 
also that the valency electron describes a perturbed circle of mean 
radius b with normal angular velocity m. We define 

= -}-e, 

x=w ', + €' + rr. 

=0+<f>, 

OP =r=A+ P? 

1 * Atombau vnd Spel-traWhien ,* 2ml ed., Zusiit'.r mul Erganvingcn 10, p. 507. 

a Ibid, Chap., VI. 

3 Bohr— loc. cifc., p. 20. 
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<£= angle which the radius vector to any one of the inner electrons 
makes with a line (OL) fixed in space, 

0=angle between the radiivectores to the outer electron at P and the 
inner electron above referred to. 

, x =ni, &l 0 h y OP with the fixed line in space, 

f) is small in comparison to a. b. 
a is always a small angle. 


Whence 


0=x— H+0> 

= ((.)' — <.))/ + (*' — t)+(T. 

= 1 + <r, say. 


Equations of motion are : 


or 



(<J X \ 10V 

iln \<U t J Q r ' 


1 


r 1 u 

,,'Vy 

L ,u \ 

. ,ii ) 


„[ jv - ]=- 


9 V 
Qr 


0 V 
9.X 


y 


Remembering 


V- + =.* t H(')*(*)* + (»4 )•(-•) V ..1 


+ If,(r)cosh8+f,,(r)cos2ii0 + ...] 


we find for a electrically neutral atom, / = #/ + ]. ami 


-2„t*[eos0-y •-—/.(/ -)+eos2Htf - '[ -r\f,,(r) + 
d)' tir 
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Now 


H * + l 

=-^{(«+i)“.( “ ) +(»+ 8 ^-( ; ) + 


2 «* + * 


'.U 2 »+ 1 )“»■( ;. ) +( ft »+ 3 V*..( * ) + "'* 

etc. 

Substituting we find 

”• p< i )'•( ■ )’+»•( « )■( " )‘ + -> 

N '» + 3 

+ 2 '^ £{(« +!)«.( ® ) + (» + ^)/ 3 -( " ) + ■•• } cos,,e 
t. ,»- +a 

+ {r2.» + l)n*‘( " ) +(2» + -m.( ‘ ) +...|^2"0+...], 

K^m i+ :r + -] 

- « - S 

+ LV a [{(» + l)a,^ i ( 1+ P ) 

) +-> cofw * 

- * * - 2 

+U 2 »+n. i . f ^ l (i+; i ) 

+(2n+3)j3„ ^ •( 1 + J- ) + ...}cos2«tf+etc.]. 
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Now 8=1+<t ; cosad=cosnl+ Hcrsiiml ; etc. Substituting in the above 
the values of cos nO, cos2 nO, .... we find, if k—ull : — 


ay = 

a>- 


3 ) /t>+5 ‘ 



}] 


+ 2 ^’[{('‘+ 1 )“.^+('*+ :J )i8^* + ’ + ---}«os»l 

+ $f | )'“+••*'( £ )V+...| 

— 2/«{( (/t+2)i.« + l)tt.4:" + i v /(+ lj(«+3)/3,/i" +!! + ... )cos/d 
+ ( (2«+2, (2»+lK ,k » * + [2n+ 1)(2« + 3)0, .Hr* ” +a + ... )cos2«l 


+ ...JJ + o , [{(w + l) tt «^ , * + (n + 'S)ft H k* + * + jsiiml 

+ 2{ (2/4 + 1)« 2 „ fc* * + (2/a + •> )li t „ k* },sin2/f 1 4- ... ] • 

- [/«('•) • ^cos«(x-0 )+/,.(<•) • ajti2ii(x—<i>) + ...] 

= ~T f/.<.')sin«(x~ ^)+%*. , /) siu -'' ! X— < A)+-] 


2«»e* 


L /, (»-)sin«( 1 + <r) + 2/, , (» 1 )sin2«(l +cr) + . .. 1 . 


Now 


siuM(l-f <r)=sinfil + H<rcosul f etc. 
Substituting we find as before 


©V = 2 In’e* 

dx *> 


[(a„fc* + 0„/," + ‘ + ...)sin»l 


+2(a, .*• ’+(), ,k* " +> + ...)sin2»I+ ...1 
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+ +PJc* +i + ... jooswl 


+ 2* • («„ , k* * +/?, „ A-« *+* + . . . )cos2»I + . . .] 

- 2 ^pl{(ii+l)*J"+(n+3)/J.k'+* + ...}smnl 

+2{(2»+l)a lll A- , * + (2»+3)/J,,Jfc , ' + * + ...}sin2»I+...]. 
The equations of motion can be written thus 


f - p -2W‘v -W 8 -pa»' 8 
dt* ill 

!)'**«•( 


+ ^[{(«+ 1 ) a ./c" + (/i + :i)j8,/v"‘ a + , ..}eotiH 1 + .”] 

+ J ) **-«•»•( ) *•+-) 

— 2«}(»*+2)(« + l)a,A - ' +(«+•!)(« t" + * + ...)cos«I + ...}] 


+ --- <r[{(M+l)a.A:"+(»+3)j8.i* +, + ...}aiii«L 


b*?)t 


+ 2{(2»+l)a > ,/i: , " + (2» +:{)/?,, A* " +4 + ...}s>u‘2»l+...J ... 1. 


h d '~ +2w' '&= [(a.fc*+/8,i*+*+ • • )siilMl 

<7/» <77 7i* in LV ^ ' 

+ 2(a I ,fc s ’+^,«Ar** + *+ • • •)siu2«l+ • ■ •]+ o{(a»A" 

t»* Hi 

+/»„*"+*+ • • • )cos)iI + 2 a • (a, . A 8 ” +p a .k* " +8 + • • • )cos2«l + ... , 
pr{(/«+l)a,A* + (« + o)^,/i ' +8 + • ■ • }sin«l 
+2) (2m + l)a f , Jfc« *+(2 h+:!)/J 3 „**■+* + ••• }« u 2»l + • • • J ... LI. 
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l = (a/— 0))l + («' — c) 


r • <1 > \ '' </* , f V2 ./* 

"It ~ w ,/i : a. = l “-') «/[•■ 

•Kcjuations I, 11 can then be written in the form 


d*p 4l . m <I(T , 
jS—ib- 7 — -6 

fit* ( 0 — 01 ffl 


'/I (o/ — U))* 


-p =/ » [«/('»< "f K(|Uiiti«ju 1J ... r. 

(oj — Oij* (oj — 0J) i 


\r^+- r '/■ = // r- - Vi uf Kquutiun lij ... 

//I* Oi — OJ (/I />(w— oj)* 

Kor the sake of homogeneity write Op lor p. ho that 


' — M + 1 1 )- 


Hence, we have 


P .» «« 


. o/ — o> */I (<•/ — to)* U •/ — oi; 5 * b( o/— o>J* 


[/i 7 v/« ,, 


,/2 - ,r +2 JL d> ‘= } • [«/,„,] 


Now ])Ut —Ul'/ui — w'ssK. SO tllllt 


&»(«>-<./)» ' &*<•»'* e'/m. 


" ,W * = 8 > = 6 C « 


v Q V 

approximately, as can be seen from the value of — g- found above. 
If (p\ o^, p\ o*') stand for 

/ d*p d*(T dp dtr\ 

V iff 1 ’ Ji» ’ Jr <A / 
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respectively, the equations I", II" can be re-written in Hie form thus 

9 9 

ft'— 2vo— v* — pv a = — r , [l— «{3 ( ^ ) h a +h ^ ) **+'••}] 


+ 2m/ , [{(« + l)a„^" + (« + 3,)^./i;"' , ’ ll + ' ' • ]cos»il 
+ {(2» + l)“i.t , " + (2»+3jj8 1 ,ft , * +, + • ■ {cos2wl+ ** •] 

9 2 

+ ,V[2-*{3-4-( J ) A»+6-5-( J ;* ) **+■••} 

— 2»{^ (/t+2;(n+ l)a,/r" + ( ii + 4 )(n+'->)li, A" + 2 + • • • ^eosi/l 

+ ^ (2.i + 2) (2 u + 1 )«,,/. 8 " + (2» + 4)(2/. + t)/J, ,/•«■+»+•■• )cus2h 1 

+ • • • }J + 2it' i >' 4 cr[{(ji + l)“» A" + (.i +3)/},,/^" +, + • • • }sin«l 
+ 2{ (2» + 1 )«„ J* * + (2-; + 3)^ . A 4 * + * + ••• | sin2«l + • • • 1 ... (3 ) 

tr"+2i’/o'=2« 1 i. 1 [(n,A"+/3»A-" + *+ • • •) 8 in»I+2(«,.7,‘"+ / 8 ail /<»" + “ 

+ • • •)sin2)»l+ ■ ■ • J + 2)( , v*t7-[('n.A" + * + • • • )eos»l 

2»(a ,,A**+/3,.A #,,+ *+ ■ • • )o»s2m 1 + • • • J 
— 2» a i.V[{(»i + l)«„/.' + (»( + 3>/i./,- +4 + • • • }sin..I 
+ 2{(2« + „k‘ " + (2«+3)/i s .A* “ + * + • ■ • }sin2«l + • • • ] ... (4) 

Equations (3) and (4) can be briefly expressed thus : 
p“— 2 w'+(© 1(O + ©,,,co»»I + 0 1 i! 1 co.s 2 m 14 - • • -)p 
+ ( © , + © „ , a sin2'M,l + * * )<r 

= ©,, 0 + 0,,iCoswl+0,„co82nl+ • •• „ (5) 

tr"+‘2vp ' +(©*,, sinwl + © 4 <s siii2h1 + • • -)p 

+ (©*H cos ' t l + ©« rt cos24l + • • ‘)<T 


( 6 ) 


=©«,isi«»I+©, w sin2»I+ • • • 


Ml 
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The values of 0’s are given below.: 

O i „.=»' , |- 3+«{3-4-( J ) A>+.i.r,.( l r * ) A* + • ■] . 

* Oi,i = 2»n' ! ‘[Oi+2)('M+l)a,A* + ('/(+4)(M+3(/?,A“ +s H ] ; 

Oi,»= 2 " i ’ ,i R- , /i + 2)(2h + 1 ,/i,,A ! * + r2»+4)(2»+:A)/S 9n A‘ ,+ ‘ + - ••]; 
©>,. =- 2 »'’ , \(«'+l)aJ' , + (>i+:\)f},k , + t +- ■ •] ; 

©s .2 =— hi [( 2 m + 1 )«, . A* " + ( 2 d + :))p i JS « 1 » + . . . j . 


() 

A* + 5- 

( 1:f ) 

\ 2 

/ 

V 2-4 / 


0 : «,i =‘-»' ,s ! + l"+(v+3)P, A" +8 + • • ; 

0 » -i =2i/r’ | (2/i + 2)u s , A® " + (2// + 3 )p a ,k* '■*•* + • • • ! ; 

0, ) i=2«»i' 4 i (« + l;a.A-'’ + r>/ + :!)/3,A*n+. .•! . 

©i,a = hi*i' 8 ((2« + l)« 8 „A** + (2w+3i^ J ,A-««+*+ • • . ■ . 

0s,i = — 2/i*i’* [a. A 1 ’ +/J.A - " - * * + ■ • • 1 : 

©».. = ;«,.** * + /?,.*» * + t + • ■ : 

©.in = 2 " , ' , *;«./‘"+y8,A-" +, + • ■ ; 

O,,., = h/*i’ , ;« 3 .A-** +j8 J ,A- , ‘ + * + • ■ • ' : 

mul so on. Since i’, A- are fractional we see that among ihp Q’a, only 
0 1 , ■!, ©,„, mo lar<rer tlian others ( provided h> 2) by an appreciable 
amount. 


IV 

Solution ok the Equations. 
(a) The Complementary Function 

The equations 

p"— 2va'+p 5? © lfr co8/-wI+ (T O, ir sinrwl=0 

r=0 /~1 

o f, +2vp'+p g © 4 sin/RT-f <x 5 O 5 ir cos>wl =0 
r= 1 r = 1 


.. [A| 
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are homogeneous linear differential equations with periodic coefficients, 
and the solutions, as will be seen, are quasi -periodic solutions of the 

cl 

type p where <^1) is a periodic function having the same period as 

the coefficients in the above equations and the parameter c is the factor^ 
of quasi-periodicity. The crux of the problem centres round a complete 
t let erminatiou of this important parameter. Kquations of this nature 
with t>ur tlppeutlriif variable have been discussed by Hill, 1 Young, 8 luce," 
Baker* and Whittaker;* and were first used by Hill in his classical 
studies on the perturbations of the moon. The present equation is. 
however, of a more general type as it involves (nut tlrpnnbnf lutrinhh > 
instead of onr as in Hill's equation ; a modification of their methods 
iirst introduced by (inhlsbrough'' will be employed here for an integral 
of these equations, as Hill's general analysis involves an evaluation of 
infinite determinant in r. which is umnatiagabh*. 

Suppose 


where A and X are purely periodic funefinns of period 2r. On suImi'. 
ting in equations (A » >\e find, -dure 


•i* 

, 1 1 * 


rf r I 

Air, A +2r< 


A’ + i 


A. 


#/■ 

if\* 


(r X)-r X"+2»" X' + f 


r I 


X. 


; 1 (/ , A)=/ , A' + .' , A. 


<1 / r l f ’l V' i r l v 

jj('' \)='' X + r* X. 


1 ‘ Art a Muthemntini Vol. VIII ; Whittaker h ‘ Modern Aaalm** 

- * iV«\ Eiiiit. Math, Snc.,' XXXII, p. N|. 

* ‘3/. .V. It. A. S.\ LX XV. 5, |>. 430. 

4 'Phil. Tran A.\ Vol. 216, p. 129. 

* Prur. Inter. Co ay rets. AIath.\ Vol. T, 1012; 1 Prop. Filin, Math. SV.’, XXXII. 
p. 70; ‘ Modern Analytic .* 

rt ‘ Phil Trim*.* Vol, 222, 1922. 
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c* A-f-2rA'-f A"— 2r(VX + X') + A © lf( .cosr?/I 

/ =0 

x 

•f X 5 sin>7/I =0 

,=1 

oc 

c* \ -}- '2r\' + X #/ + -r* *'A + A*) + A 0 <|f siiiM/I j 

,=1 

OC I 

+ x 5 ©. IfI POf*/,il=0 | 

'■ = 1 J 

As a general cast- of Whittakers solution ( Pm*. Kdin. .\fatli. Soo . 
loo. fit. p. 77 ) of Mathew’s different i;tl equation in periodic functions 
let ns assume series in Q’s and multiples of Q’s havinir eoellieieuts with 
period 2ir, !.• 

Let A = A„siii(A,< I -t > + 22A , ,, © , ,, 

+ 255SK Ivl 

X = X M eos( Aw I — T) + ;>^X 

+ SSS2Y © ... I' - 

Here A„. X„ are arhitran constants. A is an arbitrary int^, and t a 
parameter which will be debited presently. A* usual let 

■ r=S5r,.0 , + SSSS*/ 

where the coefficients of ©*s and multiples * »t © s are functions fit n. A 
and r. 

Substitute these values of A. X and r in equations B . Tints 

|S^r,.0 1| . + 1 ■■!»:A ft sin(Aiil-Ti + S5A r| .0 
+ S{2S«\,.0...+ • • [ J A ,, « Ae* *s A/< I — t ) + 5 5 A ,„G,,,+ ■ 1 • J 
+ ! — A n A*u*sin' Ac I — r) + 5 i> A", 

— *V{55<\ ,.0i ,. + ■■■ } |X 11 MU.t)+SSX 1| .0 1| , + • ■ ■ \ 

•f J — X„Aftsin( \ii I — t) + 55X' ' ' ) ) 

oc 

+ {A 0 sin(A»il-T) + SSA rii © ll ,+ * } 5 ©..rcom-wl 

oo 

+ {X n m.(A,iI~r) + 55X\. .©,., + •••} 5 © iir »inr»IssO ... V 

/TT 1 



114 


K. BASF 


and 

{55c„.0,„+-'} , {X„cos(X il l-T)+g§X r „0, ,. + •••( 

+ { —XV >X„cos(X»I -r) + S gX' r „ © ,.„ + ••• J 

+H{2^ f ..O. »^> l (X-/l-r)+55A, fl 0, „ + ••■} 

+ {A„X))cos(Xwl— t) + 2>5A', ,.©,„ + • 1 

00 

+ { A 0 »in(X«T* — t ) + !>S>A, ,.0^, + • • * } 5 O^sinr/il 

/ = 1 


00 

+ {X o i , oafX»T-T) + 55X, 1 .0„. + 5 0 ,,,(mw«I=O TV! 

#* = 1 


First equate in zero those terms not involving any ©. Since in the 
above series we have not included 0 l>(l which is large compared with 
the others, we shall get 0j 0 on equating, in the ©-independent terms. 

Thus 

f( Oi^.-X 2 //* )A„-f 2i'X«X„ j sin(A» I— r)=0 

j 2 y\h A 0 + (0 - A * a * ) X n j cos (A m I - t) = 0. 

Now A X n being assnmed not equal In zero, on eliminating A n , X n 
we get 0 1>o =XV*— 4r*, In general the given value of ©, j0 will not 
satisfy this equation for any integral value of A. Suppose o ljU is a 
quantity which satisfies ff 1|0 =X*//* — tr s , lor some integral value of A, 
where <t U() , of course, slightly differs from Q lj(l . 

Now assume 


01 |0 — ^ Iff) + 55«,„0,,. + 222!2 / ' » **•/*•« 0 t »l 0/' IV 4* ’ ‘ * • •• [ h i 


To determine all the unknown coefficients we should impose t.wo 
conditions. 

(i) The series for A does not contain the term cos(A«T — t) : in fact 
in this really constitutes the definition of tho parameter r and the 
possibility of obtaining series which remains convergent for all real 
values of r depends upon our choosing t in this way. 

( n ) The solutions for A and X must be purely periodic with period 
2 tt (t.e., no part of the exponent shall appear in the periodic series). 

Further, these conditions will determine uniquely the undetermined 
coefficients in the series for c and 0 1|O . 
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On substituting the assumed series for A, X, c and © 1<n in equation 

[B] and equating to zero the terms involving © lir , as from equations 

[C] and [DJ we find 

# 2c j , r hi A 0 cos (Awl —T) + A ” lt ,— 2 vc ltf X 0 cos( Awl — r) — 2 vX \ tr 

+ tt i»o A-i.r + a 1 , r A 0 8iu(AwI— T)+A 0 cosrnlsin(X?tl— t)=0 ... [0*1] 

— VaX fJ sin(XMl— r)-f X" 1|( . d-2vc ltr A 0 sin(X/il— T) + 2rA' 1|r =0 

No» - [D11 

cosral si n ( Awl — t) = J [sin { w( *• + A) I — t} + sin { ?< ( A r)I -- t } ] 

When /*=£X or 2A, it is clear that 

I »» —0, 

Equations fC*lj, [11 1] reduce to 


A , , r 2vX i , ,■ + i ,cj A i , r + 


JA 0 [sin{s(X + /-)l— t} 


X" l9 ,+2vA‘ lif 

Putting 


-f sin f a( X— /•)! — r} J =;0, 

=0, 


A lt , =^sin{(X+r)«l— T}+5sin{(X-)j)d— t}, 

X lir =^cos{(A + r)ul— t}+7c'os{(X— /) nl— t} s 
where ( /»- q, //, q') are constants and solving as usual we find 


Y _A 0 sin{(A+r)Ml— t) _ A n siu{(X— /•)//]_-- t} 
l *‘ 2n/(2\?i+rwj 2 >h(2Ah— rn) 9 

\ _ A 0 rcos { ( A + r ) m 1 --t} _A 0 m)s{(A— ■_#•)»! — t} 

1,r m(X?^+r?i)(2X?*Hh#7/) ni(\n — rn)(2\n — nt) 

In the special case, when /=A, we have 

A\ x ~2rX' lx +a l0 Aj^ -HA o [siii(2XwI-T)-smr]=0 



K. iiAsi; 


1 lfi 

Tliese give 


< 'l,A=°> ,t lA=° 


V 


i — A u s»i(2X>*l— t) . A 0 siu T 

1 > K ~~ 6X , w* «f lin 


y — A o veos ' 2X?/ 1 — r ) 

l »* W - 


When / =2X, equations f C • 1 J , [D’lJ can be written in the form : 

2c i 2 x XhA w cos(XwI-t) + A 7/ 12a — 2w 1j2a X 0 cos(X'mI-t) 

-2rX', 2a +" l0 A, 2A +^/ |j 2A A 0 «in(Xwl— t) + -J A 0 [sin(^Xwl— t) 


— sin(Xul — r)cos2r— cos(Xh I — r)siu2rl =<> 

— *JC| 2a XuX 0 sin(X»/l — T)*f X"j ->a 

+ 2ir J2A A 0 sin(X/*l — r) + 2i/Ay 2a =0 

To obtain n } 2a we collect the sin(X»I— t) terms, thus 


A "l, 2 A ^ 1 . 2 A +< * 1 , 0 A 1 . 2 a 


[C'2] 


- 


+ A„8in(X/#I— t)[«| ., a — -Jcos2rj=0 ^ 


[P-2J 


wlience we tfet 


taking solutions for 


(, l 2\ = J C08 ^ T ’ 


^1, 2\ > ^1, 2a 

of the form 

jpBin(Xnl— r), gcos(XwI— t) 
respectively and remembering 

a uo =A , w i — 4r f . 
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To obtain 2a , since A must not contain cos(AnI— r) term (X may 
contain), we get from the equations 

(2 Cj 2a AwA 0 — 2 vc t 2X X 0 — ^A 0 sin2r)cos(AwI— t) — 2vX r , 2a =(T| 

i[P‘3] 

(-2c f 2a AuX 0 +2ir, 2a A n WAwI-tHX^ 2a =0 ; 


remembering 


1 sin 2 r 
*» 2A 5 \n 


A??X f) =2vA 0 and rf l|fl =\ 2 ^. 2 — 


Substituting this value of r j 2a in either of the equations [F*3] 


we find 


-vA„sin2Tsin(AnI— t! 


To obtain solutions of Aj 2a . 2A in sin( 3 Awl— tj, cos( 3 AhI— t) 


terms write 


A "l, 2 a _ “ l ' X V 2A +«|,o A i, 2 a + JA n siui3X»l— t;=0 | 


^"l, 2 a +2 ,,A 'l, 2 a — 0 

Assume 

Aj .? A =^sin(3\»l— Tj, 

Xj 2x = 7 COs(3A»I— t). 

Substituting in [F-4] and solving in y and 7 we find 

__ 1 A 0 # — 1 rA 0 

V ~l6 XVh* ; ?_ 24 XV 


f.e.. the particular solutions arising from the term J A 0 sin(3AwI - t) are 

A, 9x ~ °.sin(^AwI— t). 

b 2A Id A*?** v 


X, ... = ^ cosf3Awl— r\ 
24 A »«» ' 
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or, the complete solution for X, 2a is 


X 1.2A =“ \ »in2rsin(A« r -T) + I cos(3X«I-t). 

Proceeding in the same mechanical process we can find out the other 
coefficients of Q’s in the series for A, X, and the undetermined 
constants in the series for c and 0 1K) . We write down the complete 
results thus. 

Terms involving argument ©j r : 

C l,, =0 > “l,r =0, 

» 

a _A 0 8in{w(A+'\ji— **} _ A 0 sin{ w(A —•>•)!— r} 

1,r 2ro(2A?*4-nt) 2 


X = A 0 vcos{» (A + /•)!— r } _ A 0 rcos { n( \ — r)I— t) 

1,r rn (X?; rn) ( 2 Aw + rn ) rn(\n— ni)(2\n —rn) 

Terms involving argument ©j k : 


A _ A 0 8in(2 A?J— t) , Ansin r t 
!•* fiA'W* ’ 

X — A 0 vcos(2XnI— t) 

6A*n s 

Terms involving argument Oj 2 \ : 


1 sin2r , n 

% 2A = 4 ~xT > *1, 2A - » C082t - 
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Terms involving argument © 2r '• 

C 2,r =0 ’ 

A = X 0 sin{w(X+r)T— r} , X n sin{w(X— r)I— t} 

% 2 > r ~‘2m(2Xn+m) " 2rn(2Xn-m) ; 


X = X 0 vco8 {n(X-f r)I- t} ^ X 0 vc os{n(X— r ) I— t} 
2,r rn(Xn+rn)(2Xn+r») rn (Xn — rn ) ( 2Xn — rn) ‘ 

Terms involving argument © 2 K : 

(-2^=0, a 2 t A = 0. 


A __X 0 sin(2XnT— t) 
2 > A 


X 0 sinr 

2*7" ; 


X 


a.A“ 


X 0 vcos(2XnI— t) 

SX»n» 


Terms invoicing argument © 3 ., A | 
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„ __i'sin2r if _ — vcos2r 
2 > 2A 2X*n* ? '2, 2a~ An 

A -1 X 0 sin(aX i iI-r ) . 

2 > 2A 16 X*n* 1 


y _.X 0 vsin2r»in(XttI— r)j_ 1 

2,2a ~ ik*n* *24 


vX 0 coa(3X?jI — t) 
X s n * 


Terms involving argument © 4r : 


'V 


= 0 , 


v-°- 


— vA 0 sin{n ( X+r)I— t) __ vA 0 sin{n(X — r)I— t} 
rn 'Aw + rn)(2\n -J- n . ) rn (Xn — rw) ( 2Xn — rn j 


X = A o{ g i.o , "( ^ + r n ) > } cos { M ( ^+0 I " " >,r } 
^ 2rw(Xn + rn ) * (2Xn+ rn) 


, AJfl lt rt -(Xn-rn)Mcos{n(X-r)I-T^ 
2rn (Xn — rw ) * (2Xn — rn) 
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Terms invoking argument ^ : 


•V =0, v =0 - 


4 __ — i/A 0 sin( 2AwJ — r) 

* 4 A~ ~~ ? 


v __A 0 (rt, l0 — 4 X , w , )cuh(2XwI— t) 

A V 24A«w* ' 

[here in addition eosr=0, in order to avoid the existence of l occurring 
explicitly in A 4V ] 


Term* involving ary mum l © j 2 a : 


— rsin2r ___reo.s2T 

4> 2A ^Ahi* **» A?* 


___ 1 A 0 rsin(oAnJ*— r) 
4 , 2 \ 24 A 3 /f s 


-y _1 A () <*os2tcos(A/<1 — t) __ A„sin2T(a ll0 + -r*) 
A 4, 2a ~ o A*n*~ 2A"n* 


lf> \'n* ' 


Terms involving argument ©- } . : 

'3,,=°- «B,= 0- 

* _ X 0 rsi n{n(A +r)I— t} __ X 0 vsin{n( A— r)I— t) 

5 > r rn ( An + /•>*)( 2An-f-/n) n/(An— /•«)(2An— rnj 


X = _X q { o^p - ( An +rn) > }co s{n(A+r) I —r} 
5,7 2rw( An + /n)*(2An + rn) 


+ X of a i»o — (Am— rn) t } c Q 8 fwfA- Hl—r} 
2rn(\n—m) a (2\n—rn) 
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Term* involving arytunent Or, K » 




v=°- 


A 


1 

5, A ?j 


X 0 i\sin(2AnI — t) 

' \ y n* 


_ — X,//!, fl) — 1 A*//*)coh(2AnI — t) 

•V 24A , « I 

[here in addition post=0. in order to avoid the existence of I omirrinsf 
explicitly in A- A ]. 


Terms imolciny ary ti mmf Q~ %> : 


__ — rsin2r f __ — 2r a cos2r 
< ' r, > s * _ ' " 5 < 2A A 7 // 7 

* __ X 0 Fsin(.‘5AwI— r) 

5, 2A — o 4A , // , ; 


^ X n (2A*a f +v* )cos( 3 Am I — r) , X ( ,eos2rco.s( A>/1 — t) 

* r, » 2A :WA*u« + iiX*7» " 

X rt ( X s v * — 2v * ) sit i2rsi n ( Am 1 — r) 
lAV 

Terms involving products powers of Q’s follow in a similar fashion. 
If we summarise the parts specially required we find 

©1,0= (*■'**— 2A ©1, 2A + f, S, 2A ©2, 2A + ^4, 2A ©4, 2A 


+ 2A ©5,2A +* 


rrCA’ll’-^n + icoa^rO, 2A ~X, t oos ‘ 2T ©2, 2A 


VCOsSt ~ 

"XV W 4,2A 


2r a 

X 3 w a 


eos2r© 


5, 2A 


[H] 
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and 

c=< '] 1 2A ©1, 2 A + C 2, 2A ©2, 2A + c 4, 2A ©4, 2A + % 2A ©5, 2A + 1 

_1 sin2T ~ rsmlftr^ »^sin2r 0 i'8in2r ^ 

“4 ~\u 01 » 2A l¥ 2A * n *®*>2* 2AW L J ' 

where, as already stated 

u 1>0 —X 2 >j 2 — 4r 2 and cost =0. 

It is necessary to examine the expressions just obtained in J order to 
see whether the complete integral of the equations [B] has been 
obtained. 

The integer X is determined so as most neatly to satisfy the relation 

©i.o=X*h*-4fV 

wherein everything excepting X is known. 

The negative value of X will also satisfy the above relation. 

Since cost =0 always, altogether there ar efoar distinct values of t 

obtainable r -f + — . Kadi of these will give a distinct value 

of c. on substituting in [K] and different values for A and X. Bur 
fortunately, for our case <* is always zero. Hence altogether we get 
four distinct solutions for A and X and these when multiplied by 
arbitrary constants will give the complete primitive of equations [B], 
Such solutions as it is clear, will not contain the exponential factor. 

Hence the solutions for p and <r are periodic functions and not 
pseudo-periodic as contemplated a priori. 

(A) The Particular Integral. 

We have now to determine the particular integral of equations [5] 
and [6] of Section III. We shall assume only one general term on the 
right-hand side and take the complete integral as the sum of a series of 
the corresponding solutions. The equations may therefore be written 

OO OC "'j 

p—2 va'+p 2 ©i,,cosraT+<r § ©,„sinml=}© !ll .,("" w1 1 
r=0 r=l 

... [B'] 

00 00 

p"+2vp'+p 5 © 4 ,,=in?'ttl+(r 5 0 Sir cosroT=O 
?'=1 /•=! 
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Assume 


idihI 

f)=C 

mini 

(T = f? 


A, 

X, 


where A and X are as before functions of 1 . 

Substituting these values of p and cr in [13'] we find 


(A"-f 2imaA'— m 8 w*A)— 2r(X'+tm//X) + A 2> © lff cos/7*l 

r=0 


+X5 © a>r Hiiin*l=-i©, f . ... [B'-l] 
/*=1 


t X" 4* 2un)tX' — wt* a* X ) + 2v( A' + «« »A)+A 2 0 1)r sin /•?* l 


Put 


+ X§ © - >tr eosn<I=0 
>=1 


[B f, 2] 


A=A 0 + 5A r ,.O,„ + 22B r „, ) , I? 0,„0,„ + 

X=X 0 + 5X r „O r ,, + 2§\ O ,„0 , 

in which © lf0 is wanting. A 0 , X 0 are constants, other coefficients of 
©s are functions of 1. Substitute tliese values of A and X in equations 
[B'-l] and [B'-2] and equate to zero the terms involving no 0 except 
©i i0 . We have then 

— »»■ n* A „ — 2nwwX 0 + A 0 © ll0 =i©,,„,') 

> [B'-3] 

— w*»*X 0 +2n»i«A 0 =0 ) 

whence 

A„=i©, .. + (©„ 

X 0 = vi© , 4- »m( © , ,„ - »»* »* + -tr* ) . 

Equations [B'-l], [B'-2] can be fully written thus 

(2A",„©,„ + ...)+2«hh(2A\„© ,„ + •••) 

— m*jt*(A 0 + 2A r , ,©,„ + ...) 
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— ‘^{(gX', )+ twlM (X„ + §X r „© r ,,+ )} 

+ (A„ + gA ri .©,„ + ...) 50 i,rCosn?l 

0 

+ (X 0 + gX r ,.© r> . + ...)g©,>im»I = ;© a ,„ [C'-ll 

(5X\„© 0 . + ...)+2‘«<’'(5X', „©„. + ...) 

-«i*».*(X 1> + 5X„.© r „ + , -)+2>'{(5A'„.©, ,. + ■•■) 

+imm(A„ + 5A ,,,©,„ + • • ‘)[ + (A n + 5A, .,,©,,,+ 1 • •)• 

5 © » , r sinrwl + (X n + §X r ,.©„.+ •••) 5© , „ «*,-« 1=0 fl)' • 1J 

1 1 

Kquate the coefficients of © ,, ,■ to zero : — 

A", , r +2i»n>/ A', ,, — «*«* A, „ — 2rX’, , , —2nmuX , ,, 

+ A , , , © , , 0 + A „cosru I =0 ... [C’*2J 

X" 1 ,.. + 2w«»X' 1 +2rA’, ,, +2w/i«A , =0 ... [D'-2] 

Tn the equations f C 1 ■ ‘2j , [ D’ • 2] first ]>ut >■ then <• for round. 

Finally, the complete solutions of them will be obtained by adding up 
and halving the results thus found out. 

On solving we get 

A t „ =-J A 0 c 1 4- [(urn + ru) 8 - © , , n - 4r* 1 
+-*-A 0 e _ ‘"‘ I rw )»-©,, 0 —4r*] 

X,„=wA„e" Bl -r [( mu + r«'){(wrt+ /•»)’ — ©i, 0 — ‘Ir*}] 

+viA 0 e irwl -r[(wm— m){(wm— r»)* — © 1|0 — 4v*}]. 

Now A 0 involves © 3)W . therefore A 1%r Q ltr , X 1(r 0 1)r each includes 
© s ,m©i,r as a factor. Hence these terms are negligible in comparison 
to Aq and X n « 
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Hence 


iwml . 

P=C A 0 , 


mn\ v 

(r=p X 0 , 


where A 0J X„ are given above. Now put p=/?~‘ mwT A 0 , cr=e~ iWlnT X g 
and we get the same values for A 0 and X 0 . 


Next put £ 

in the right-hand member of the second equation in [B'],and zero in the 
right-hand member of the first, equation in [B']|. We get the equations 


oo oo 

p'— 2i'<r' + p 5 Gi , r oosmT-frr Q 2 , r sinmT=0 
/■=0 r=\ 




oo oc . 

tr"+2vp'+p 5 © + ,,.sin/’w(-f rr 5 Q oosrwI=- 
/•=0 r=l ' 2 ‘ 


o 6 


irw»iT 


TB"] 


l’rocpocliiig in tho way mapj)P<l nut as ante. we find 


A n = — vmuQ „ 4- [ 8 « * ( 0 , — i m ! n * + 4r J )1. 

X 0 =^ 0„,„(G 11 .,-»n i »*)^w’«*fO],n— : w*»*+4r*l. 


As before all other terms in A. X are negligible, so we need not 
calculate them. For the complete solution we should calculate the 
corresponding terms for 


1 — m?7iT 

~2i * 

which are easily obtained from those involving 

1 iMIlT 


Thus 

A 0 = — m»0, ) .r[m ! n , (0, lO - m*n*+4^)]. 

X„ = — ~ Oi t .(Oi ,o *i’n*)-r-[wi , n , (© i ,o fu*,,* +4#>*)]* 

2i 
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Hence 


00 

P= 2 [wi w © * — 2r© fl j.Jcos?/! w T 4- inn [ 0 1 10 “ m*n % + 4v* ] , 
m=0 


<r= 2 [-2r© 3r „ + MM© *» , ?i , ;]RinwMl 

M=0 


■~ww[O l , n — + 4r 9 ]. 


V 

Summary and Conclusion. 

The results of the above analysis may ho thus briefly summarised : — 
The perturbed orbit may be represented by 

r=b(l+ P ) 

$zz (w — o>)/ + a + O’ 

where 6=:rftdius of the unperturbed circular orbit, 

w'=angular velocity of station of the outer electron, 

o)= inner 

a=any nrbitary epoch, 

p and or are elements of perturbation. Tbo above analysis shows that, 
they are both periodic functions of («'— ««}f. The method adopted is 
that due to Goldsbrough who introduced a modification of the 
procedure in the theory of lunar perturbations first initiated by Hill 
and developed his results on the lines mapped out by Whittaker, Young 
and others. 

In atomic problems, the interest does not lie in calculating the exact 
position of the satellite at different times as in the case of lunar motion. 
The problem is to quantize the orbits and to find out if from such 
quantized orbits, the energy can be calculated as a function of n and Jr, the 
total quantum number and the azimuthal quantum number respectively; 
and then to verify this energy with the spectral terms mp , md etc. 
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Hitherto, the quantizat ion has been confined to very simple orbits — 
such as circular orbits by Bohr and elliptic orbits by Sommeri'eld. 
Epstein 1 * 3 discussed the case of orbits subjected to the perturbations due 
to a uniform field and gave an explanation of the Stark effect; but 
Nicholson 4 finds that the method is not mathematically sound. 

Hicks* has recently raised an important objection to Sommerfeld’s 
principle that in all mp and md orbits, fpetye and 3 h respectively. 

The above discussion shows that the handling of the general 
problem is much difficult than can be imagined. I have not yet 
succeeded in quantizing perturbed m bits, and therefore cannot say how 
far these investigations will support Sommcrf eld’s general theorem. 
This is in the course of my investigation. 

A glance at the values of the several constants A r , # , X, shows 
that the perturbed motion constitutes an ensemble of discrete harmonic 
oscillations having different frequencies. So far as the radial perturbed 
element p is concerned, it is easy to see, we must have a range of 
vibrations within the maximum and minimum. Under such circumstan- 
ces, at any rate, we must expect that the perturbed system will not 
possess any sharply separated stationary states. The compound motion 
has rigorously a two-fold periodic character,— one, round the kernel in a 
closed periodic orbit for the unperturbed system i.e., neglecting the 
znsatzfeld , two , lib rat ions — both radial and azimuthal — of the electron 
about the position it would have occupied at any instant for the un- 
perturbed system, due to the quota of perturbing forces subjected to it 
by the znsatzfeld calculated in Sec, II. 

So corresponding to a single stationary state in the unperturbed 
system there exists a multiple of slowly varied stationary states in the 
perturbed system, possessing a pronounced cycle ; of course, the resultant 
frequency of the group of perturbation oscillations must be vanishingly 
small as compared with the time of revolution of the electron in the 
undisturbed state. But whether or not t lie motion is what is technically 
called conditionally periodic is difficult to judge a priori. 

Bohr has laid down 4 that for a transition between two of the states 
corresponding to the perturbed system a radiation is emitted “ whose 
frequency stands in the same relationship to the periodic course of the 
variations in the orbit, as the spectrum of a simple periodic system does 


1 Sonnnerfeld, ‘ Atombau und Spektrallinien \ Third ed., pp. 939*51. 

• ‘ Phil. Mag.’, July, 1922. 

3 ‘ Phil. M ag.\ Aug., 1922. 

* Theory of spectra and Atomic constitution, p. 39. 
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to its motion in the stationary states." Any more, quantization is possible 
by exhibiting a new phase of .the adiabatic hypothesis first propounded 
by Khrenfest 1 , or what is strictly called the principle of “mechanical 
transformability” of stationary states. In that case, however, there is 4 
an n priori probability of getting an almost identical series formula as 
obtained by Sommerfeld. Nevertheless, it is undesirable at (his stage 
(o try to incorporate an analysis and posit a principle having a feature 
somewhat foreign to what has been set forth hereto. This is deferred 
to a future occasion. 


1 Proc. Acad. Amsterdam, XVI, p. 501 (1914), Phy. 'Aeitschr. XV. p. 057 ( 1014). 
A««. d. Phy*. LI, p. 327 (MM6), Phil. Mag. XXXIII, p. 500 (IM7). 
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By 

NrSPKNDKANATII (jrllO.SH 
Chapter II 
Hrpdnxion* 

1*2. The problem of expanding a given explicit function of a 
polynomial or a number of polynomials (and their derivatives) admits of 
an elegant, treatment by means of the theorems established in the 
preceding chapter. The expansions obtained are of highly general 
character and cases may occur where these expansions fail to he consis- 
tent when numerical values are substituted for the variables involved. 
We shall not attempt to enquire into Hie validity of such expansions, 
hut on the other hand, assume those conditions to be existing under 
which the expansions are arithmetically intelligible. 

lib I jet then iu Art 4, be expanded in a series of ascending 

powers of z of the form 

A„ + A l s + A 2 :’+ , ‘ + A r :' + 

then since 

^(O=A„ 0 <K'O- 

we must have 

f(A 0 + A 1 :+A lS ’+ - ) = A.„(A„ + A 1 :4 A,r*+---). 

a: 


A t + 2A 1 s+3A Jt i s + ’ * , = * ’ > 
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l;)() 

whence comparing coefficients, 

A i = A o A o . 

2A.rrA.nAt. 
:* A j = A» o A 2 * 

0*+ 1 )A r ^ , = A./(»A r ' 


>r when reduced 


A t - - A » n A 



A s = 



M 1 



where A 0 is evidently equal to $('/„). 

Thus hy successive application of the operator A« 0 Wli have a means 
of calculating all the coefficients in the expansion of 

11. ft can he inferred from the following typical calculations that 
any coefficient A r (in above) is a linear homogeneous function of 

f (fl 0 ), \« n ) only, the coefficient of &ny derivative 

4^\n n ) in A, being a rational and integral function of degree / and 
weight r (tyr) involving a l9 c/ a , a i% •••(/, only of the coefficients of n„. 
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We have 

A !</»'(«„), 

•‘2 A 5I =a®0 ,, (f/ o ) + 2« a ^(f/ o ). 

2 A ;t = r/ (l ) + (w t ff a </>"( // n ) -f Cut ,<£'(" ,» ) , 

t. A 4 =/ri« f - r (^„) + 12n«#f.^(rf 0 ) + (12,f5+24ri 1 #i,)^(rt„) 

4-24« 4 <£'(u 0 ). 

|5 A 5 ~n;<l> v (<i ) + 2Qa*a t <l> i , (^ u ) + (^0a*a 3 +00a l a;)^ , "(a o ) 

4- ( 1 20^ j <y ( 4-1 20 n a , ) $'( a n ) 4- 1 20#/ R 0 ) . 

The cneflieients A *s in the expansion of </>(// a ) are connected by 
means of the operator A„ 0 - This is, however, not the only eonnection 
existing anioni* those roeflieients. There are others and we proceed to 
tind them. 

15. Differential relations amomr the eoeilieients in the expansion of 

<K«») : ■ 


We have 


0 

0 a , 


</>("*) = 


dj> . d ><» _ 0J> , z . 

0 It u 0'f, 0 ft 



and this lnflds true for all values 0 , x . a . s ,- * a of 


Since <£(//«) is expanded in the form 

A„ + A j : 4- A 9 ; a 4- ‘ ’ 1 + A . : 1 

we must have hv the above ideutifv 


•X(A U + A l :+A.:*+ a®, (•'n + A 1 r + A,:*+ ' • : 

do,. 0"„ 



132 


NRIPENDltANATlI GHOSH 


whence comparing coefficients 

0A O __ QAj __ 0A, 0A r -i = q 

0a r 0 a, 0 a, 0 a, 


0 A r 

= 9A„ 

. 0<!r 

0«u 

0 A r+ , 

_ 0 A, 

da r 

0« o 

0A, +1 

= 0A, 

1 

Q> 

* ! 

0«i> 


and so on ; where r may have any of the values 0 , ,, a , S) * • -w. 

16. These differential relations simplify the process of operation by 
A«« upon the coefficients A’s. Let us take from Art 13, the equation 

f y -f" 1 ) A , ^ — ■ A a q A , t 

i.e.. 


(/•+l)A r+ ,=^ a, +2«, + + • • • + 11 ( 1 , --P— ^A, 

\ 0"<i 0«i 0", d«.-, / 


=<( 


6_A r 

1 8 «„ 





0A, 

0 ". 


+ ‘ ‘ '(' +1)"m i 


§A, 
0", ’ 


(if r<n) 


0A_r 

0«o 


+ 2 ". 


0Ar-, 

0 "., 


+3«s 


8A,_, 

0«u 


+ ’ ■ • (»’+!)«»•+ 1 


0A n 

9<r„ ’ 


(by Art 15) 


— {AC'/iAf+'idjA,., +:b( s A f _, + • • •(/•+l)rt r+1 A u ). 

0«o 

Tke above also holds good if r= or >«. 

17. By means of the identity in Art 6, we get further relations 
among the coefficients A’s. 
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Since 

1 . 

we must have 

' , J-( An + A,5+A,5,+ ‘ ' ■) = A.,(A 0 + A, : +A I ** + • • •) 

+ m,z ? (A l , + A l j + A t :* + ■ ■ ■), 

9 n n 

nr 3 f (A l +2A i c + 3A a : , + • ■ ) = A- t (A 0 + A 1 : + A,^+ ■ ■ •) 

+ « • rt + 1 ( A „ + A l : + A # ::* + • • • ) : (by Art 15 ) 

0(I„ 

Whence comparing 1 coefficients 


A u » A () — 0, 


A« a A j =0, 

A., a A w+] +//</„ =»A n . 

0"o 

A a % A 2 = A j . 


A„,A,=2A a , 

|* A-.A.^ + m. = (* + l)A 

0'*,, 


••• ••• ! A ii a A ,j +s + mt „ - -* — (« 4" 2) A „ s . 

j 

Z^u*A w = (?i — l)A ll _ 1 , ) 
and so on. 

These relations may be regarded as reciprocal to those in Art 13. 

18. Allied expansions : — 

There are other* allied forms in which 0 (m„) nin .V l )e expanded. The 
calculation of the coefficients in these expansions may be made to 
depend on the fundamental one in Art 13. The forms of these allied 
expansions are given below : — 

(2) </>(<i 0 + n v :) + A' a : , + A' 3 j s +A' t ; t + • • 

(2) *(« 0 + a 1 c + « t :0 + AV*+AV t + --- 

(.?) 'Kn 0 +a l :+a l ,*+a i :>)+A"\:*+ • ■ ■ 

and so on. 
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hi I 

Lot us find A', in tho first of these allied lorn is. We observe that 
A',, must be a part of A,.. To specif}* that part we notice that A', 
vanishes when 

so that A', is the residue of A, left hv removin'? that part which is not 
etjual to zero when 

tt % =n n -=a , = • * ■=fl r =0. 

Similar remark applies to other allied forms. 

19. Expansion of a function involving a. number of polynomials 
Let <I>(h e ' ‘ ’)• in Art 7, he expanded in the form 

(A ) 0 + (A) 1 : + (A) 2 : 4 +(A),:’-f***. 


then since 


</>(",,■ ■ •)=(A.,„ + A*,.+ A, ,,-f- • • )</>' 

we tniisf havi 

l / [ ! (A) ll + (.\) l : + ( A) 3 ;* + 

= (A,n + Alr,+ Ani' ' '){ (A)„ +(A),S+(A),.-*+(A),!» +■•}, 

0,1 (A), +2(A) a : + 3(A),;'-’+ • ■ 

= ( A»ii + A/, i, + A , ,, ' ■ ■ ){(A),i + ( A),f + (A).c* +• • ■ ■ j. 

Representing the compound operator A«„ + At„ + A , „ • • • by (A)„ and 
eompiiving the coefficients of like powers of : we have 

(A),=f A)„(A)„, 

2(A) 1 =(A)„(A)„ 

:! (A),=(a>„(A)„ 


(/+1)(A), + 1 =(A)„(A), ; 



A 1.0 KH II A Ol' rof.YNO.M LN A I.S 


1:;.) 


ur 


when minced 


('A) 1 =(A)„(A)„. 


(A).= 


(U _ (AV. ru 

( a »3— ”3 (A),. 




wliero (A)„ is evidently equal to ^(o,, A, * *)• 

Tims by successive application of Hie operator (A),.» wo have a 
means of calculating all the coefficients in t lie expansion of ...\ 

1*0. Different i:il relations among the coellicients in flic expansion of 

We luive 


d o,- 


3/<,' av 


dM" a'” *•" ' 

0 ", 



■•) 


ami this holds true fur all values 2 . of r. Similarly 


0 

0 







which holds true for all values n , n 3 , a m of <7 ; 


CN 

• ") = 

Cn /. 





vv hieli holds true for all values «• i< t - ‘ ' 1 I of y< ; and si 
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Referring to Art 15, tlie differential relations among the coefficients 
(A),, may be obtained with regard to each of the variables a’s, //s, r f s* ■ • 
from the identities above. 

By means of these differential relations (r+l)(A) r + l may be 
expressed in the form 


» {tfi(A) r +&/ a (A) , - x 4“ 9^3 (A) r . a 4“ ‘ 
o«„ 

••+(i-+l)a r+1 (A) 0 } 

4- ®. { L ! ( A ) 4-26 i (AL- l 4-^ 3 (A) r . a 4- ■ 
O u 0 

1 ’ 4-(r+l)/>r + i(A) 0 } 

+ {e l (A) r +Slr I (A),_ l +3c,(A) r . 1 + -- 

0c. 

• 4-(r4-l)f,. + 1 (A) ft } 

+ • 



21. When the relative magnitudes of /, m, n m • • are given it is 
possible to obtain, by means r»f art 8, further relations among the 
coefficients (A)’s by proceeding exactly in the same way as in Art 17. 

There is a set of allied forms in which maybe 

expanded. The coefficients in each of these allied expansions may he 
deduced from those in the fundamental one. 

22. Expansion of a function involving a polynomial and its 
derivatives : — 

Let 


,, / " ( r K 

in Art 9, be expanded in the form 

then since 

f ♦(«. ••»«*) 

(lz 

we must have 

£(i 0 +I l r + I i S»+I,«* + ...) 

~~ A n o(Io 4“ Ajl4*^a2 9 4“ •••)« 
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or A t + 2A,2+ 3A 9 s* + ... 

= A« 0 A 0 4" Aao-^-i^’f A « o^i 2 * + ••• j 
whence comparing coefficients, 

^■i ““A/* o A 0 j 

2Aj = a« 0 A,, 

^ S “ A a 0 A 9 3 

and so on, where A 0 is evidently equal to 

<f>((r 0 ^u,2a 2 ^a s ,‘ • -|ra r ). 

The coefficients A’s are connected only by A„ 0 - It has not yet 
been possible to find other connections existing among them. 

23. Expansion of a transformed polynomial : — 

Let n 0 (ifr(), the transformed polynomial of n 9 (z). in art 11, be 
expanded in a series of ascending powers of t of the form 


then since 


we must have 

k) 

= Arto( u o + a i^ + ai^* + ,#, )» 

or a 1 +2a B f’-f3a B * l + "* 

=^(0 AaoKWWH-) 

= Aa O ^(0{ a O+ a l < + a *^+ * ")• 

being known from the given transformation £=^(0 (it is usual to 
restrict ^(f) to rational integral functions alone) wo can express the 
right-hand side of the above identity in a series of ascending powers of 
L Now comparing coefficients of like powers of t the coefficients a’s 
may be obtained. a 0 is evidently equal to 0). 
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If be a rational and integral function of kth degree in t , tlie 
transformation is one of the kth order. If, moreover, ^(0)=0, the 
transformation is called a simple transformation of the kth order. 

A function of the transformed polynomial may similarly bo expanded. 

24. Polynomials of degree infinite : — ' 

When the degree n of the polynomial n a increases without limit it 
becomes tho polynomial v a of degree infinite. For finite numerical 
values of the variables such a polynomial may have an infinite value 
and the polynomial is said to be divergent (for those values of the 
variables). Otherwise the polynomial is said to be convergent. 

Wc may extend (with necessary changes) the theorems of the last 
chapter and those of the present one to include polynomials of degree 
infinite provided initially they are convergent. 

Bull. Cal. Math. Soc., Vol. XIV. No. 3. 



On the motion of a viscous liquid between two 

NON-CONCENTRIC CIRCULAR CYLINDERS. 

By 

Sl’BODH ClIANDR A MlTRA, 

Dacca Vnivenity. 

Introduction. 

1. As far as I know, the problem of translation of two non-concentric 
infinite circular cylinders in a viscous liquid has not been investigated 
by any writer, though a solution of the analogous problem of rotation 
of two circular cylinders in a viscous liquid lias been given in a recent 
issue 1 of the Proceedings of the Royal Society, by Dr. G. B. Jeffery. 

In the present paper, I have discussed the problem of translation of 
two parallel infinite circular cylinders in a viscous liquid. { The solution 
is different in form according as one cylinder does or does not enclose 
the other. In the former case t lie problem can be solved in finite terms 
and we shall get the current function of the “initial motion”; while 
in the latter case the problem is in general insoluble, that is to say. 
except in special circumstances, “there is no steady motion which 
satisfies all the necessary conditions/’ 

The Ccrr fat-function. 

2. Let 

.?!+ /t/=e tan J (£+*'/) 

Then 

sin £ r sinhu 

j — p ?_ y ~ . . — ? t 

coslny+cos£ ‘ cosln/-f cos£ 



=c"* (cosh^ + cos£)*. 


1 The Rotation of two Circular C Renders in a Vitcorn FI inti, Proc. Roy. Soc., Vol. 
A. 101, No. A. 709, (1922). p. 109. 
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and 


r* =c*(eosln/— cosf)/(cosli* 7 +cosi) 
The current-function satisfies the equation 


V*»A= o 


To find a solution, let us write 

sin£+H t sin£/(eoshi;+oos£) 

c* V 2 ^=sin ^{(ll l ‘ ' — II j) (cosily +cosf ) 9 + H a 4 ' (cosh*; + eosf) 
— 2H/ sinluj} 


Operating on c* V 2| A hy 8* 


which s< ai ids for 


0 ^ . 0 * 
04* 0 ^’ 


V , i/r=sin^{(ll 1 * — Hj 1 * ) (cosily +cosf)* +4( ‘ ' ' — H, ' ) sinh* 7 x 
(cosh* 7 +cos£) + (H/ cosh 2i/+2 cosh *j cos f-(coshr/-f cosf) 8 

— fi (cosh* 7 + oos£) cos£+2» 1— ons a £)^+H 2 ' ' (cosli?;-f cos^)— 41f, ' ' cosf 
— 4H 9 ' i rosin;} 


Equating to zero the coefficients of t lie several powers of cos £. we 
obtain the following equations 

IV'-lOH, '*+911^0 ... ( 1 ) 

2 ( 11 / r — IT , j ' )cosln;-f4(H 1 * 1 ‘—If/) sinlo ;— (>(M x ' ' — i I , ) cosh v; 

+ H a * r — 411 4 =0 (2) 

(H, ' r — Hj ' *) cosh a y; 4-4(11! ' ‘ ‘ — H, ') sitih vj cosh */ 

+ 3( H j ' ' — H t ) eosh^+H/* cosh *7-411/ ' cosh * 7=0 ... (3) 


The third equation is not independent but follows directly from the 
first two. 

Solving we get 

H x = (A cosh 3*7 + 13 sinli 3 * 7 + C cosh * 7 + D sinli * 7 ) 

= ^ cos ^ 4 * 7 — j B sinli 4*7+ E cosh 2 rj+F siph 217+G17+H) 
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Therefore the stream-function can be written in tho form 
^=( A cosh 3iy+B sinh + C cosli r)+D sinli rj) sin £ 

+ ^ — ^ A cosh 4i/— ^-B sinh 4^+ K cosh 2 ry+ If sinh 2rj + Cirj+H 


sin £ 

(cosh rj+ cos£) 

Let t lie two cylinders be defined by constant values of y say y~u, 
y=p. We may take a positive and greater than jft, then ft will be 
positive or negative according as the first cylinder does or does not 
enclose the second. 

Let the outer cylinder he moved with velocity V 1 and the inner one 
with velocity V, parallel to the axis of Y. 

If we write 


, ,-= a * 

8;/’ 8 r 


then since at the surface of the cylinder 

ii= 0, rmY,, 

the boundary conditions become, when tj — » 


> 

11 

CO 


<*08 £ + 

sin*£ 

1 


t • l 

(<• 

osh u-fcos £j 

(cosli a + cos i) s 

) 


0 * = -v, 

ct 

sin £ sinh a 

) 


(«) 

a * 

( 

(cosh a + cos £) 

* ) 




anil when i?=j3 


8* = y { cos £ sin*£ 

9£ 2 ( (cosh fi + cos £) (cosh /?+ cos £)* 


dt--V r 1 «in £ sinh ft ) («') 

Qij * ( (cosh j8+ cob 0* i 
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But when y=a, we get from the expression for the stream function 


={ A cosh 3a+B sink 3a+C cosh a+H sink a}cos £ 

d£ 


4- | — A A cosh 4a— A B sink 4a + E cosh 2a -f F sink 2a+Ga+H j 


{. 


sin** 


cos * 


X 2 L + 

. (cosh a 4- cos *)* (cosh a 4- cos ( ) 


} 


={3 A sink 3a + 3 B coslx 3a -f C sink a+D cosh a} sin * 
dy 


4-{— 2 A sink 4a— 2B cosh 4a + 2E sink 2«+2F cosh 2a+G } 


sin £ 

(cosh a -p cos £) 



cosh 4a— -y-B sink 4a + E cosh 2a 


4- F si nil 2a + G a + H 


) sin £ sink a 
) (cosh a 4* cos f)* 


(*) 


From (a) and (6) we get the following equations 

A cosh 3a 4* B sink 3a 4-0 cosh a 4- D sink a =0 ... (4) 


-A A cosh 4a— A- B sink 4a 4* K cosh 2a 4* F si nil 2a 

2 2 


4-0a+H=V l c (5) 

3A sinh 3a4-3B cosh 3a4-C sink u4*B cosh a=0 ... (6) 

— 2A sink 4a— 2B cosh 4a4-2E sink 2a4-2F cosli 2a4-G=0 (7) 

together with four precisely similar equations obtained from these by 
writing j3 and V % for a and Y r 
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A=B=0=1)=0. 

(cosli 2u— cosh 2/3) 

(a— /3) sinli 2(a— /8j + l— cosh 2(a— f$) 

(sinh 2/3*— sinh 2a) 

(u — ft) sinh 2(a— /3)-f 1— cosh 2(a— ft) . 
sinh 2(a— /3) 

(a— (3) Bin'll 2(a — /3) + 1 — cosli 2(u— /3) 

f -2(V 1 +V t )c-h2(V l 4-V, )cco»l . 2 
“* L 4(a —/3) sinh 2(a— j8)4-4— 4 cosh 2(u—/9j 

— aV,) sinh 2(a~P) 

Substituting tho values of Hie constants we can obtain the stream- 
function. 

Tiif. Pressure. 

3. We know that yiV V and p are conjugate functions. 

Now 

c* V*^= : 2E (sin 2£ cosh 2rj + 2 sin £ cosh iy) 

+ 2F (sin 2£ sinh 2i/-f 2 sin £ sinh »;)— 2G sin £ sinh y 
Therefore 


Solving, we have, 

Err (Vt-y.y 

2 

F= ( V,-V.V 
a = (V,-V,)c 


«■= — {2E (cos 2£ sinh 2r;-f 2 cos £ sinh y) 

c* 

+2F (cos 2£ cosh 2^+2 cos £ cosh >/)— 2G cos £ cosh y} + constant. 
Thu Resistance. 

4. The formula 1 foi the elongation of the shear are 

, 1/0/r 0^,6^* 0iW il9 ^ 

“ 1 2 V ac dv ov a* / aiav 

etjBi* 0i 

y V 8V a*v a* a»; af at 

(Ibbetson, Elasticity .) 
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Hi 


Substituting, we get 

<-’ = /*= o. 

When i/=a, 

y=c“*(cosh a+eos £}(4E cosh 2a+ 4F sinh 2a) sin £ 
and when q=/3, 

y=c“*(cosh /3+cos £)(4K cosh 2/3+4F sinli 2/3) sin £ 
The resistance acting on the outer cylinder is given by 



where U=/a y, and the integration is taken round the circle. 

R l =3*{2(E sinh 4a + F cosh 4a)— 4(K sinh 2a 

+ F cosh 2a) + 2F+2G(cosh 2a+l)} 


=4n- / i.(Y 1 -V. J ) 


sinh 2 (a— ft) 

{(a— f$) sinh 2(a — ft ) + 1 — cosh 2(a— /8/j 


Similarly the resistance acting on the inner cylinder is given by 


R, = -4^(V l -V f ) 


sinh 2(u— /3) 

{ (a — /S) sinh 2(a— /3) + l— cosh 2(a— /8)} 


The formula* for the resistances R 1 and R, take very simple forms 
when we put a=0 and V, =0. 

We then have the solution for a cylinder moving in a viscous liquid 
bounded by an infinite rigid plane. 

__ inytVj sinli 2/3 
1 {$ sinh 2/8+1— cosh 2/8} 


Motion i-akalu-l to tiik axis or x . 

5. Proceeding in an exactly similar way as in the former case the 
expression for the stream function is given by 

^=(A cosh 2r/+B sinh 2rj+Crj) 

+ ; — J A cosh 3 ty— sinh 3^+ E cosh *;+F sinh i) 

C 2 2 

+ G^y cosh sinli r/| /(cosh ly+eos £,) 



NON*CONCENTRIC CIRCULAR CYLINDERS 


145 


the absplute constant being omitted as it oontribates nothing to 
velocity. 

An expression similar to this was obtained by Jeffery in the paper 
cited in a different method, but the boundary condition being different 
^he solution will be entirely different. 

Let us suppose that the outer cylinder is moved with velocity U l 
and inner cylinder with velocity U a parallel to the axis of a* 

The boundary conditions are, when 17 = a 


djj/ c sin h a sin £ 

0 £ 1 (cosh a+cos {)* 


8 J -°- 1 


cosh a 


sinh* 


(cosh a + cos £) (cosh a+cos £; 


r} 


(•) 


together with two similar conditions for the other cylinder where /? and 
U f are written for a and U r But from the expression for the stream- 
function we get, when 17 = 41 , 


e*_ f 
dt “ l 


\ A cosh 3a — ? B sinh 3a +E cosh a+F sinh a 
£ £ 


+ Ga cobIi a + Ha sinh a 


} 


sin £ 

(cosh a+cos £)* 


fl =(2A sinh 2a+2B cosh 2a+C) 

ay 


{- 


A sinh 3a— ^ B cosh 3a +E sinh a+ F cosh a 


+ G (cosh a+a sinh a) + H (sinh a + a cosh a) j j ( cosh a+cos £) 


— / \ A cosh 3a— B sinh 3a+E cosh a+F sinh a 

C. £ £ 


+ Ga cosh a+Ha sinh a] - — - - 
i (cosb a+cos £)• 
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The boundary conditions give the equations 

-gA cosh 3a — 1 B sinh 3a +E cosh a+P sinh a 
2 2 

+ Ga cosh a+Ha sinli a=— U x c sinh a ... (8J 

2A sinh 2a+2B cosh 2a+C =0 ... (9) 

— A sinh 3a— ~B cosh 3a+E sinh a+F cosh a 

+ G(a sinh a f cosh a) + H (a cosh a + sinh a) = — U 1 c cosh a ... (10) 

together with three similar equations corresponding to the inner 
cylinder. 

Wo have thus six equations but seven unknown quantities. But we 
know that if/ is a siiigle- valued function. It follows therefore, that the 
velocities and consequently the pressure is a single-valued function. 
We can calculate p, the pressure, by noting that and p are 

conjugate functions. In this way we find that p contains the many- 

valued term 2G£, so that we must have 

G=0 (11) 


Now 


c* V 2 ^=A{l + 4 cosh rj cos £+2 cosh 2r) cos 2£} 
+B{2 sinh 2 rj cos 2£+4 sinh rj cos £} +2H cosh 7/ cos £ 
+ 2E + 2H 


Therefore 


p= — ~[A{2 sinh 2 rj sin 2£+4 sinh sin £} 


+ B{2 cosh 2vj sin 2£+4 cosh rj sin £} + 2H sinh 1 7 sin £] 


and 


y=c~ 2 {L(a) (cosh a+cos fj + l^c sinh a cosh a 
+U 1 c sinh a cos £+4 (A cosh 2a+B sinh 2a)(cosh a+cos £)*} 
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The resistance Rj can be calculated from the expression 



where U=/a y and the integration is taken round the circle. 

L(a) in the expression for y stands for the quantity 

— —(A cosh 3a + B sinh 3a) + E cosh a + F sinh a 
+ H (2 cosh a + a sinh a) 

{L(a) cosh a+U^ sinh a cosh a + 4 (A cosh 2a+B sinh 2a) 

+4 sinh a (A sinh 3a+B cosh 3a) — 2H sinh*a} 

= — H, after simplification. 
c 

=4 / i7r(U l -U a )X 

{cosh 2a+cosh2/3— 4+4 cosh (2a— 2 /3)— cosh (2a— 4 /?)— cosh (4a — 2/ 7)} 
f(/J— a) {cosh (4a— 2/3) + cosh (2a— 4/3)— 4 cosh (2a— 2/j)+4 

—cosh 2a— cosh 2/3} + {sinh (4a— 2/3)— sinh (4a— 4/3) + 2 sinli2(a— /3) 

—3 sinh 2a +3 sinh 2/3 + sinh (2a— 4/3)}] 

Similarly the force acting on the other cylinder is found to be 

r,= 4 ^h 

c 


Whena=0, 1^=0 



a very simple expression. 
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Translation op two cylinders in an infinite viscous Liquid. 

6. In such ft case, the velocity of the liquid does not vanish at 
infinity. To illustrate this point let Us consider the motion parallel to 
the axis of y . The orthogonal components of velocity are 


d( dy 


At infinity >7=0, £=ir 


-h §* =-3c-'(E + H) 
Of 


h -I* = — 2c -l (E+H). 

ov 

Hence the motion being finite at infinity is inconsistent with the 
general supposition that the liquid is at rest at infinity. Hence the 
motion is impossible. 

We should hardly wonder at this result. For Stokes has pointed 
out that the motion of a viscous liquid due to the translation of a 
circular cylinder never attains to a steady state, and our present 
problem is similar to that of Stokes. 





Transverse Vibrations of a Thin Rotating Rod 
and of a Rotating Circular Ring. 


By 

Jyottrmaya Ghosh, 

Dacca University, 

I. Introductory. 

1. When a body rotates about an axis with constant angular 
velocity and is in relative equilibrium, every point of the body may be 
considered as being acted on by a force which varies as the distance of 
the point from the axis of rotation. The discussion of the vibrations 
of elastic solids acted on by such body-forces generally involves 
equations which cannot be solved in finite terms or in any convergent 
infinite series. It is probably due to this cause that very few problems 
relating to the vibration of rotating bodies have hitherto been solved. 
But an indirect method lias often been applied in such cases to obtain 
the frequencies of vibrations which are very approximate for all 
practical purposes. This approximate method is due to Lord Rayleigh 
and one very interesting problem lias been dealt with by Prof. Lamb 
and Mr. R. V. Southwell. 1 They have investigated the transverse 
vibrations of a thin homogeneous circular disc rotating about its axis 
with constant angular velocity. They observe that “ the problem has 
a practical bearing, as throwing light on the occasional failure of 
turbine discs,’* which is most probably due to the transverse vibrations 
of these discs, causing the blades which are fitted to them, to come 
in contact with the adjacent parts of the machine. This problem of 
the laminar wheel suggests the case of a wheel with straight spokes 
and a circular rim, which is by no means a less common thing in 
mechanical contrivances. 

1 “ Vibrations of a Spinning Disc Proc. Boy. Soo., London. Scr. A., Vol. 99 
(1921), pp. 272-280. 

u On the Free Transverse Vibrafcious of Uniform Circular Disc clamped at its 
oentre ; and on the Effects of Botation ” — R, V Southwell, Proc, Roy. Soc., London, 
Ser. A„ Tol, 101 (1022), pp, 133453. 
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2. It is clear, that the discussion of the problem naturally resolves 
into two distinct parts, viz., (1) the vibrations of the straight spokes, 
and (2) the vibrations of the circular rim. Both the spokes and the 
rim will be assumed to have small cross-sections, so that the effects 
of what is known as * rotatory inertia ’ will be negligible. A spoke can 
vibrate transversally in two ways, either in the plane of the wheel or 
in a plane perpendicular to it. The mathematical solution is identical 
in the two cases. The rim may also vibrate in the same two ways ; 
but the equations of motion are different, though it is known that the 
frequencies of the gravest modes of free vibration are very nearly the 
same. 1 When the spokes and the rim are taken as forming one body, 
the solutions become very complicated on account of the points of 
junction. In the work of the present paper, they are considered as 
separate bodies and independent solutions have been obtained for a 
thin rotating rod and a rotating circular ring. 

II. Thin Rotating Rod. 

3. Suppose that a rod (AB) of length a is rotating about A with 
constant angular velocity a >. Since the rod is thin, wo assume the 
stress-system to consist of a longitudinal tension (T.) only. If A be 
taken as origin and the axis of x along AB, we have 

+pco*.r=0, 

0 x 

whence 

T,=ipo>*(A— ;c*) 

4. Case A. Let the end B be free, so that T x =0 when a=a and 
we have 

T (1) 

Case B. Let a mass m [c.g. (mass of the rim)/(number of pokes)] 
be attached to B, so that when ,i =a, we have 

T, = ww s fl. 

Hence, in this case 

T, =*/><-• a+ )-»:* j (2) 

* Hayleigli Theory of Sonnd, Vol. I, Art, 192 a. Lovo, Elasticity, Ohaji. XXI, 
Art, 293. 
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5. Both the forms (1) and (2) may be included in tlio formula 

( 3 ) 


where 


i a ( 2m \ 

»=a* or ci+ J, 

according as the end B is free or carries a mass m. 

When <i> is very large and the flexural forces are negligible compared 
with the longitudinal tension, the equation of transverse vibration is 


pad, l' V = ® riV-« J u lix, 
' a a* L a.« J 


where a is the small cross-section, and v, the lateral displacement of an 
element of the bar at a distance x from the origin. 

Substituting from (3) the value of T,, we have 


0 * 1 ) 

07 * 




0 

0.8 



Assuming the solution 


we have 


»=/(.«) cos (p^ + c) 




where 


?,»=% i* 


(•i) 


( 5 ) 


To solve this, it will be convenient to assume a series in ascending 
powers of — a quantity which is never greater than unity. Let us 
assume 


/OOssAo+A,-? +A,( * ) + -+ A *( ) + ••• 


( 6 ) 
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Substituting this in (4), we get 

^ A.,*-. + ...+<‘+*>|*±i> w + ... ] 



w 

...+ •* + ... 

1=° 

P 

L e* 

J L 

C* 

J 



Equating the coefficients of x k to zero, wo have 

{k+2)(k+l)A k ^={k(k+l)-b'}A k . 

Calculating the coefficients of (6) by this formula, we obtain 
/(*)=A 0 S 0 (.u)+A l S 1 (.r), 

where A 0 and A t are constants and S 0 (x) and Sj (a) stand for the 
following series : 

«•<•)->-[ 5(f) , + !:s T ±J (:-)‘ 

& a (3.2-6*)(5.4-& a ) / i'c V 

+ ~ 6! “ \7 ) 

b iW ^+±^!{-£ ( 5 y+... 

^(2 -l~6 a )(4-3~6»)...{2c(2c~l)--6 > } ^ y 


(2n+l)! 


The complete solution is therefore 

o;=[A 0 S 0 ( ( ») + A 1 S 1 (a;)] cos(p,/-H) ... (?) 

6. We have assumed the end A (i.c. x=0) to be fixed, so that we 
must have v=0 when *=0. This shews that we must putA o =0, 
and the appropriate solution is 

v=A 1 S 1 (.e) cos (pit+t) ... (8) 

The series S x (x) is convergent when a <c but it is divergent when 
aj=c or when »>c. We have now to distinguish between the two 
cases indicated in Art. 4 above. 

In case A., we have rc=c(=sa) at the edge, the series S t (a) is 
divergent and the solution is meaningless unless the series consists 
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of a finite number of terms. Hence we see from the form of S x (a) 
that, in order that the series may terminate, 6* must be of the form 
2n(2w— 1), where n is any positive integer. We therefore have 

6* =2w(2w — 1) 

or by (5), 

jp 1 a =w(2«— l)o>‘, ... (9) 

n being any positive integer. 

In case B., we have (from Art. 5) 

,= “(* + 7 ) 


and x is always less than c. The series (a) is therefore always 
convergent. The condition of the end x=a. may be expressed by 





Substituting for v, this becomes 




or 6»S,(a)- :i "S 1 '(«.)=0 (10) 

c 

which is an equation in p x *. 

7. When, on the other hand, the influence of rotation is small 
compared with the flexural forces, we know that, the rotatory inertia 
of the cross-section of the rod being neglected, the equation of motion is 


8*r , LV 0jH’ =o 

0 t* + p 0.C* 


where k is the radius of gyration of the cross-section about a diameter 
perpendicular to the plane of vibration. If be the frequency, it is 
given by 


m*k* E 
47 r*a* p 


( 11 ) 


where m is given, in the case of a free-free bar, by coshwcos Mi— 1* 
and in the case of a clamped-free bar, by coslimcos w=— 1. 
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8. When both thp flexural and the centrifugal forces are taken into 
account, the equation of motion becomes 


If we assume 

we have 


9 9 ^— A w a a r, c , - t) dv an 
aT»“ aU) a*L (c T a>* 

v=f(x) cos (p/ + c) 


w*p a. i . 4 a re 8 a® 


If a series analogous to (6) be substituted in this equation, the 
relation between the successive coefficients consists of three terms 
(e.gf., A* +4 , A* +a , A*) so that a general solution in finite terms or in a 
convergent infinite series is net easily obtainable. 

We may, however, obtain approximate solutions by a method 1 
indicated by Rayleigh. B According to this method, we may assume 
a given form for the displacement r, calculate the kinetic energy and 
equate this to the sum of the potential energies due to the angular 
motion and the flexural forces considered separately. The equation 
thus obtained yields the frequency of vibration- 

We proceed to apply this method to the case A of Art. 4. The 
potential energy V of the centrifugal forces is given by 

v = ; f T - ( l; 


where a=cross-section of the rod and 


T x =ipto’(a*-x*) 


Tlie potential energy of the flexural forces is given by 

v MO'"' 

The kinetic energy is given by 



1 This method hns also been adopted by Prof. Lamb and Mr. R. V. Southwell in 
the papers cited. 

8 Theory of Sound. Vol. I, Chap. IV, Arts. 88 et seq. 
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Let us assume the form 


cos (j pf + c). 


Then 


V=ipw*a — ,c 4 ^ _?/ ^ C0R*(pt + c)ihi 

V'=£Efc f aj^ ^ cos s (pf+c)^ 


and 


T=ipaj; 

=»>* ' 5/> a ^/ a si 


p*f 2 sm*(pt+€)d.t 


sin 4 (pt+c)du 

If V f , V' f and T , denote the mean values of V and V', and the 
expression 

A nn 1 ci n * 


i 


respectively, we have 


pal/* sin 4 (p/ + e)d,o 


n >-Vf+Vf 

1 - 


(12) 


The closer the assumed function f(x) agrees with the actual form 
of the vibrating bar, the more will the value of p 2 approach 

(Vr+V'/V T,. 

Moreover, the frequency remains stationary for small deviations from 
the actual "typo. Hence, if p l and p 3 be the two values of the fre- 
quency, obtained from the equation (9) or (10) and (11) respectively, 
we have 1 very approximately 


and 



V', 

t; 


P 4 =?>i 9 +Pa a 


(13) 
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9. Assume as an example that 

••• <u) 

where m is a variable parameter whose value is to be determined from* 
the fact that the value of the period given by equation (12) should be 
a minimum. 1 Let us now calculate the values of V /, and T^, 

Since the mean values of 

co$*(pt+e) or sin 4 (p£+c) is we find 

a 

# 0 

a 

= , | a , + 

0 

+ (9m 4 — 6m)a 4 .c 4 —9 m 4 # 6 

= p< ^ 4* (27)ii s + 42m +35) 

4 • 105 

a 

y<l, 

o 

3EA; 9 aAj „ 

= 

a 5 

a 

{*+'»({ )*}** 

o 

=f |^5 (15m * +42,W+35) 


1 See remarks by Mr, R. V. South well in the paper M Vibrations of a Spinning 
Disc” 
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As a partial verification of the above results, let us make n=2 in 
equation (9), so that 


=6w a . 

r JJhe corresponding value of 6® is 12, the series S l (u;) terminates at 
the second term and 




so that 


-!f. 


Substituting this value of m in the expressions for V f and T 7 found 
above, wo see that 


y 



p(j)*aa 


and 


so that 




=6w®, 


which is the same as that obtained from equation (9) by putting »= 2. 
To return to our general case, we have 


v J.V' - P u>>aa 


(27»i*+42m+35)+ 3 -*- 


m* 


and 


p<i>*gq 




P* = 


^•(27m» + 42m +35) + J ^ r “ m 


g(15m‘+42m+35) 





JYQTULMAYA 0HQSH 


If for brevity, yo put 


A=TToP w * a + 


3Efc 2 

a 9 


B=yfrf>u>*a, C= T 1 ^po)*a 

A/ = T»P a J B /== toP®» 




K 


C W*P«J 


(15) 

f 


we get 

Am* +Bni+C 
^ “ A'm*+B'm+C' 

We have now to find m in order that the values of p 4 may be 
stationary. The corresponding values of m are given by 

(AB , -A , B)m»-2(AC , -A , C)m+BC , -BC'=0 ... (16) 

and the values of p 5 by 

(A'C'—- iB' 2 )jp 4 — (C'A+ A'C— J-BB')p* 

+A0— J-B*=0 ... 17) 


The values of m and p* may bo calculated when the values of the 
constants (15) are known, and the true value of the frequency will be 
obtained, if the assumed form (14) is appropriate. 


IIT. Rotating Circular Ring. 


10. We assume that a circular ring of ^radius a and small cross- 
section, rotating in its plane with constant angular velocity o>, is vibrat- 
ing transversally, the displacements boing perpendicular to the plane 
of the ring. If p x arid p % be the values of the frequency in the two 
extreme cases, viz, } (1) when the flexural forces are negligible and (2) 
when the angular motion is negligible, then, according to our observa- 
tions in Art. 8, we have very approximately 


P* =Pi *+*>.*• 


It is known 1 that, when the rotatory inertia is neglected, the value 
of p % a is given by 


a— »*(n* — 1)* 

8 4ma* n* + l+<r 


(18) 


where c is the radius of the cross-section, m the mass per unit length 
and n is any integer. 


1 Love, Elasticity, Art. 293 (b) or Michell, Messenger of Mathematics, XfX, 1880 
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We proceed to find p 1 . 

11 . Taking the centre of the ring as origin and (a, 0) the polar 
co-ordinates of any point on the circumference, we have, assuming the 
stress-system to consist of a longitudinal tension only, 


— - 00 -f pw a a=0, 
a 


whence 


T^(=6*0) =po) s a a 


(19) 


The equation of motion is accordingly 



The solution of this equation is 

v=A cos (nO+p) cos (j^t+t) 


where 


A *- 1 


Pi* 


(i) If the point 0=0 of the ring is relatively fixed, we have 
r=A sin p8 cos (p x t +c). 

Since, in this case* v=0 when 0= 2s?r, s being any integer, we have 

sin 2p’7r=0, 


so that 2/*= 


h 


lc and 8 being any integers and 




• M 


( 22 ) 
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(ii) If two diametrically opposite points, 0=0 and 0=ir, are fixed, 
wc must have 

sin /«r=0 

so tliat 

/a = 5, any integer, 

and 

Pi-SW 

(iii) If tha ends of a quadrant, 0=0 and 0=-?-, are fixed, we 

2 

have 

sinf=0 

and 

p l = 250 ), 

where s is any integer. 

27T 

(iv) Generally , if the ends of the arc, 0=0 and 0="- , are fixed, 
then 

27 r n 

si n u ~*=(J 

n 

whence 

j) l s w, 

s being any integer. 

The solution (18) for refers to a complete ring. Hence the 

corresponding solution for may he taken from (22), and the period, 

when both the angular velocity and the flexural forces are taken into 
account, will then be given by the equation 

P 9 =Pi'+Pi*- 

The results in (ii), (iii), (iv) give very simple relations between the 
angular velocities and periods of free transverse vibrations of thin 
flexible rotating arcs of any angle clamped at the extremities. 



Geometrical Kepresentation of Equations 
of Conics for Complex Variables 


By 

Manujanath Gitatak 
Chapter I 

§1. The necessity for the introduction of four -dimensional space . 

The geometric representation of an analytic equation in ,e and y is 
ordinarily obtained by the admission of only real values for the 
variables .c and y. The imaginary or complex values have no place 
there, and where two such equations have imaginary or complex 
solutions, we get no points in which the corresponding geometrical 
figures intersect. Hence we get the phenomenon in Conic Sections of 
a straight line and a conic sometimes intersecting and sometimes 
not intersecting, whereas the analytical equations always have solu- 
tions. In the latter case we say, to bring the geometrical phenomenon 
in line with analytical results, that the line intersects the conic in 
imaginary points. What is really the case is that there are no points 
common to the line and the conic. 

The anomaly arises out of the fact that the roots of an equation 
with real coefficients give rise to numbers which are not always real. 
The Argand’s diagram gives us a method of representing all these num- 
bers in a plane, and the totality of these numbers covers up the entire 
two dimensional plane region. The real numbers as well as the purely 
imaginary numbers are but particular cases of complex numbers 

Since for the adequate representation of a single complex variable X 
we require a plane or a space of two dimensions, the adequate represen- 
tation of two complex variables X & Y would require two planes in a 
space of four dimensions, having a common point at the origin. 
The four coordinate axes will lie two and tw r o in the two planes. In 
each plane there are an axis of reals and an axis of imaginaries wdiich 
are at right angles to each other. All the coordinate axes may be at 
right angles to one another, but w ? e may have sometimes to deal w'ith 
oblique axes. It should be remembered, however, that the axis of 
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imaginaries is necessarily at right angles to the axis of reals, but the 
angles between the axes in X-plane and axes in Y-plane will not always 
be right angles. In the case of equations to the Conic Sections, if we 
admit of complex values for the variables and substitute for x 
and y+t'8 for y, a single relation connecting x and y will be equivalent^ 
to two relations connecting a. /?, y and 8, which are obtained by equating 
the reel and imaginary parts separately to zero. Hence we obtain 
that the equations really represent surfaces , whose sections in the plane 
of reals are what we ordinarily consider to be their geometrical inter- 
pretation. In reality, therefore, the equations to the straight line and 
the conic represent something more than the line or the conic in the 
real plane. They represent Surfaces, and if the liue and the conic in 
the real plane have no points of intersection, and still wo can find 
solutions to the equations, we conclude that the surfaces intersect in some 
points outside the plane of reals. 

As an illustration, let us take a case where the solution for one of 
the variables is purely imaginary, and see whether a three-dimensional 
space will give a geometrical solution. 

Let the equations be .» * -f y 2 = -25 and .• = +(*. When | .« | <5 the 
solutions are real and the circle and the straight line in the real plane 
intersect iu two points. 

When i.u 1=5, the straight line touches the circle, and when ;e|>5, 
there are no real solutions and the straight line and the circle do not 
meet. 

In the i^eal-imaginary plane, on the other hand, the curves are the 
hyperbola a- s —y a =25, and the straight line .t = +c; and when J.r |>5, 
the straight line and the hyperbola intersect in two points ; when 
| aj|=5 they touch, the point of contact being the same as m the 
previous case, and is the common point of the circle and the hyperbola. 

In each case, the points of intersection are those in which the 
surface x* +y a =25 intersects the surface x=+c 9 the point of contact 
being the point whore a = + 5 intersects a ! +y*=25. Where the 
geometrical solutions were unavailable in the real plane, they were 
obtained in the real-imaginary plane. 

Similar arguments apply with regard to the equations x*+y a —2 5 
and y=+c, the alternative plane of solution being the imaginary-real 

plane. The equations ^+8^=1 and t=+c or y=+d are also of 
a % b — — 

the same nature. The critical value in the case of *= «f<? is | x |=ff, 
and the alternative plane of solutions is the real- imaginary plane ; in 
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the case of j/= +d the critical valuo is j y | =6, and the alternative plane 
the imaginary -real plane. Similar considerations apply with regard 
to the equations y* =4 a a and ,c=r, the manifestation of the surface 
in the real-imaginary plane is y ■ + 4a;r=0 and the critical value is :c=0. 

In all these cases, we have deliberately chosen the equations in such 
a way that a three-dimensional space su dices to show all the points of 
intersection, This mode of representation has helped to show that 
the curve in the real plane is not the whole of the surface represented 
by the second degree equation, and that there are other planes where 
we also get curves of intersection. It is difficult, however, to get an 
accurate conception of a surface in four dimensions ; we can study only 
its curve-sections, and imagine that the surface is made up of all these 
curves. We should remember, however, that not all planes give curves 
of section, and we shall have to choose our planes in such a way as 
to make this possible. We shall show later, that in the case at least of 
equations of first and second degree, a single infinity of planes may in 
all cases be obtained where we get curves of section, and that the 
totality of all these curves represents the entire surface. 

§2. The piano in four dimensions. 

1. The most yeneral eqnatitns. Solid of the first degree. 

When the equation in four dimensions is of the first degree, we 
might call it a solid of the first degree 

The most general scheme of transformation of coordinates may be 
written. 

tt'==n l rt+& 1 /3*f c t y+ d x ^+e x 

8'=/i 4 a+6 4 /J+ *yy+rf*8+e 4 

and by its aid any equation of the first degree may be transformed into 
8=0, We might, therefore, get a. conception ol a solid of the first 
degree from the equation 8=0 which embraces a three-dimensional 
Euclidean space. Any equation of the first degree would then be the 
analytical equivalent of the solid being given any -.desired positions in a 
four dimensional space. 

We shall now’ prove that a plane in four-dimensional space is given 
by the intersection of any two equations of the first degree in four 
variables. 
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The scheme of transformation given above would give a correspon- 
ding system of new axes. By this transformation any two equations 
may be reduced to the form /i'=0, 8'=0 which is a coordinate plane in 
the new system of axes. Hence the original equations must also 
represent this plane, and wo get that any two equations of first degree 
in four variables represents a plane. f 

We shall now proceed with the problem of finding out this plane 
geometrically. 

The general equations of a plane in four dimensions may be written, 


la + m/3 + ny + p8 = a 
Va -f -f H r y+p'$ = b. 


(A) 


By eliminating and 8 in succession between the two equations we 
can reduce them to the form, 


j8=ua + cy+e (i) 

8=6a + dy-f/ (it) 


(X). 


A special advantage of writing the equations in this form is that a 
(1—1) correspondence is established between the possible planes in a 
four-dimensional domain and the equations obtained by varying the 
constants. Such advantage does not belong to the equations (A) where 
all the variables are present in both. The same plane may, in that 
case, be represented by different pairs of equations. 

Since with every change of the constants of the equations (X) a new 
plane is arrived at, and there are six of these constants, the number of 
planes possible in four dimensional space is six-fold infinity. 

Turning now to the equations Ave see that (%) represents a plane in 
three-dimensional geometry (this is really the intersection of the two 
solids of the first degree fi=aa+ cy 4 * e and 8=0), Thus the solid (*) 
passes through the plane p=aa+cy+e in (a, /?, y) space. Again (/V) 
is a solid whose section by 8=0 is the plane in three dimensions 
6a+dy+/=0. Now in (a, /3, y) space j3=a a-f c]y+c and ba+d y+/=0 
together represent a straight line , which being common to the two 
planes is common to the two solids (i) and (n). Hence the plane (X) 
has this line lying on it. 

So much for the (a, /i, y) space. In (a, y, 8) space, similarly, we 
get the planes of, section to.be a a-f-c y+c=0 and 8=&a+d y +/ and 
these determine by their intersection a straight line which is common to 
(t) and (u) and, therefore, to the plane (X). 
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Now these straight lines have the point given by a a +c y+c=0 and 
ba+d y+/=0 in the plane of reals, common. Hence these are coplanar 
and as the surface of intersection of two solids of first degree has been 
shown to be a plane, the equations (X) are the analytical equivalent 
of the plane defined by these two straight lines. 

We might, however, show that every point in the plane determined 
by these two straight lines lies on both the solids and, therefore, on 
their surface of intersection, and thus get an alternative proof of the 
fact that the intersection of two solids^of first degree is a plane. 

To show that the 'plane determined by the line b a+d y -f/ = 0 and 
a a + cy + e in (a, ft, y) spare, and the line a u + c y+e=0 and 8=6 a-f" 
d y+f in the (a, y, 8) spare, is the surface of intersection of (i) (ii). 


Let 0 1 X 1 and be the straight 

lines. Then if (a, ft', y, 0) be any 
point P on 0 1 X l and (a", 0, y", 8") any 
point Q onOjY, any point, R on PQ 
will be given by (a'+Aa", ft’, y' + Ay", A 8"). q 



x. 


But if P tfe Q lie on both the solids, the point R will also lie on 
them, and hence on their surface of intersection. But by varying the 
points on the lines 0 1 X l and O l Y 1 and A, we can make R coincide with 
any point in the plane; hence the plane X 1 0 1 Y 1 lies altogether on 
the surface of intersection of (i) & (ii) ; or the two coincide. 


§3. The planes of e i amination 

We now pass on to notice some of the most important particular 
cases of planes in four dimensions. 

Where one of the two equations defining the plane contains two of 
the variables (a and y), and the other, the other two (/? and 8) we get 
what may be termed a plane of examination. 

The equations might bo written 


y=zma+c...(iii) 

8—m r p+d.'.(iv) 


... 00 


We now proceed to a geometrical consideration of these equations 
in defining the plane formed by them. 
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Let us take two planes, the veal and the imaginary, and draw in 
them the straight lines 



Plane of reals Plane, of imaginaries 

which have the given equations (in) & (iv) and which are really the 
sections of the solids (in) and (iv) by these planes. 


Definitions 

The real and the imaginary plane together may he called the basic 
planes. 

The complex point (a y-f/8) determined by the points (a, y) 
and (ft, 8) in the real and imaginary planes is said to b e formal by 
their association. The points in the basic planes may be termed its 
components . 

The plane formed hy the association of a tine in the real plane and a 
line in the imaginary plane is that defined by lines drawn parallel to 
them through the complex point formed by the association of a point 
on the real line of association and a point on the imaginary line of 
association. 

These lines of association are, oi‘ course, at right angles. 

Analytically, the equations to this plane are given by (in) and (iv) 
together, for these two together represent a plane. And the (a, y) 
coordintes of the plane satisfy (Hi) and the (£, 8) cordinates satisfy (iv). 
Hence both (in) and (iv) pass through this plane, which therefore must 
coincide with their plane of intersection. 

Hence we obtain, that there is only one plane formed hy the asso- 
ciation of a line in the real plane and a line in the imaginary plane. 
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We now prove some important propositions with regard to these 
planes of examination. For convenience the word “ plane ” in what 
follows will mean a “ plane of examination.” 

Proposition I 

Two planes will interest in the complex point formed by tho asso- 
ciation of the points of intersection, in the basic planes, of the lines of 
association of the planes. 

This follows from the definition of the planes. If B & D he the 
points of intersection of the lines of association, the complex point 
(B, D) formed by the association of B <fc D, lies on both the planes aud 
is their point of intei'section. 

Hence it follows that two planes will, in general, intersect in only 
a single point ; for the lines in the basic planes intersect in only a 
single point unless coinciding. 

Proposition II 

Two planes are parallel when they are formed by the association of 
lines which are parallel straight lines in their planes of reference. 

Definition of parallel ism 

Two planes are parallel when the line at infinity of one coincides 
with the line at infinity of the other 


V 



Plane of reals . of imaginaries. 

Let (AB, EF) and Cl), GR) be the two planes and AB be parallel 
to CD and EF to GH. By Prop. I the point of intersection is the 
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complex point formed by the association of the points at infinity along 
AB & EF. 

• • 

If we draw the plane of examination 
(AB, EF) having as origin a point O' 
fanned by the association of a point on 
AB and a point on EF, the complex 
point of intersection will bo that deter- 
mined by a point at infinity along A'B' 
and a point at infinity along E'F' 

(these being lines parallel to AB and E 
EF through O'). But these coordinates 
do not define a single unique point but — qF jv g/ 

an infinity of points infinitely distant and lying on the line at infinity. 
Hence the points of intersection lie on the line at infinity on (AB, EF). 
Similarly they lie on the line at infinity on the plane (CD, GH). 
Thus the two planes have identical lines at infinity i.t\, are parallel. 

Proposition III 

Two planes are also parallel when one pair of parallel lines of asso- 
ciation become coincident. 

This follows from the preceding proposition when we remember 
that the line at infinity includes points, one of whose cordinates is 
finite. [These, of course, are one or other of the two points at infinity 
lying on the axes]. 

Proposition IV 

Of the two systems of doubly infinite planes which pass through 
two different points, among corresponding parallel planes there is only 
a single pair which is coincident. 


P 

p 


Plane of reals Plane of iniaginaries . 

Let (a, p) and (a', ft) be the points through which the systems of planes 
are drawn. The corresponding parallel planes are those which have 
their axes parallel (i,e., are formed by the association of lines which 
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are parallel in their basic planes). Tn the case in which the parallel 
axes get coincident («.c., in the case of the plane (aa f , ) we have 
coincident planes. The plane of examination (aa/, )3j3') is common to 
both the systems. 

Proposition V 

Two planes will meet in a single point at infinity when one of the 
lines of association of one is parallel to that of the other. 

Prop. I gives us that the point of intersection is that formed by the 
association of the finite points of intersection in one basic plane, and a 
point at infinity in the other. When we draw one of the planes we 
find that the point of intersection is at infinity along an axis. 


Proposition VI 

If a lino of association of one plane coincides with that of the other, 
the two planes intersect in a line parallel to the coincident line of 
association. 


Y 




W; 



A 


/ 

/ 

/ 

/ 

/ 


/ 

i 


oi 


X 




E 



Let the coincident line of association he in the real plane and let it 
be AB, and let CD and DE he the imaginary lines of association inter- 
secting at D. Then Prop. I gives the points of intersection as those 
formed by association of every point of AB with D. 


Let us draw the plane (AB, CD), 
and let it have as origin 0, found 
in the usual way. Then in this plane 
the points of intersection will have the 
same ^-coordinate, and, therefore the line 
of intersection will be parallel to 0 I X, 
and lienee to the coincident line of asso- 
ciation AB. 




i x x 


Oi 


X, 
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The analytical proof is also interesting. Let the planes be 

y =wa+c, 1 y=ma+c, 

8=?a,/i+(i 1 , ) S—in a fi+d tl . ) 

The equations to the common lino of intersection are, 
y=wia+<% 1 

i 

8=w,j 8+</,, V 

&=m t f3+il a . J 

And the straight line is obviously one parallel to the line y=ma+c 
in the real plane, through the point (0, fl, 0, 8) where /3 and 8 are 
determined from the last two equations. 

§4. The plane of the first thyme 

We now come to another particular case oft lie general equations 
to a plane. It is furnished by the general eq nation of the first degree 
in two variables. 

The most general form of the equation of the iirst degree is y= 
mx+c. 

Splitting up the real and imaginary parts after substituting a -f i ft 
for , 1 ? and y+zS for y, 

y =md+c...(a) 

This shows that the equation whose manifestation is a straight line 
in the plane of reals is, in reality, a plane. We see also that it belongs 
to the class of the planes of examination. Such a plane is termed a 
plane of the first degree. 

Planes of first degree are, however, particular eases of the planes of 
examination. 

tor, from the equations («) & (b) we sec (a) that the lines of asso- 
ciation are inclined at the same angles to the coordinate axes in their 
respective basic planes, and {ft) that the line of association in 
the imaginary plane passes through the origin. These conditions 
doubly limit the possible number of planes and we get the totality of 
such planes to he only a two-fold infinity. The single equation in two 
variables to the surface also shows this to be the case. 

The two following propositions with regard to pianos of first degree 
are of importance. 
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Proposition A 

Equations of first degree in two variables which represent parallel 
lines in the plane of reals are really parallel planes meeting in a single 
infinity of points, situated altogether at infinity. 

Let us take the two equations 


y=m *’ + c...(r) 



For equation (c) the lines of association are, 
y=ma + r,^ 

8=?nj3. ) 

For equation (d) they are, 

y=M<I*f C r 
8=iuj3 

Since the planes have parallel lines of association in the real plane, 
and coincident lines of association in the imaginary plane they represent 
parallel planes by Prop. TII p. 180. 

The second part of the proposition is proved from the definition of 
parallel planes. 

A complementary proposition with regard to all other equations of 
first degree is given by, 

Proposition B 

In all other cases they represent planes having only a single point 
of intersection, which is in the real plane. 
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This follows from the fact that two first degree equations in two 
variables can only have a real solution. The proposition might also be 
proved by the theory of planes of examination by the help Prop. I 
p. 179. The lines in the imaginary plane pass through the origin ; the 
lines in the real plane intersect at a definite point. Hence the point of 
intersection is obtained by associating the definite point in the plafie 
of reals with the origin in the plane of imaginaries. Hence the point 
lies in the real plane, and is the intersection of the real linos of 
association. 

The plane of the first degree with complee coefficients 

We shall now consider the first degree equation in two variables, 
where the constants are complex quantities, and see what the equation 
represents under these circumstances. 

Let the equation be 


y — (A-f/B) i +C + ® 
or 

y + *8 = (A 4- iB) (a + ifi) + C + *1 1. 

Splitting up real and imaginary parts, 
yzz Aa — B/3 -f C, 

8=Bu+A/*+l>. 

Hence the plane belongs to the most general class though it is a 
special case and contains onty four constants. 

The section of this plane by the solid 8=0, is the straight line, 
y=Aa — B/J+C, | 

0=Ba + A/?+l)J 


in tho (a f /?, y) space. 

The direct ion*eosines of the line are proportional to 
A,-B, A*+B s , 

Since every line in the (a, /?, y) space is perpendicular to the 8-axis, 
the fourth direction cosine of the line is 0, 
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Hence the direction-cosines are proportional to, 
A,-B, A® +B®, 0. 

Similarly the section of the plane by y=0 is the line 

0=Aa-B/3+C,'I 
S=Ba + A/?+D, ) 


in the (a, /?, 8) space. 

The dilection-cosines are similarly proportional to, 

B, A, 0, A® -f B®. 

Hence applying ll' + mm' 4- nn+pp'=0 we see that tlie two charac- 
teristic lines are at right angles to each other. 

Hence, the same method as in the case of the most general equation 
gives the geometrical location of the plane. In this case the charac- 
teristic lines determining the plane are found to be at right angles. 
This will be of use in determining curve-sections of surfaces and solids 
in such a plane. 

§5, Applications. 

The ground having been thus prepared, wc shall now deni with the 
problem of the intersections of equations in two variables, where the 
solutions are not available in the real plane. 

Problem 1. 

To find the points or lines of intersection of the surfaces given ly 
,f ® + y®=0 and «®-f y®— u*=# 

Put 


;r=a+ij3, ?/=y-H*8, and the equations become, 

(a + ifi) * + (y + *8) * = 0. (a +*j8) f + (y+i«)*=a®. 
whence we get 

a* -/J® +y® —8® =0...(1) -) a 2 -p » +y® —8* =a® .,.(3). | 

aj3+y8=0...(2). ) aj8+y8=0...(4). J 

Equations (2) and (4) are identical, and we have a case of curve- 
intersection of the two surfaces, 
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(1) & (3) aro inconsistent together unless a*+y* and /3* +6* tend 
to become infinite, approaching each other in a ratio of equality. 

From (2) we have, 

— = ~~y - = h suppose... (5). 

y p 

This shows that a, /?, y, 8 must all be infinite for the points of inter- 
section. From (5) we find that the points at infinity where the curves 
intersect aro of the form (a+//3, ?’a— ft) or (X, iX) where X gets 
infinite along a particular radius vector given by the ratio of a and ft. 
Since, however, this ratio is indefinite, we have the case of a single 
infinity of points at infinity. Hence the surfaces intersect in a curve 
at infinity. We shall now determine whether these touch at infinity all 
along the curve. Tho sections in the real-imaginary and imaginary-real 
plane seem to suggest that this might he the case. 

Before doing so, however, let us develop a method of obtaining an 
infinity of planes where we may get curve-sections of the surfaces. 
Let us analyse the equations (1) & (2) viz, 

a* — /3 2 +y a — 8 s ~0..,(1) 

u/?-f y8=0...(2) 

(2) by itself denotes a surface, and the pianos obtained by giving to h 
all real values in, 


a 

y 


-8 

ft 


=*...(5). 


lie entirely on the surface. Hence the surface consists entirely of 
these planes, (which, it will be seen, are planes of examination). This 
is a case analogous to the generating lines of a ruled surface. They may 
be termed the generating planes of the solid. 

Thus the intersection of these planes with equation (1) will give 
the entire surface. The curves in these, in their totality, represent 
the whole surface. 

Now for a definite value of A*, the equations (5) represent two equa- 
tions. These two equations combined with (1 > give us three equations 
among the four variables. We have thus for their intersection a 
certain curve, and we proceed te analyse this curve and see what it 
geometrically represents, 
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In order to determine the section in the plane a=zky 8= — /,/?, for 
any value of A; the following artifice may be adopted. 



Plane of imaginaries, Plane of reals. 

The plane is formed by tlie association of the lines OA & OB in 
the real and imaginary planes whose equations are a=Ay, Ift. 

Take for axes the lines OA & OB which are at right angles to each 
other. A unit length along OA will have tlie coordinates, 

* 

k 1 

er + h > ’ y ~ v'i+f 

and a unit length along OB, 



In order to determine the curve in the plane our method will be to 
take any point (mi, mi') referred to these lines as axes, and then to 
express the original coordinetes in terms of m & The substitution 
of these in the given equation will give us a relatiou between m m 
which will be the curve required in the plane. 

The point (mi, m r ) in this plane has for its coordinates, 

Mil __ Ml 

°~ vT+a* ,y ~ ei+k* 




m' 

Vi+P 


, ~ m ' k 
b - x'l + *« • 
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and substituting these in equation (1) viz. 

a* •— /l* +y 8 — 8 s =0. 


we get 


m 2 k* , wi 8 _jm ,% k % __q 

i+I B 1+* 1 + i+F i~+& 8 ~* 


or 


i 8 — m' 8 =0. 


[We would have got the same result if we had substituted these 
values in ct # +^*=0, wheie a?=a +i/?, y=y-fi*8]. 

The equation obtained is independent of k and we see that in all 
these planes the section is the same ; viz the pair of straight lines 
wi 8 *— m ,8 =0. 

In the case of the equation .t*+i/ 8 =a*, we see in an exactly similar 
way that the section is the rectangular hyperbola, m 8 — m' 8 =«a 8 . 

Since the planes of examination in both these cases are identical, 
the two surfaces touch each other at infinity at two points in each of 
these planes, where the m & m f coordinates are in the ratio of equality, 
and, therefore, the .r & y coordinates are of the form (X,i‘X), or (/X,X\ 
This happens in all the planes obtained by varying fr, and as these 
planes, in their totality, contain the entire surface defined by the two 
equations, these touch each other all along the single infinity of points 
thus obtained ; i.e., they touch each other all along their curve of 
intersection. 

In the case of the equation .t* + y* = — a* the same process will give 
the section in the identical planes of examination to be wi*— m' 8 +a* =0 
and this represents the conjugate rectangular hyperbola, and the 
surface touches in the curve at infinity the other two surfaces. 

The same is true of all the equations of the form ,i , +y 8 =ra ,i 
obtained by varying a 8 , which are . concentric circles in the plane of 
reals and concentric rectangular hyperbolas in the single infinity of 
planes of examination a =fcy, 8= — ft/?. And we deduce that they all 
touch in their common curve at infinity at every point of which the 
x & y coordinates are in the ratio of 1 : L 
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Problem II, 

To determine the points and lines of intersection of the surfaces given by 
aj*.fy*=a 2 , and (x—h)‘* -f y* =&*, 

The equations become, when broken up into real and imaginary 

jferts, 

a* + y 2 -P 2 -8* =(t 2 — (T) (a-h ) 2 +y a -fP -8 2 =& a -(3') 

u/Hy8=0-(2') ( OL _7,)/i +y s = o_(4 , > 

The finite points of intersection might be obtained by solving the 

equations. For the points of intersection at infinity we shall adopt the 
analysis of the preceding example. 

^ ^ 

As before, the sections in the planes, = . =/.-, in the case of the 

y P 

^ ^ 

equations (V ) & (2') and those in the planes - = ^ — k in the case 

erf the equations (3') & (4'), are rectangular hyperboles whose asymptotes 
are in 2 —in' 2 =0. 

Now the planes a—ky, 8 = — Z/3 and (a— ft) = fry, 8= — kp are parallel 
(by Prop. Ill p. 180). They intersect in the line at infinity in their 
planes. 

[That the planes intersect in a line is also apparent from the fact 
that their equations are equivalent to the following three equations : — 
a=fry, a— A = fry and 8 = — kp.] 

The parallel asymptotes in the parallel planes, and therefore also 
the rectangular hyperbolas intersect in points at infinity which lie on 
this line at infinity. This happens in the case of the single infinity of 
planes obtained by giving fr all real values. Thus we obtain that the 
surfaces intersect in two finite points and a single infinity of points at 
infinity, or a curve at infinity. The coordinates of the points at infinity 
along the system of planes a = Zy. 8= — Ip are {A + /I3, i(A + /B)} where 
A & B have infinite values in any ratio : /. e. A + «B may become infinite 
along any vector. 

[We also see why there should be a curve of intersection of the 
surfaces, from a consideration of t lie equations. For the four equations 
are really equivalent to the three- — a=oo, a 2 — /J*+y 2 — 8*=0 and 
a/i+y8==0, a curve altogether at infinity]. 
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The problem is very similar in the case of the equations 


a a _/?* _ 8 . =a »_(l") (a- K )* .f (y — A*) a -/? 3 -8* =6* - (3'9 


j 

ajS+ySnO'— (2 ;/ ) ( a _7 t )y3 + ( y _A)S=0— (4") 


In the case of equations (1"; and (2") the single infinity of planes 

a 8 

- - = — zzh have curve-sections of the surface which are rectangular 

y P 

hyperbolas. The corresponding planes are parallel by Prop 111 p. 180 
and the asymptotes being parallel lines in these planes intersect in two 
points at infinity on the line at infinity on both. The curve-sections, 
consequently, intersect and the surfaces have points of intersection in 
each of the single infinity of planes obtained by giving /f all real values. 
Regarding the finite points of intersection the ordinary methods suffice. 
Combining all these we get. 

(i) The equations which in the plane uf reals are concentric 
circles, are surfaces which touch at all points on a curve at infinity 
whose y coordinates arc in the ratio 1:+*. These points have 
coordinates of the form [A+iB, +<(A+*B)] where A A B are infinite 
and different points are obtained by varying the ratio in which they 
become infinite. 

(ii) All equations representing circles in the plane of reals have a 
common curve of intersection which is the circle at infinity. Any two 
of these have, besides two finite points ofjntersection. 

And now we can see why it is that two circles can never intersect in 
more than two points, whereas two conics will generally have four 
points of intersection. The corresponding algebraical equations with 
which the circles have been associated have two finite and two infinite 
solutions, and the points corresponding to the infinite solutions are 
always outside the plane of reals. The finite solutions give rise to 
finite points and where these are real the circles intersect. But the 
infinite solutions give rise to the curve at infinity whose x Soy coor- 
dinates are in the ratio of 1: +/, and which is, therefore, absolutely 
outside the plane of reals. 

Two concentric circles can never intersect,— Vov the corresponding 
algebraical equations with which they are associated have two pairs 
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of coincident infinite solutions, giving rise to the circle at infinity 
twice. Hence these can have no finite points of intersection. The 
infinite points are outside the plane of reals. 

The following examples illustrate the method by which we can 
Jjjring to view the surface represented by the general equation of the 
second degree in two variables, the consideration of which will appear 
in the next Chapter. 


Problem TIT. 

To determine a single infinity of planes which intersect the surface 

iL-f?L=l in curves, and to find the equations to the curve-sections in 

a % 6* 

these planes. 

The first portion is solved by a method similar to the preceding. 
On separation of real and imaginary parts, the equation splits up into, 

1 

[■ —(A). 


a* — j8* , 

a 8 6* 


a P + L S =0 

T h* 


From the second equation we have our system of planes to be, 


V- 


a 




or 


y=ma, 




.1. j* 9 



To find the equation in this plane we take the lines of association y— 
in the real plane, and /3 =— 8 in the imaginary plane as our axes. 
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If (k 9 k') be any point in the plane 
with reference to these axes, the 
(a, ft, y, S) coordinates of the point are, 

CO 

* i 

lit 


k ink 

a ~ A > / i+m 2 ’ y ^1 +m* 

i 

ii 

<3. 




y=zma 

ma*k! 6 s k f 




On substitution of these values in the first of equations (A) we get 
the locus to be, 


k*__ V 3 _ _1_ 

a a 6*(l +m*) fc 4 +w , ce 4 m*a*+fc* 

We thus see that the sections are different in different planes. The 
aggregate of all these curves is the surface itself. Its manifestation 
in the plane of reals is what we ordinarily associate with the repres- 
entation of the equation. We see, however, that all the curves are 
conic sections. 

We take another problem to illustrate the case where the lines of 
association do not pass through the origin. 


Problem IV. 

To solve a similar problem in the case of the equation 2/ a =4a.c. 
The equation may he written, 

(y + ?*S)*=4a(a-f i|3) 

which splits up into, 

y* — S 2 =4aa) 

k.(A'). 

yS=2a/3 ) 

From the latter we get the equations of the planes of examination as, 
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and the lines of association in the real and imaginary plane are 
y=2 ah, /?=A:8. 



Plane of imayinaries . 

Let 0 L be the point where 
the real line of association 
intersects OY ; and (00 
(i.e., & formed by association 
of O <fe O t ), be tho origin 
of coordinates in our plane of 
examination. 

The point (in, m') will 
have its coordinates, 



Plane of reals, 


a =m, y=2 ak 


hn 1 m 

^i+T a ’ “ si+t 


Substituting in the first of equations (A'), the equation to the comple- 
mentary curve becomes, 

4a*Aj | — =4 am 

It n 
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or 


1 + &* 


= — 4 a(m— afc*) 


Transferring the origin to the point (aA s , 0) with reference to new axet, 
or to 

a =a& 9 , /?=0, y=2afc, 8=0, 

which is the point where O'L intersects the parabola in the real plane, 
the equation to the complementary parabola becomes, 


1 + &* 


zz—iam. 


This parabola meets the parabola in the real plane, and has its axis 
in the opposite direction. All points along O'L where m is positive 
are within the principal curve, and for negativa values of m the points 
are within the curve in the plane of examination. 
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(Received for publication on 1st May, 1923.) 

1. Introduction, 

In a paper published in the Proceedings of the Indian 
Association for the Cultivation of Science, Vol. VII, parts 
I and II, Mr. Panchanan Das has given an equation for the 
pressure exerted by the pianoforte hammer for the case when 
the hammer is rigid. He obtained the solution by the func- 
tional method of Kaufmann 1 considering the discontinuous 
changes in the pressure of the hammer due to the successive 
reflections of the impulse from the ends of the string. Prof. 
C. V. Raman and B. Banerji 2 obtained the solution of the 
same problem in a different manner by regarding the motion 
during impact as that of a loaded string. Mr. Das proceeded 
on a line similar to that given by Prof. Love 8 for the longi- 
tudinal vibrations of a rod struck at the end. 

The equation obtained by Mr. Das for the pressure 
exerted by the hammer is 

Fs^[ 0 ~ kct +e -^ cl - 2a) [ 

+e -k(ct- 4a) { 1 _2Jr(cf— 4<*)+ g (rf-4a)* j ... ] ... ’ (1) 


1 Aon. der Physik, Vol. 54 (1895). 

■ Froo. Roy. Soo. A-, Vol. 97 (1920). 

* Love's "Theory of Elasticity," p. 411, Art. 281 (2nd Edn.) 

1 
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where 

p=the linear density of the string 
?n=the mass of the hammer 
A=2p/m 

c=velocity of propagation of transverse wave on the string 
v 0 =the initial velocity of the hammer 
res the distance of the striking point from the nearer end 
t=z variable time. 

fle considered the total duration of contact of the hammer 
as divided up into a series of epochs determined by0<<7<2«, 
2a<ci <4a,4a<c/<6« and so on, so that each of these epochs 
corresponds to the time taken by a pulse starting from the 
striking point in returning to the striking point after reflec- 
tion from the nearer end. 1 Thus the pressures in the succes- 
sive epochs are 


F,=2pv 0 ce ht 


V t =2pv 0 c 

1 1 

"t 

I 

>7- 

+ 

1 

ct—2a) | | 



' 


<•1—2(1) | | 

1 


+.-* 

J— k) 

j — k) + (ct- 

*■')•} ] , 


It will thus be seen, that at the end of every epoch, the 
pressure increases by a sudden jump of magnitude fyv- 
Now wo can determine the amplitudes of the different 
harmonics if we know the nature of the force acting on the 
string. For if F be the force acting on the string at a point 
distant a from one end, then using the notation adopted in 
Art. 130 of Lord ltayleigh’s ‘Theory of Sound,’ Vol. 1, we find 

1 In his work Mr. Das considered reflection from the nearer end only, as the hammer 
leaves the string before the reflected pulso from the farther end Tenches it— a supposition 
Which is valid only for striking points near the ends. 
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that the amplitudes of the different harmonics are given by 

i. 

*,= JL Sin *?? IFSin ... (3) 

*ircp l I 

* 0 

where the integration is to be made over the whole duration 
of contact. Thus we can proceed to calculate the amplitudes 
of the different harmonics by substituting for F the value 
given by the equation. In the present paper it will be shown 
that the amplitudes of the different harmonics as calculated 
from the equation agree with those found experimentally. 

2. The calculation of the amplitudes of the different 
harmonics. 

In order to calculate the amplitudes of the different 
harmonics we have to integrate the pressure equation over 
the whole of the duration of contact of the hammer with 
the string. But as the actual integration of the equation 
involves considerable mathematical labour, a mechanical 
and graphical method was employed in the integration of 
equation (3) given above, which considerably simplified the 
calculation. The method followed is that given Mow. 

The pressures at successive epochs given by equation (2) 
arc plotted against time, thus giving the variation of pressure 
of the hammer with time throughout the whole of the duration 
of contact of the hammer— (the point where the curve cuts 
the axis of time gives the duration of contact). Now since 
the magnitude of the discontinuous change in the pressure 
exerted by the hammer is the same at the end of each epoch, 
the plotting of the pressure-time curve is much simplified by 
calculating the initial discontinuity and the pressures at the 
end of every epoch at which the pressure suffers a sudden 
discontinuous change, and joining the intermediate portions 
for which the pressure decreases continuously by a continuous 
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straight line. The error committed in this way is very small 
as the actual curve differs very little from a straight line. 
Thus, at the time /=o, the pressure suddenly increases to 
2pv 0 c, and then continuously decreases until the reflected 
pulse from the end arrives at the hammer which takes pl&ce 
at the time et=2a, when the pressure again increases suddenly 
by the same amount* viz., 2 P v 0 c. Just at the end of the 
first epoch, i.e., at the time et=2a, the pressure is F l =fyvo« , '* r ' 
and then suddenly increases by an amount equal to 2 P » 0 c, and 
again falls off continuously until the second reflected pulse 
reaches it, which takes place at the end of the time ct=4a, 
when it again increases discontinuously by the same amount, 
and again falls off continuously until the third reflected 
pulse reaches it, and so on, till the impact ceases. Having 
obtained the pressure time curve between the time /=o to 
the time when the curve cuts the axis of time, we proceed to 
calculate the value of the expression. 

/ 

</> . = — sin < ’~ tt | F sin 
rep / I 

0 


Now the expression inside the integral sign can be broken up 
into two expressions 


F sin n (t—t')dt' = |f sin vt cos lit’ dt 1 — F 


cos nt sin nt' df ' 


and taking sin nt and cos nt outside the integral sign, the 
expression for </>, becomes 


t 


t 



sin 



0 


F cos nt ' dt 1 — cos nt I F sin nt f dt 


j*F sir 



0 


(*) 
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Thus to caloul&te the values of <t>. we multiply each ordinate 
of the pressure-time graph by cos ntf and sin nt' respectively 
and obtain two new curves with these values as ordinates. 
The arOAs of these curves l)etween the origin and the point 
where they cut the axis of time give the values of the two 
integrals in equation (4). The areas of these curves were 
measured by means of a planimeter and the amplitudes of 
the different harmonics were obtained by putting s= 1, 2, 3, 
etc., respectively. In the numerical computation, those 
values of P ,v a ,c and i were used which were afterwards 
employed in the experimental determination described below. 
The calculated values of the amplitudes up to the tenth 
harmonic are given in Tables I and II for two different strik- 
ing points, viz., 1 / 10 and II 9. 

3. Experimental determination of the amplitude of the 
different harmonics. 

An experimental verification of the above results was 
attempted in the following way. A steel wire 150 cm. long 
was stretched over the bridges fixed on the table. The linear 
density of the wire was ’081 grm. per centimetre. A mecha- 
nical hammering arrangement was made by mounting a small 
solid brass cylinder at the end of a light pivoted shaft, which 
could be caused to impinge transversely on the wire. The 
effective mass of the hammer used was 20'5 grammes. The 
amplitudes of the different harmonics were measured by 
means of an observing microscope. l 7 or measuring the ampli- 
tude of the fundamental, the microscope was focussed on the 
middle of the string and the hammer was caused to strike 
at the points for which the calculations were made, viz., lj 10 
and i/9 respectively. To measure the amplitude of the octave, 
the microscope was focussed at i/4, and the string was damped 
at the middle immediately after the impact so as to stop the 
fundamental. Similarly, for other harmonics the string was 
damped at the corresponding node immediately after impact, 
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and observed at an antinode. The different amplitudes as 
measured by the microscope were then corrected for the 
amplitudes of other harmonics for which the point of 
observation is also an antinode. Thus from the measured 
amplitude of the fundamental were subtracted those of the 
3rd, 5th and so on ; similarly for others. In the following 
tables are given the observed values of the amplitudes of 
the different harmonics along with those calculated from 
the equation for two different striking points, vis., 1/iO and 
1/9. The measurements were made up to the tenth harmonic 
for both the striking points. 


Tabt.e T. 


Striking point at I I 0. 


HarmonirM. 

1 

1 

1 Olmervetl 

, amplitudofl. 

Cnli'uliitt'il 

uinplitntU's. 

Fundamental 

•:1700 cm. 

•3075 cm. 

Octave 

•n:,ss .. 


Third 

•DM „ 

•0-133 

Fourth 

■ 01:10 „ 

•0131 

Fifth 

■0078 „ 

•0070 .. 

Sixth tM 

•0100 .. 

•0147 

Seventh 

•0020 

•0022 „ 

Eighth 

•0157 „ 

•0173 .. 

Ninth 

•00112 „ 

•00128 

Tenth 

•o „ 

•o 
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Table II. 

Striking point 1/9. 


Harmonica. 1 

i 

Observed 

amplitudes. 

Calculated 

amplitudes. 

r 

! 

Fundamental ... ... ... ; 

•4240 cm. 

•4322 cm. 

Octavo 

•0345 „ 

•0365 „ 

Third 

•0107 „ 

•0173 „ 

Fourth 

•0217 

•0240 „ 

Fifth 

• 0040 

•0043 

Sixth 

•0020 .. 

•0027 „ 

Seventh ... ... ... i 

•0071 

•0068 ., 

Kighth ... ... ... | 

•0020 

•0023 „ 

Ninth 

•0 

•o 

Tenth ... ... ... 

•0022 

•0025 ,, 


4. Variation of the amplitudes of the different harmonics 
with the striking point. 

In order to tost the equation more fully, the amplitudes 
of the fundamental were determined for different striking 
points along the string both from the equation as well as 
experimentally. Theoretical calculations were made for seven 
different striking points along the string, viz., V 15, ?/10, 1/ 9, 
i/8, i/7, i/6 and i/5. Beyond the point i/5 the equation does 
not hold good, as the reflected pulses from the other end 
arrive at the hammer before it leaves the string, of which 
no account is taken in Mr. Das’s equation. Experimental 
determination was made up to the point /. 5 of the string at an 
interval of 1 cm. The result is shown graphically in Fig. 1. 
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H?. I 



The dotted curve gives the theoretical results whilst the 
continuous curve represents the experimental values. In 
Figs. II and III are given the curves showing the amplitudes 
of the octave and the third harmonic; for different striking 
points along the string up to the middle point obtained 
experimentally. The ordinates are the amplitudes, and the 
abcissae are the distances of the striking point from the end. 
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■). Conclusion. 

The very close agreement between the observed and the 
calculated values as seen from the above tables is a very 
good confirmation of the equation . It is also seen from the 
above tables that the observed amplitudes are always less 
than the calculated ones, a fact which follows from theoretical 
considerations. Tor, some amount of dissipation of energy 
takes place in the system of which no account is taken in 
Mr. Das’s theory. Moreover some allowance must be made 
for the fact that a certain time elapses, however small that 
may be, between the striking of the hammer and the measure- 
ment by the microscope, the effect of which is to lower the 
observed values. 

It is seen from the curve showing the variation of 
amplitudes of the fundamental with striking point, that neai 
about the point 111 the amplitude of the fundamental is a 
maximum. Now in an actual pianoforte the choice of strik- 
ing point is generally made at about the -same point, ciz. I 7. 
This may be due to the fact that the amplitude is a maxi- 
mum at this point. The reason for this fact is that beyond 
this point the sin id' and cos ul' terms in the integrals 
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change sign and so a part of the curve comes on the negative 
side of the time axis. At this point the value of the duration 
of contact becomes nearly fth of the period of the string. 
The position ot the striking point for which the amplitude 
of the fundamental is a maximum also depends on the mass 
of the hammer. As the weight of the hammer increases 
the point of maximum is shifted towards the end. 

The rapid recovery of the amplitude of a harmonic as the 
striking point is moved away from one of its nodes is markedly 
shown in the results of the investigation. 

The calculations have been made up to the point i/6, for 
beyond this we have to take into account the reflections from 
both ends which I hope to do in a later paper. 

Further investigations as to the duration of contact and 
the effect of elasticity of the hammer are now in progress 
and will be given in a later paper. 

The investigation here described was carried out in the 
Palit Laboratory at the University College of Science at the 
suggestion of Prof. C. V. Raman, Palit Professor of Physics, 
and the author is indebted to him for the unfailing interest 
he has taken during the progress of the work. 

University College oe Science, 

Department of Physics, 

92, Upper Circular Road, Calcutta . 

1st May, 1923. 



VIII. On the Temperature Variation of the 
Electrical Conductivity of Copper and 
Iron fused with Mica. 

By 

K. R. Ramanathan, M.A., 

Assistant Lecturer in Physics, University College, Rangoon. 

Three years ago, there was published in the Philosophical 
Magazine 1 a paper by A. L. Williams and Miss Mackey 
containing the results of some experiments on the electrical 
conductivity of mixtures of copper and iron with mica. The 
most remarkable feature about them was the very large 
variation of conductivity with temperature. 

In Part B of the above paper are given the resistances 
of two samples each of copper-mica and iron-mica mixtures 
as measured by Miss Mackey. In all these, I find that the 
variation of resistance with temperature is expressed over the 
whole range of the experiment with a fair degree of accuracy 
by means of either of the formula' 



R = PT - V* V T 

... (1) 

OP 

H=P 1 T~ 1 “ 

... (2) 


where R= resistance of the sample 

T=temperature measured on the absolute centigrade 
scale and P, Q, P lt Q„ are constants, 


• Phil, Mng., Vnl, XL, 1920, p. 2H1, 
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Taking logarithms, 

Hu, H + H,« T = Ug xn v + 2 4 ?1 , 

and 

t 

hi, K + J Hui T = h, hn 1\ 

The quantities %,,, R + /.«/ T and %,« R + i W, n T are 
plotted against in graphs 3 to 0, and the graphs are straight 
lines. 




VARIATION OF RU/TRTOAT, OOXRTTCTTVITV 


1 



(The graphs have been given the same numbers as in 
Miss Mackey’s paper.) 

Since the samples used were irregular, their specific 
resistances could not he determined and there is no significance 
in calculating the values of P and P,. In the following table 
are given the values of Q and Q., for the different specimens : 


Specimens. 

! 

• v p« j 

.1 


Q» 

flu-mica l 

i 

.Vi i 

.. ~ j 

127 x 10 :i 

1- 13x10- 

i 

flu-mica If 

43 

2- 03 x 10' 

j 2-36x10' 

Fe-miea T 

i 

3-7 

1-50x10' 

1-30x10- 

Fe.mica II 

40 

4-01x10" 

3-78 x 10' 1 




1 

L _ . 
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It will be noted that Q and Qi show a decrease with 
increasing metal content in Cu-mica and an increase with 
increasing metal content in Fe-mica. 

Theoretical. ' 

— l Q 'T 

The expression K=PT <• can be put into the form 

<t = P T o H where > r is the conductivity of the sample. 
This is of the same form as the expression for the variation of 
the number of thermions in equilibrium with a metal in a 
vacuous enclosure 


»=AT X _ftT (1) 

where x is a constant which may be given any value between 

0 and -5 without appreciable difference (0. W. Richardson: 

Emission of Electricity from Hot Bodies, Chap. III). Assum- 
ing the concentration of free electrons in the mixture to vary 
in a similar manner with temperature, we can calculate the 
variation of conductivity with temperature. On the electron 
theory of metallic conduction, 

n e*lv 
a oo — qr 


where 

?i=n umber of free electrons per unit volume 
r=rnot mean square of the velocity of electrons 

/=mean free path of the electron 
and 

csselectrnnic charge 
Since 

. oc T 1/2 


tr oc 17 c * /'T* 
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If we assume that l is independent of temperature, and n 
varies with temperature according to equation (3) 


ml- J - 6/T 

it oc r 2 r 


If 


\= 3/2 


>t ot T 


- 6/T 


anil if 


\= 1 . 


Since writing the above note, there has appeared in the 
Journal of the Franklin Institute a paper on the “ Resistivity 
of vitreous materials ” by L. L. Holladay where the author 
has put forward the same type of formula to explain the 
variation of the resistivity of a number of specimens of glass 
with temperature. It is of interest to compare the values of 
Q for the glasses and the metal-mica mixtures. The values 
calculated by Holladay for the glasses range for different 
specimens from 9*37 X 10' to 1/30 X 10’ and are thus of the 
same order of quantities as those calculated for the metal-mica 
mixtures. 




X. The Diffraction of X-rays in Liquids, Liquid 
Mixtures, Solutions, Fluid Crystals 
and Amorphous Solids. 

By 

0. Y. Raman, M.A., H.Sc. (Hon.), 

Palit Professor of Physios, University of Calcutta , 

AND 

K. R. Ramanathan, M.A., 

Assistant Lecturer in Physics , University College , Rangoon' 


Contents. 

1. Introduction. 

2. Comparison with the optical scattering problem. 

•3. X-ray scattering at very small angles with the primary beam. 

4. Explanation of the X-ray diffraction -halo of liquids. 

ft. Analysis of molecular positions in a liquid and in mixtures and 
solutions. 

6. Calculation of the intensity of X-ray scattering. 

7. Comparison with observations. 

8. Liquid crystals. 

lb Amorphous solids. 

10. Summary and conclusion. 

/. Introduction . 

When a narrow pencil of homogeneous X-rays passes 
through a thin layer of liquid and is received on a photographic 
plate, it is found that with a sufficient exposure, besides 
the central spot given by the uudeviated pencil, there appears 
on the plate also a circular diffraction halo surrounding the 

1 A preliminary note in which the theory developed in this paper was indicated 
appeared in “ Nature,” Feb. 10, 1923, p. 185. 

3 
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centre and separated from it by a relatively clear space. This 
somewhat surprising observation was made by Debye and 
Scherrer' in the course of their work on X-ray diffraction. 
The same result has also been obtained in some recent X-ray 
studies by Hewlett 2 in which the ionization method was 
employed. Keesom and Smedt 3 * have also studied the pheno- 
menon in the case of several liquids by the photographic 
method and find that in some cases there is a weak second 
halo outside the first and even the suspicion of a third. 

The behaviour in this respect of the special class of 
substances known as liquid crystals and studied by Lehmann 
and others is obviously of much interest. At the suggestion 
of Prof. Debye, observations were made by IfUckol 1 with 
several of these substances, particularly with p-a/.oxyanisol 
and cholesteryl-propionate which were studied in (1) the 
solid crystalline, (2) the liquid crystalline, and (li) the liquid 
isotropic conditions. In the solid crystalline state, several 
sharp rings similar to those of other crystal powders were 
obtained, but remarkably enough, there was no notable 
difference shown by the photographs obtained with the isotropic 
and crystalline liquid states. In both cases a single diffraction 
halo appeared as in the case of ordinary liquids. It may also 
be mentioned that observations by Preidrich 5 on the scattering 
of X-rays by wax and other amorphous solids and by Jauncey " 
on the scattering by glass similarly show a maximum at a 
considerable angular distance from the undeviated pencil. It 
thus appears that in the three cases of an isotropic liquid, of a 
liquid crystal, and of an amorphous solid, we have essentially 
similar phenomena exhibited. 


1 Nachricliten (lottiiigcii, 1919. 

* C. W. Hewlett: Physical Review, \X, 1922, p. 9NH. 

s KeeBom and Smodl: Pwc. Hoy. Sou. Amsterdam, XXV, 1922, p. US, ami XXVI, 
1923, p. 112. 

* Hiickel, l’liys. Zoil, 1921, p. 591. 

5 Freidrich : Phys. Zeit, 14, 1913, p. 3J7. 

* Jauncoy j Pliys. Review, XX, 1922, p. 400. 
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From the survey of the literature, it would appear that 
no satisfactory explanation of the appearance of the diffraction 
halo in these cases has so far been put forward. One view 
that has been suggested 1 * is that the halo might be a diffrac- 
tion-effect arising from the finite size of the molecule or the 
co-operation of the different atoms in it. This suggestion 
however must be negatived in view of Keesom and Smedt’s 
observation that a liquid like argon which presumably has 
monatomic molecules shows the phenomenon in much the 
same degree as substances with more complex molecules. 
Another view that has been put forward by Hewlett 8 is that 
ordinary liquids possess something resembling crystal structure. 
The idea that in a liquid there arc large groups of regularly 
arranged atoms is also put forward by A. H. Compton 3 in his 
recent report on X-ray scattering, when referring to observa- 
tions by Hewlett and Duane. These hypotheses by Hewlett 
and Compton appear to us to be somewhat artificial; they 
have obviously been introduced in order to explain the observed 
effects, but lack independent justification. Keesom and Smedt 
have attempted to interpret their results as due to the inter- 
ference of the effects of two neighbouring molecules, using 
for this purpose a formula proposed by Ehrenfest. Their 
theory, however, appears to us inadequate The essential 
features of the phenomenon are the region of the relatively 
very small iutensitv of scattering surrounding the central spot, 
and beyond this a moderately sharp diffraction-halo, having 
a much greater intensity than the scattering at large angles. 
Neither of these features is indicated by Ehrenfest’s formula. 
To make the point clear we give below in Fig. 1C the curve 
of intensity for benzene reproduced from Hewlett's paper, 
and in Fig. 1A for comparison with it a graph of the intensity 
calculated from Ehrenfest’s formula. It will be seen that 

1 Debyo : poforroii to by ffuckol. 

5 hoc. cit . 

a Bulletin, National Research Council, V. S. A., No. 20, p. 14. 
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there is little in common between them. Finally we should 
mention an attempt which has been made by L. Brillouin ' to 
explain the phenomena of X-ray diffraction in liquids and 
amorphous solids on the basis of the quantum theory of 
specific heats. We give in Fig. IB a graph of the intensity 
in different directions drawn from his final formula. It will 
be seen that it bears no resemblance whatever to the observed 
result given in Fig. 1C. 

We propose in this paper to approach the problem from an 
entirely different standpoint. In a series of publications 2 that 
have appeared in the course of the last two years, the authors 
and their co-workers have discussed the optical problem of the 
scattering of light in liquids under various conditions and 
shown that the experimental evidence amply confirms the 


1 Annalea de Physique, Jan -Feb. 1922, pp. 88*122. 

2 1. Notes by C. V. Raman in Nature, November 10, 1921, and several subsequent 
issues. 

2. “Molecular Diffraction of Light " by C. V. Raman, Calcutta University Press, 
Febrnary, 1922. 

3. “ Tho Molecular Scattering of Light in Water and the Colour of the Sea” by 
C. V. Raman, Proc. Roy. Soc., April 1922, pp, 01-80. 

4. “The Molecular Scattering of Light in Vapours and in Liquids and its Relation 
to the Opalescence observed in the Critical State" by K. R. Ramanatbnn, Proc. Rov. Soc., 
Vol. 102, 1922, pp. 151-101. 

5. “The Molecular Scattering of Light in N-pentano” by K. Vonkatoswnrnn, Trans 
Chem. Soc., Vol. 121, 1922, p. 2655. 

0. “ The Molecular Scattering of Light in Liquid Mixtures ** by C. V. Raman and 
K. R. Ramanathan, Phil. Mag., Jan. 1923, pp. 21 3-22 1. 

7. “ Tho Molecular Scattering and Extinction of Light in Liquids and the 
Determination of the A vogadro Constant ” by C. V. Raman mid K S. Rao, Phil. Mag, 
March 1922, pp. 635*640. 

8. “ Electromagnetic Theory of Scattering of Light in Flnids ” by K. R. llama- 
nethan, Proc. Ind. Assn, for the Cultivation of Science, Vol. VIII, Part I, pp. 1*22. 

9. “The Visual and Photographic Albedo of the Earth," by K. R. Ramanathnn, 
Astrophysical Journal, April, 1923. 

10. “The Molecular Scattering of Light in Benzene Liquid and Vapour” by K. K. 
Ramanathan, appearing in the Physical Review, 1923. 

11. “Tho Molecular Scattering of Light in Liqnid Mixtures” by J, C. Knmeswar 
Ray, appearing in the Physical Review, 1923. 

And other forthcoming papers, 
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statistical-thermodynamical theory of light-scattering developed 
by Smoluchowski and Einstein. The essential idea of the 
Einstein-Smoluchowski method is to treat a fluid as a 
continuous substance subject to local changes of density 
determined by thermodynamical considerations. Leaving out 
of account the effects due to the anisotropy of the molecules, 
the theory leads in the optical case to precisely the same results 
as those given by a more explicitly molecular treatment. 
This is due to the circumstance that the length of light waves 
is vastly greater than the scale of molecular dimensions, and 
hence the assumption involved in treating the substance as a 
structureless continuum does not lead to any appreciable error. 
The case is different however when we deal with the problem 
of diffraction of X-rays. The wave-length here is less than 
the average distf nee apart of tha molecules, and in applying 
the statistical-thermodynamical considerations developed by 
Smoluchowski and Einstein, we have explicitly to take into 
account the fact that the medium is not continuous, but 
consists of a finite number of discrete particles. When this 
is done, the experimental results are explained quantitatively 
in a satisfactory manner. Eig. 11) gives the graph of intensity 
calculated from the formula we have developed in this paper. 
When account is taken of the imperfect homogeneity of the 
X-rays used by Hewlett, it will be seen that his experimental 
curve reproduces with remarkable fidelity the indications of 
theory. 
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2. Comparison with the optica I scattering problem. 

In order more cleavly to appreciate the relations between 
the optical and X-ray problems, it is desirable here to give a 
brief outline of the theory of the former case. In Fig. 2, 
let ABODE represent a unit volume of fluid (supposed of 
refractive index only slightly differing from unity) on 
which a parallel ppncil of light is incident. Let n be the 
total number of molecules in it and let PPPP represent 
the in-falling rays and QQQQ the scattered rays in the 
particular direction under consideration. The volume ABODE 
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may be divided into a very large number of slices by 
a series of equidistant planes perpendicular to the plane 
of the paper and equally inclined to the incident and 
scattered rays. It is assumed that each slice is thick 
enough to be several molecules deep and yet very thin 
compared with the wave length of the incident light. It is 
obvious that with these assumptions the scattered waves 
arising from the molecules in each slice may be taken to be 
all in identical phases. Let, A, B, C, D, etc. be successive 



planes which are situated at such intervals that the path 
differences of the scattered rays arising from layers adjacent 
to them differ by one wave-length. Each of the slabs All, 
BC, etc., thus contains a considerable number, say r of the thin 
slices into which the medium was supposed to be divided. 
Then AB=BC=OD=DE= A - 2# where 0 is the angle of 

scattering and a is the wave-length of the incident radiation. 
Since the effects of all the molecules in a given slice, say the 
juli, of any one slab are taken to be in the same phase, they 
also agree in phase with those from the pth slice of every 
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other slab. The amplitudes of the scattered waves arising 
from all the molecules lying in the pth slices of all the slabs 
may then be added up; and their resultant amplitude is 
proportional to the total number of molecules contained in 
the slices thus added together; denote this by The whole 
scattering may then be found by summing up the effects 
proportional to r of the successive slices, due regard 

being had to their respective phases, which are distributed 
at regular intervals from 0 to 2 ir . If the 

effects of the different slices would completely extinguish 
each other by interference. This corresponds to the case of a 
completely homogeneous medium, that is, a crystal at the 
absolute zero of temperature for waves of length great 
compared with its grating constant. In every other case, »i,», 
etc. would show fluctuations in value, and part of the incident 
energy would appear as scattered or internally reflected 
radiation. We know that f«,=« and hence, 

denoting so on, the resulting effect 

would simply arise from the quantities A»„ A », etc. which 
represent the fluctuations from the mean density, the part due 
to the mean density itself disappearing by interference. 

We can now consider the magnitude of the fluctuations 
A »„ A«„ etc. in different cases. We take first the case of an 
ideal gas which has been discussed by II. A. Loren tz. 1 Here 
the distribution of the molecules is a purely random one, and 
the average expectation of magnitude of the fluctuations 
A»i- A», etc. can be very simply shewn from probability 
considerations to be If further, we make the assumption 

which is a priori justifiable in the case of an ideal gas — that 
the quantities A«„ A «, etc. are as often positive as negative 
and vary quite independently of each other, then to find their 
aggregate effect, we add up not their amplitudes in their 
respective phases, but their intensities without regard to phase. 


1 Proc. Roy. Soc. Amsterdam, Vo), 13, 1910, p. 92. 
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The total scattering will thus be proportional to r(\/nfr) > or 
simply n, that is, to the total number of molecules in the fluid 
per unit of volume. This is the well-known Rayleigh law of 
scattering. 

• We next consider the case of a gas not obeying Boyle’s 
law in which the distribution of molecules is no longer a 
random one. Here, applying Boltzmann’s principle of 
entropy-probability, we find the mean value of A to be, 
n %/ R/3T/NY where 11 and N are respectively the gas constant 
and Avogadro constant for a gram -molecule, T is the absolute 
temperature and p is the isothermal compressibility of the 
fluid. Assuming as in the case of an ideal gas that A»,, A»,. 
may be as often positive as negative, and that their values 
are quite independent of each other, we get the total scatter- 
ing by squaring and adding their intensities. The net result 
is thus proportional to 

«*RTj8/N ... (1) 

and is thus proportional to the compressibility and to the 
absolute temporaturo and to the square of the density. For 
a gas obeying Boyle’s law, p is the reciprocal of the pressure 
and it is easily seen that the expression reduces to », which 
is the Rayleigh law of scattering. 

For a liquid or very dense vapour of which the refractive 
index is sensibly greater than unity, the discussion proceeds on 
exactly the same lines as above, except that the local electro- 
magnetic field due to the molecules themselves cannot be 
neglected in comparison with the field due to the incident 
wave and must be taken into account as in Loren tz’s theory 
of dispersion. This increases the intensity of the scattered 
light without affecting its state of polarisation as shown in 
the paper (8) by Ramanathan quoted above. The scattering 
due to a unit volume is now proportional to 

(^;+?)*«*ltTA/N ... 1 , 2 ) 


4- 
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where v- is the refractive index of the fluid. When r is suffi- 
ciently nearly equal to unity, (2) reduces to (1). 

3. X-ray scattering at very mall angles toith the primary 
beam. 

It will be seen that the simple treatment given above 
depends essentially on the possibility of dividing up the 
medium into slabs of thickness ty2sinJ0 which can be further 
subdivided into several slices, each of which is many molecules 
thick, so that the fluctuations of density in any slice can be 
assumed to be independent of those in neighbouring ones. 
This, in general, is obviously possible only when X is large, 
which is true in the optical case. When x is comparable with 
molecular dimensions, and 0 has any moderate value, each 
slab of thickness x/2sin§0 would be only a few molecules thick, 
and it would no longer be possible to assume that when it is 
sub-divided into thinner slices, the fluctuations in the 
different slices are uncorrelated, i.e., independent of each other. 
In fact, it is easy to see that when the volume of the liquid 
is divided into very thin slices each only a molecule or so 
in thickness, any excess of density in one slice necessarily 
involves a deficiency in the adjoining slices and vice-versd. 
The simple summation of the intensities of the scattered 
waves due to the density-fluctuations in the different slices, 
thus ceases to be admissible. 

In one case, however, the Einstein-Smoluchowski theory 
may be applied as it stands to the problem of X-ray scattering. 
This is when the angle of scattering 0 is very small. The 
thickness A/2sin|0 of the slabs AB, BC, CD, is then appreciable 
and may be made as large as we please by sufficiently 
decreasing 0. Eor instance if X-0.71 A. U., and 0=10' of arc, 
A/2smp = 239 A. U. and each of the slabs AB, BC, etc., would, 
if we take the case of benzene liquid, be about 60 molecules 
thick. This thickness should be ample to enable the Einstein- 
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Smoluchowski theory to be applied. The isothermal com- 
pressibility P being 90 x 10 -12 dynes per cm 2 for benzene, it is 
easily shown by calculation that the scattering given by 
formula (1) is 1/40 times smaller than in proportion to the 
member of molecules per unit volume. The scattering of 
X-rays at these small angles by liquids is thus almost 
negligible. Even for an angle of scattering of 2 degrees, a 
layer ty2sinj0 thick would be about 5 molecules deep, and 
though the Einstein-Smoluchowski theory would not be 
strictly valid, it could still be applied as a rough approximation, 
and the result indicated, vis., that the scattering is very small 
would hold good. 

It is thus seen to be a simple consequence of thermodyna- 
mics that in respect of scattering of X-rays through small 
angles, ordinary liquids stand in a position not very dissimilar 
to that of a complete crystal or of a crystal powder. The 
principal point of difference is that, in crystals, the compres- 
sibility is even smaller than in liquids and the scattering 
at small angles is therefore practically evanescent. 

4. Explanation of the X-ray diffraction-halo of liquids. 

As the angle of scattering 9 is gradually increased, a stage 
is arrived at when the slab V 2sin s 6 is only one or two 
molecules thick, and it is clear that the thermodynamical 
theory based on the idea that the fluid is a structureless 
continuum must then be modified. The essentially new feature 
that must be taken into account is that the fluctuations of 
density in neighbouring slices are no longer uncorrelated. 
Without going very deeply into the mathematical theory, 
it is easy to understand in a general way the nature of the 
results to be expected. For simplicity, we shall consider the 
case of a liquid which has only a very small compressibility, 
and in which consequently the thermal fluctuations of density 
are very small ; this means again that the molecules tend to 
be distributed in space in a manner approaching uniformity, 
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and not chaotically as in a gas. If, as before, there he n 
molecules per unit of volume, it is convenient to regard as the 
mean molecular distance a length K given by tho formula 

A 0 — bt * 

where k is a number of the order of magnitude of unity; 
regarding the exact value of k, we shall have more to say 
hereafter. Further, let the angle of scattering 6 be such that 
\=2\ 0 sin id. Then each of the slabs AB, BC, etc., would on 
the average be just one molecule thick. It is obvious that in 
such a case, as has already been remarked, the supposition 
that when each slab is further subdivided into a number of 
slices, the effects of the molecules contained in the different 
slices would practically cut each other out by interference, 
would be entirely wide of the mark. In the first place, the 
number of the molecules in the different slices, would show 
fluctuations of relatively considerable magnitude. Further, 
instead of these fluctuations of density being entirely uncorrela- 
ted, they would be almost completely correlated in thr 
direction of amplifying the total observed effect. Foe 
assuming that out of the r slices into which the slab AB is, 
divided, the middle slice contains at any instant an exces 
number of molecules, the chance that at the same instant the 
slices near the face A or B contain a corresponding deficiency 
in molecules is very large. Since the scattered waves due 
to molecules in the middle and the outer faces of the slab differ 
in path by A'2, the effects due to the excess in one slice and 
the deficiency in the others, would have identical phases, and 
their amplitudes would thus add up. Thus a very large 
scattering may be expected in the direction referred to, in 
fact many times greater than if the different molecules were 
regarded as scattering centres in random distribution of phase. 

Theory thus leads us to expect a very large scattering in 
tbe direction 0 where a=2a 0 «» 16, a 0 being the mean molecular 
distance. Since as vve have seen, the scattering is almost 
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nothing at small angles, it follows it should increase 
rather abruptly as 0 increases and approaches the value 
2 sin -1 X/2X 0 . On the other hand, when 0 reaches and passes 
this special value, we should expect a fall of intensity which 
is *somewhat less rapid. For, as the angle of scattering is 
increased, the quantity sin ',0 becomes greater than \ and 
hence the fluctuations of density in the different slices begin 
to neutralise each other’s effects by interference, but not 
perfectly, owing to the want of correlation. At large angles, 
a considerable effect would be left over as the result of this 
incomplete correlation, and this may be expected to be still 
much greater than the Einstein scattering obtained in direc- 
tions nearly parallel to the primary beam. 

The theory thus clearly indicates that the diffraction-halo 
should be fairly sharp at its inner edge, and rather difEuse at 
its outer margin. These features are well shown in Hewlett’s 
ionisation curves and lluckel’s photographs already cited. 


o. Analysis of molecular positions in a liquid and in 
mixtures and solutions. 

In order to present the theory of the X-ray diffraction- 
halo exhibited by liquids as outlined above in a more 
complete mathematical form, wc have to see how the 
theory of density-fluctuations which is based on the idea 
that a fluid may be regarded as a continuum should be 
modified so as to take into account its actual coarse-grained 
structure. From general thermodynamical considerations, it 
is clear that the distribution of the molecules in any small 
volume of liquid can neither be absolutely uniform and 
geometrically regular and periodic as in a perfect crystal, or 
absolutely chaotic as in an ideal gas. The character of the 
distribution as influenced by the thermal agitation and other 
factors must in fact be intermediate between these two 
extreme types. The density of matter present must fluctuate 
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from place to place and these fluctuations of density may be 
viewed in two rather different aspects. The first way of 
regarding them is that adopted by Einstein and Smoluchowski, 
that is, to ignore the independent existence of discrete 
molecules and confine attention to the total quantity of matter 
present in volumes which are small enough to be beyond the 
limit of microscopic observation, but large enough to 
contain a great number of molecules. This is quite sufficient 
for the purpose of dealing with the optical problem and also 
the X-ray scattering at very small angles. The second way 
of regarding the matter is to take cognisance of the individual 
molecules and of their movements in order to discuss and 
analyse the fine structure of the liquid, and this is necessary 
when we discuss the scattering of X-rays at larger angles. 
When we consider the fluctuations of density from the first 
point of view, their magnitude may be predicted completely 
from a knowledge of the compressibility of the matter in bulk, 
and it is unnecessary to know either the weight of the 
molecules or their size and shape. The fine structure of the 
liquid on the other hand can only he fully determined if we 
know the properties of the individual molecules. The thermal 
agitation is one of the factors that must be considered in 
carrying out this analysis of the positions of the molecules 
in any state of aggregation of matter, but that it is not the 
only factor is a fairly obvious proposition. To realise this, 
we have only to recall the extreme case of a crystal at the 
absolute zero of temperature. Here we have no “thermal” 
fluctuations of density, but the structure exhibits complex 
periodic fluctuations of density that do not vary with time. 

As a preliminary to the more complete analysis of posi- 
tions of molecules in a liquid, we shall first set out clearly 
the theory of density-fluctuations in a liquid in the simpler 
form sufficient for the optical problem. 

Thermal fluctuations of density : Let us assume that the 
fluid is enclosed in a cube of edge-length L each way in the 
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fluid, the co-ordinates of any point within this volume lying 
between the limits 

0<r<L 

0<^<L 

0<*<L. 

Let the density of the liquid in any small region be denoted 
by 

p, where p=/> 0 + A 


Po being the average density, and A the fluctuation. The 
work done in compressing the fluid contained in any small 
volume V so that its density is increased by A is 


\.l( A V 

2 fi\ Po ) 


and putting this equal to 

iR T/N 

we get at once for the mean square of the fluctuation 

A*=/>o*. R T jS./NV. 

The same result may also be derived by assuming that the 
medium is traversed by plane sound-waves of different wave- 
lengths, whose energy is distributed in accordance with the 
equipartition principle. Following Einstein , 1 we may write 

A =,^^ Cos 2t l Cos 2 v m J 1 - Cos 2ir n ~ 

“ l m n hnn 2L 2L 2L 

where l, m, n, are positive integers. The potential energy in 
the sound-wave whoso amplitude is when integrated 
over the volume L* is easily shown to be 

L\ B\». 1 
16 Po' 'fi 


1 Armalen der Pliyeik, 1010, Hand .'13, \\ 128.3, 
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The law of distribution of each is thus 


C exp. 



Pft *• J 


il B,, 


where C is a constant, and it follows that the mean value « 

J RT/i/NL» 

which is identical with that given above, since 

This method of analysing the irregular distribution of 
molecules in a fluid into a system of sound-waves in a con- 
tinuous medium is of course merely a convenient, mathe- 
matical artifice. Einstein adopts it in his paper and shows that 
for each given direction, it is sound-waves of a particular 
wave-length that are chiefly responsible for the scattering of 
light; this wave-length a, is connected with the angle of 
scattering 0 and the wave-length of the light a inside the 
fluid by the formula 

A = 2 A, !,G 

The wave-length of the sound waves which are chiefly effective 
is thus, except for very small angles of scattering, of the same 
order of magnitude as the wave-length of the incident radiation. 

In order that the thermal energy of the fluid may bo 
identified with the energy of propagation of sound waves in 
it, it must, as is well-known, he assumed that the sound-wave 
spectrum is limited on the short wave-length side, the smallest 
permissible wave-length a 2 being given by the expression 

.1 .. 

A„ = '»* ,\J‘~ = 1 • 118 • 


It is thus clear prinui facie that Einstein’s method of consider- 
ing the problem of scattering must fail when the wave-length 
of the incident radiation and the direction of observation 
considered are such that the sound-waves chiefly responsible 
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for the scattering have a wave-length equal to or less than 
this limiting wave-length which is determined by the structure 
of the medium. We have already shown however, that even 
before this limit is reached, the influence of the discrete 
structure begins to be felt and the conception of sound-waves 
in a continuous medium ceases to be appropriate as a method 
of dealing with the scattering problem. 

Analysis of Fine Structure of Liquids : In the foregoing 
application of the Fourier analysis to the determination of the 
thermal fluctuations of density, it was tacitly assumed that 
apart from these fluctuations, the fluid itself could be regarded 
as a uniform continuum. This limitation must now be 
dispensed with, and the Fourier analysis applied to the 
determination of the actual distribution of matter in the fluid. 
The result of the analysis would depend on the manner in 
which the molecules, or rather the electrons in them respon- 
sible for the scattering of X-rays, are dispersed in space. If 
they formed a regular space-lattice — (this contingency cannot 
of course arise in any actual liquid) — the analysis would 
indicate a definite periodicity in the distribution of matter 
with wave-length equal to the grating constant of the lattice. 
Actually, of course, we cannot expect such sharply-defined 
periodicities or “ structural line-spectra ” in a liquid. We 
should rather expect to get as the result of the analysis, a 
“ continuous structural spectrum ” having its chief peak of 
intensity at a wave-length equal to or comparable with the 
mean distance between neighbouring molecules. We have to 
find a formula which will indicate the distribution of intensity 
in the “ structural spectrum.” This cannot of course be done 
completely without a knowledge of the special characteristics 
of the molecules under discussion. But, by considering only 
the essential features of the case, it would appear that the 
problem can, at least approximately, be solved with a 
knowledge of only the general thermodynamic properties 
of the fluid. 


5 
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Let us imagine a cube in the fluid, which is normally of 
edge-length K distended or compressed into a cube of 
edge-length ; the work done in the process is given by the 


expression 


11 x »/ \ 

vi 


where P is the isothermal compressibility of the fluid. 
Actually as the result of thermal agitation, the cube might 
change shape as well as volume. If we take the cube to 
remain always a rectangular parallelopiped, the three edge- 
lengths mav each be either greater or less than K . It is 
only one chance in eight that all the edge-lengths would be 
greater (or less as the case may be) than V. The average 
work corresponding to a change of one of the edge-lengths 
from K to may thus be taken to lie 

1 . 1 *( i_ 'V '* ) 

1« P°\ V ' 

and its thermodynamic probability may in accordance with 
Boltzmann’s principle be written as 

A-“f“ { ‘ • ' *•■( f\ JX - 


where A is a constant. If b e taken to represent a wave- 
length in the Fourier analysis of the distribution of matter 
in the fluid, the expression just written is the formula for 
“ the distribution of intensity in the structural spectrum.” 
The expression gives a peak at the wave-length K=K with 
intensity falling oft' more or less rapidly on either side of the 
peak. It will be understood that here we are dealing with 
real periodicities in the distribution of matter, and not merely 
with fictitious mathematical periodicities as in the discussion 
of the thermal fluctuations of density. Further, these 
structural waves pass through the fluid in all directions, and 
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we may more appropriately write as the expression for the 
intensity in the structural-spectrum, 


B.exp. 


1 L 

16' RT/8 ■ 





(i\ , ,m 


where B is another constant, and rfo is the elementary solid 
angle. 

The problem is now to determine the wave-length K of 
the peak in the “structural spectrum.” Primd facie , we 
shall not be appreciably in error if we take K to be identical 
with the mean distance between neighbouring molecules in 
the fluid. The evaluation of this mean distance is a verv 
important problem in kinetic theory which does not appear as 
yet to have been adequately discussed. Bor an ideal gas, 
Hertz 1 has shown the mean distance between neighbourin'* 

” ft 

_ 1 

molecules tobe 0.554 n where n is the number of molecules 
per unit of volume. For a regular cubical arrangement of 

l 

molecules, K is evidently equal to 1" 3 , and for the closest s 

t _ } _j. 

possible packing » 3 =1-123» s . In a liquid, the 

arrangement of the molecules is intermediate in type between 
the absolutely chaotic distribution characteristic of an ideal 
gas and the regular arrangement characteristic of a crystal. 
Gans 8 has attempted to take into account the finite volume 
of the molecules in the calculation of the mean molecular 
distance, and found that with increasing density of the fluid, 

l l 

K increases from 0.554 » 3 <" " 3 and even more. His treat- 
ment is however open to certain criticisms, and the numerical 
values given by him cannot be accepted as correct. The 
problem is considered afresh in a separate paper by one of 
us, and the general result emerges that for a liquid, K is 


1 Math. Animlen 07. 087, 1009. 

8 Jean’s Dynamical Theory of Gases, 3rd Edition, p. 330. 
8 Phyi. Zeit, XX111, 1922, p. 109. 
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h n where A is a fraction ranging from about 0.8 to 1.0 
according to the nature of the liquid and its condition as to 
temperature, pressure, etc. * 0 may also be expressed in terms 
of the mean linear dimension or diameter * of the molecule 

f 

under consideration. The theoretical discussion indicates that 
in liquids under ordinary conditions K is of the same order of 
quantities as * but may be some 10^ to 20^ greater. 

Liquid Mixtures and Solutions : As we have just seen, 
the “ structural spectrum ” of a liquid consisting of only one 
substance is determined principally by the mean distance 
between neighbouring molecules and by its compressibility. 
Passing on to the case of mixtures and solutions, it is not 
difficult to see that the structural spectrum should, like many 
other physical characters, be at least roughly an additive 
property. For, to a first approximation, the volume of a 
mixture is the sum of the volumes of its components, and 
hence it is legitimate to assume that the mean distance 
between two molecules of the same kind in a mixture does 
not differ notably from what it is in the pure components. 
Thus if we have a succession of at least three molecules of 
one kind 

AAA 

or three molecules of the other kind 

B B B 

in a line, we have periodicities which are the same as those in 
the pure components. On the other hand, if we have at least 
four molecules forming a chain in which the two kinds of 
molecules alternate, 

A B A B 
or 

BABA 

we would have wave-lengths corresponding to the sum of the 
two just considered. In the conditions subsisting in a fluid, 
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the formation of periodic arrays of four or more molecules 
of this special type is relatively an improbable event, and 
hence we are justified in assuming that the “structural 
spectrum ” of a mixture or solution would contain principally 
onfy those wave-lengths which occur in the pure components. 
The same reasoning indicates that the distribution of 
“ intensity ” in the structural spectrum in the neighbourhood 
of these principal wave-lengths would be much the same as 
in the pure components. Hence we may as a first approxima- 
tion take the structural spectrum of a mixture to be 
determined by simple addition of the structural spectra of 
the pure components taken in the proper proportions. 

A more exact discussion of the case of mixtures and 
solutions would involve a consideration of the changes of 
density and of compressibility which occur when the two 
substances are mixed, and the influence on the structural 
spectrum of the local spontaneous fluctuations of density and 
composition ; the precise magnitude of these fluctuations may 
be determined thermodynamically from the data for the 
compressibility and partial vapour-pressures of the mixture. 
Prima facie, the local fluctuations of composition of the mixture 
would have very little influence on the structural spectrum. 
For, we are only concerned with the average effect correspond- 
ing to the mean composition of the whole liquid. If the two 
components make up the structural spectrum in proportion to 
their respective concentrations, the average effect would be 
the same as if the liquid was uniform throughout and exhibited 
no fluctuations of composition. The fluctuations of density 
on the other hand are all-important, as in the case of a pure 
liquid. The compressibility of the mixture therefore enters 
in a fundamental way in the problem and where this shows 
marked deviations from the additive rule , 1 the distribution of 


1 For data regarding the compressibility of mixtures and solutions, see Cohen and 
Schnt’s Piezo-Chemie, Leipzig, 1919, pp. 118-142, 
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intensity in the structural spectrum would differ from that 
given by a simple superposition of the spectra of the two 
components. Any notable change of volume on mixture 
may also be expected to result in a shift of the positions of 
the peaks in the spectra. c 

6. Calculation of the Intensity of X-ray Scattering. 

Having analysed the distribution of matter in the fluid 
into a “ Structural spectrum,” in other words, into a number 
of superposed periodic distributions of different wave-lengths, 
we proceed to determine the X-ray scattering at different 
angles by this structure. We ignore the periodicities of larger 
wave-length which may be identified with sound-waves 
traversing the medium and which, as we have seen, are only 
of importance when we discuss the scattering in directions 
nearly identical with the primary beam. For larger angles 
of scattering, the periodicities of shorter wave-lengths which 
arise from the discrete structure of the medium are the only 
ones that need he considered. It is obvious that each of the 
periodic distributions of matter into which we have analysed 
the structure of the fluid would cause an internal reflection 
or enhanced scattering of the incident X-radiation in the 
direction given by the Bragg formula 

2 A, sin .} 6 = A 

where * is the wave-length of the incident X-radiation and 
is the wave-length under consideration in the structural 
spectrum. Since the structural waves traverse the fluid in 
all directions, the enhanced scattering or internal reflection 
corresponding to the wave-length would occur in all direc- 
tions coinciding with the generators of the cone of semi- 
vertical angle Since is the wave-length giving the peak 
of intensity in the structural spectrum, the special value of 6 
given by the relation 


‘i A„ sin j 6=K 
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gives the cone of gveatest intensity of the scattered X-rays, 
and the scattering would be considerably less both for larger 
and smaller value of 6 - The formation of a fairly well-defined 
circular diffraction-halo in the X-ray scattering by liquids is 
thq,s clearly explained on the conception of the structural 
spectrum. 

From the standpoint of the electromagnetic theory, the 
problem of determining the effect of the periodic distributions 
of the matter forming the structural spectrum on the 
propagation of radiation through the substance is very 
similar to that solved by Einstein in his paper on light- 
scattering in fluids except that the law of distribution of 
intensity in the “ Structural spectrum ” is different from that 
in the “ Sound-wave spectrum.” In fact, we can obtain an 
expression for the scittering due to the “ Structural spectrum ” 
merely by a slight modification of Einstein’s treatment for 
the “Sound-wave spectrum.” In the optical problem, we 
have light-scattering of the same intensity in all azimuths 
when the incident wave is assumed to have its electrical 
vector perpendicular to the plane of observation. This is 
due to the fact that the sound-waves of different wave-lengths 
which, as explained above, are eacli separately responsible 
for the scattering in different directions, are all, in accordance 
with the equipartition principle, of the mme intensity. In 
the “ Structural spectrum,” on the other hand, the periodic 
distributions of matter of different wave-lengths follow the 
special exponential law of intensity 


* 1 n . ,/ 

A eX|, '[~it> liT/iM. 




)' "■ 


Observing, as before, that each periodic distribution of wave- 
length *i, is responsible for scattering in a specific direction, 
the distribution of intensity in the diffraction-halo should 
obviously follow the law of the structural spectrum very 



40 


C. V. BAMAN AND K. B. BAMANATHAN 


closely. We may therefore write the intensity of the scattered 
radiation in any direction 0 to be simply 


Cj exp. 


Li JL . 

( 16 RT/3 




where is given by the Bragg formula 

A=2 \ l sin -■ 0 


and C, is a numerical factor. 

A useful verification of the formula is obtained by 
considering the case of a fluid of great compressibility, e.g., 
a gas. In such a case, P is very large and the formula 
indicates, as is otherwise to be expected, that the scattering 
is of equal intensity in all directions perpendicular to the 
direction of the electric vector in the incident rays. If the 
incident X-rays are unpolarised, we should multiply the 
numerical factor C, by ( l + cos 0 ) exactly as in the ordinary 
theory of light-scattering. 

The numerical factor C\ may be evaluated in the follow- 
ing way. In experiments on X-ray scattering, the wave- 
length * is generally much smaller than the mean distance 
between neighbouring molecules. The concentration of the 
scattered radiation in the form of a diffraction-halo is due to 
the arrangement of the molecules not being a random one, 
and hence there existing a correlation of the phases of the 
waves scattered by neighbouring molecules, — agreement of 
phase and increased intensity in certain directions, disagree- 
ment of phase and diminished intensity in others. The 
problem is analogous to that of the diffraction of light by a 
large number of fine holes arranged in a roughly uniform 
manner in an opaque screen. We know that in such a case, 
the integrated intensity of the diffracted light in all directions 
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together is simply equal to the energy transmitted by any one 
aperture multiplied by the number of apertures. Exactly 
the same way, o, may be found by integrating the energy of 
the scattered radiation in all directions and putting it equal 
to the scattering by one molecule, multiplied by the number 
of* molecules in the volume under consideration. 


7. Comparison toith Observations. 

In order to test the indications of the foregoing theory 
by comparison with experiments on the scattering of mono- 
chromatic X-radiation by liquids, we require to know the 
compressibility P of the liquid and the mean distance 
between neighbouring molecules in the liquid. The latter 
quantity may be roughly estimated from the known molecular 
mass M and the density d of the liquid ; the best way of 
finding it is however from the X-ray scattering itself. .4 sis 
evident, the formula 


‘'.“’’■[-I'filiT/ 


*•( 





when graphed gives a strongly pronounced maximum at the 
wave-length *,=*»• and the general shape of the curve 
reproduces with striking accuracy, the experimental curves 
obtained by Hewlett by the ionisation method. (See Fig. 1C 
and Fig. IT) above, in comparing which allowance should 
be made for the imperfect monochromatism of the X-ray 
pencil used by Hewlett). From the known wave-length of the 
X-rays used and from the angle of scattering 0 o for maximum 
intensity, K may be found by using the llragg formula 


\= , 2X„ sin \ 0 „ 

That thus determined is of the same order of quantities 
C 
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as the value of the mean molecular distance otherwise found 
is seen from the following table : 

Table. 


Substance. 

\ 

! 


3 1 

/M =» -7 

V d 

f 

X„-»’ 

Results of Hewlett. 

Benzene 

. 712A • 

8.5° 

1.80 A 

5. 27 A 

0.911 

Octane 

i 

1 

! 

8.1' 

5. 04 A 

0.45 A 

0.781 

Mesitylene •*• 

j 

(5.5° 

6. 28 A 

<5. 13 A 

1.024 

Results of Keesom and Smedt. — First paper. 


Oxygen 

1 . 5 4 A 

27 

3 ■ 30 A 

3 -59 A 1 

! 0-919 

Argon 

*> 

27 : 

3 ■ 30 A 

3 (51 A 

0-911 

Benzene 

•> 

18 r 

4 -92 A | 

j 3 27 A 

0 03 1 

Water 

n 

29 

3 *08 A 

3 -09 A 

0-997 

A ethyl alcohol 

?» 

22 

4 04 A 

4 -57 A 

0-884 

Aethyl aether 

j) 

19° 

4 -07 A 

5-55A 

0*811 

Formic acid ... 


24 

| 3 -70 A 

3 -96 A 

0*931 

Results of Keesom and Smedt 

—Second 

paper. 


Oxygen 

• 7 1 2 A 

12 5 

3 -27 A 

3 -59 A 

0-911 

Argon 

)» 

130 

3- 15 A 

3 -61 A 

0-873 

Water 


13-44 

3 -04 A 

3 09 A 

0-984 

Nitrogen 

” ! 

11 34 

3 -60 A 

3 -85 A 

0-935 

Carbon disulphi de 

i 

” i 

13-23 

3-09AP 

4 -63 A? 

0-(i(57 
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The mean distance *<> between neighbouring molecules 
found from the X-ray data is in every case of the same order 
of magnitude as n—\ where n is the number of molecules per 
unit of volume. The last column gives the value of k where 
A 0 sS -k.n-'i- It is seen that k is generally about 0*8 or 0*9 as 
is indicated by theory. It is noteworthy that of the 5 
common liquids reported upon by Keesom and Smedt in their 
first paper, water which has the smallest compressibility has 
a value of k which is practically unity, while for ether which 
is highly compressible, k has the relatively low value 0*841. 

The compressibilities of the three liquids for which Hewlett 
has given scattering curves are respectively as follows : — 

Benzene ... 90x10" 12 dyn e/cm 2 

Octane 120x10“ 12 „ 

Mesitylene ... 75xl0" 12 „ 

The differences between these are distinctly too small to 
produce any notable variation in the sharpness of the halo 
according to the formula. Strictly speaking, however, the 
halo for octane may be expected to be slightly less sharp 
than that for benzene or mesitylcnc. Hewlett’s curves seem 
to indicate that this is actually the case, though owing to the 
width of the slit used and other complications, the data 
cannot be regarded as sufficiently precise on the point. 
Accurate data are as yet not available for any other liquid. 
It would be of interest to find experimentally whether liquids 
of high compressibility, e.g., ether, exhibit a more diffuse halo 
than others, and whether any effect is produced by raising the 
temperature of the liquid towards the critical point ; with 
rise of temperature and consequently increase of both T and 
the halo may bo expected to broaden, and since *<> would 
increase with rise of temperature, the halo should also 
approach more closely the direction of the primary rays. The 
scattering at small angles should also increase in accordance 
with the Einstein-Smoluchowski formula. These indications 
of theory remain to be tested by observation. 
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The preceding calculations are based on the analysis of 
the fine structure of the liquid into a continuous “ structural 
spectrum ” having the mean distance between neighbouring 
molecules as its dominant wave-length. While this analysis 
no doubt correctly represents the facts in broad outline/ it 
leaves out of account the special features arising from the 
structural peculiarities of the individual molecules and their 
influence on the distribution of matter in a closely packed 
assemblage. Other periods, particularly those with fvave- 
lengths much smaller than K, may conceivably, become 
prominent when a dense aggregation of matter is analysed. 
In such a case, fainter diffuse haloes may arise outside the 
principal one. Then again, anomalies may arise in the case 
of highly asymmetrical molecules in which, instead of a 
single value of we may have two or even three separate 
values of the mean distance depending on the special relative 
configuration of neighbouring molecules. The principal 
halo would then itself exhibit a complicated structure which 
might become better defined at lower temperatures when the 
thermal agitation and its dilfusing influence are minimised. 

A convenient way of visualizing the complications that 
may arise in individual cases is to consider the powder 
diffraction-haloes obtained by the Debye-Scherrer method 
with the same substance in the solid crystalline state. It is 
well-known that with the finest, powders in which the indivi- 
dual particles are microscopic or ultra-microscopic crystals, 
the diffr iction-rings obtained by this method are relatively 
diffuse . 1 If we imagine the process of subdivision of the 
individual crystals continued gradually, a stage would le 
reached when the outer rings would practically all have merged 
into a diffuse general blackening of the photographic film and 
even the first few intense rings would have broadened out 


1 Sec, Szitfmonriy’H Kolloid-Cliemie, Appendix on the X-my analysis of colloids, l>y 
Sclicrrer. 
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and merged into a single halo. If wo imagine all the crystals 
broken up into individual molecules, we should still get a 
halo, because, as we have already seen, thermodynamic 
considerations ensure a certain degree of uniformity in the 
spacing of the molecules. In view of this analogy, it may 
be expected that some of the less prominent details of the 
powder-halo may also s urvive and find their counterpart in 
the liquid-halo, though diffused and modified by the expan- 
sion or contraction which takes place on melting. 

The considerations indicated above suggest that it would 
be of great interest to compare the diffraction-halo shown 
in the liquid state with that shown by the same substance in 
the state of crystalline powder below its melting temperature. 
Unfortunately, as yet, sufficient experimental material is not 
to hand for making such a comparison. In two cases, 
however, that of water and benzene respectively, the necessary 
data are available. X-ray powder-photographs of ice have 
been obtained by Dennison 1 2 3 and the results have been 
discussed theoretically by Sir W. IT. Bragg,’ who has pointed 
out a defect in the experimental technique of Dennison’s 
work. The spacings observed in A.U. are chiefly, 3*92, 3*07, 
3*41, 2 fi8, 2*20, 2*07, V0d, 1*!)2, 1*53, l 37, 1*30, li 7. The 
first four roughly group about a mean 3* 12 A.U. and the 
next four which are nearly coincident give a strong halo 
at 2*05 A.U. Allowing for file contraction and re-arrange* 
mont which takes place on melting, tlisee spacings are in 
general agreement with flic first and second diffraction haloes 
found for liquid water by Iveesom and Smedt. The X-ray 
powder photograph of solid crystalline benzene taken by 
Broome :l shows extremely strong haloes corresponding to 
spacings of 4*90 and 110 A.U., a second prominent group 
of haloes corresponding respectively to spacings ol 3*71, 


1 PlivMinl Review, J:in. 1921. 

2 Physical Society’s Proceedings. 1922, p. 101. 

3 Phys. Zoits , March 192.2, Plato VI. 



4,6 C. V. RAMAN AND K. R. RAMANATHAN 

3'44 and 3*11 A.U. and a third group corresponding to a 
spacing of about 2 - 00 A.U. The first prominent halo of 
liquid benzene corresponds to a spacing of 4'80 A.U., while 
Hewlett's curves also show distinct bumps corresponding to 
spacings of 3’40 A.U. and 2*01- A.U. The agreement appears 
significant. 

Finally, it may be remarked that observations on the 
X-ray diffraction by liquids consisting of molecules with 
extended chains of CH 2 groups and the like, e.g., the fatty 
acids, would be of interest. No data appear to be available 
regarding these. 

Leaving now the case of pure liquids, we may refer in 
passing to the case of liquid mixtures and of solutions. 
Wyckoff 1 has studied mixtures of benzene and carbon tetra- 
chloride, water and glycerol, methylene iodide and carbon 
tetra-chloride, and also aqueous solutions of potassium chloride 
and of alum. The X-ray diffraction-effects shown by the 
liquid mixtures tried were found by him to be more or less 
merely superpositions of the effects shown by the components 
separately. Those due to the aqueous solutions were practi- 
cally similar to that of pure water. The results for mixtures 
are in agreement with the approximate theory already 
indicated. In the case of aqueous solutions, the dissolved 
material was probably insufficient in quantity to appreciably 
influence the observed results. Wvckoff has not studied the 
case of partially miscible liquids. Tt would be of interest to 
examine some cases of this kind, special attention being paid 
to the phenomena observed in the immediate vicinity of the 
critical solution temperature and for small angles of 
scattering. 


8. Liquid Crystals. 

Huckel’s result, already cited in the introduction, that no 
notable difference is observable between the diffraction haloes 


American Journal of Science, Vol. V, 1923, p, 455, 
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shown by “ turbid ” and “ clear ” anisotropic liquids 
readily receives explanation in the light of the foregoing 
theory and of the ideas regarding the constitution of these 
bodies put forward by Oseen in two recent memoirs . 1 Oseen 
considers separately two types of interaction between the 
molecules, (a) forces tending to alter the relative positions 
of their centres of gravity, and ( b ) couples tending to alter 
their relative orientation. The equation of state of the fluid 
is derived by statistical-thermodynamical considerations on 
the basis of the assumed laws of interaction between the 
molecules. Both theory and observation indicate that in the 
turbid anisotropic liquids, there are regions whose dimensions 
include many wave-lengths of visible light over which the 
molecules are (at least approximately) similarly oriented. 
Similarity of orientation does not however necessarily involve 
any special regularity of spacing 2 beyond what may be 
expected on known thermo-dynamical principles from the 
compressibility of the liquid. It is probable also that the 
orientations are not exactly identical but that there is only a 
mean direction about which they oscillate. The absence of 
rigidity clearly shows that the definite space-lattices charac- 
teristic of solid crystals do not exist in the “ turbid ” fluids. 
Since the X-ray pattern is determined by the spacing of the 
molecules, and since what is observed in the experiments is 
the aggregate effect of groups oriented in all possible 
directions, it is clear that the diffraction-halo of a turbid 


1 Stockholm Academy, Haudlingur, Hand 01, No. 16 and Hand 60, No. 1, 1021. 

s In Huh connection, it is of interest to refer to the experiments of Barker (Jour. 
Chom. Soe., 1906, Vol. 89, p. 1120) and Beilby on the influence of a set of regularly arranged 
molecules on the crystal formation of an isomorphous suns Lance. Barker found that, if a 
thin film of NaNO., bo allowed to dry on a yn(i.<hrd surface of calcitc, the crystals of 
NaN0 3 had their edges parallel to those of calcitc. Beilby has shown that oven when there 
aro intervening films of foroigu material, tho orienting influence was exerted through the 
Alms provided thoy wero sufficiently thin. Therefore the existence of an orienting influence 
docs not necessarily connote a dofinitonoss of spacing. (Beilby— Aggregation and How in 
Solids, p. 102.) 
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anisotropic liquid would differ little from that of the clear 
liquid.' The observations of Hiickel are thus readily 
understood. 

A detailed comparison of the X-ray photographs for the 
solid crystalline, anisotropic liquid, and isotropic fluid states 
for p-azoxyanisol and cholesterylpropionate reproduced $ith 
Hiickel’s paper is instructive. For both substances, the 
diameter of the liquid halo is approximately the same as that 
of the most intense group of rings in the crystal-powder 
photograph.’ Further, the haloes for the anisotropic and of 
isotropic liquids state, though very similar, are not absolutely 
identical and show slight differences in detail. This is not 
surprising in view of the fact that the compressibility, 
and other physical properties depending on the molecular 
arrangement are not identical for the two states. Further 
studies in regard to this would he well worth undertaking. 

The recent studies of Friedol and Royer 3 and of Friedel ' 1 * 
on anisotropic liquids with equidistant planes are of great 
interest in this connection. Friedel characterises as the 
‘ smectic ’ state an arrangement in which the molecules 
besides haviug a common direction are in addition arranged 
ia equidistant parallel layers, and which is thus intermediate 
between the amorphous and crystalline states of matter. To 
use the phraseology of our present investigation, the 
“smectic” state is a state of aggregation for which the 
“ structural spectrum ” for a particular direction is similar 
to that of a crystal, hut for perpendicular directions is 
similar to that of a liquid. The X-ray diffraction by the 
“ smectic ” state of matter would thus simultaneously exhibit 
the characters of a crystal and of a liquid in different 

1 The X-ray method of observation is thus in a sense loss powerful than I iio optic;*! 
ono in this particular field. Detailed studios of tin; scattering of ordinary lfclit K v 
“ turbid ” anisotropic II aids in different directions and at different, temperatures would 
bo of interest in relation to tbo varying size of the molecular groups. 

* Compton Rendns, Dec. 1921, June, 1922. 

3 Annales de Physique, November, 1922. 
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directions. The observations of De Broglie and Friedel 1 2 on 
the X-ray diffraction by oleate films, and of Piper 8 and 
Qrindley on the X-ray diffraction by soap-curds may be 
explained on this basis. 

0 .9. Amorphous Solids. 

It is well-known that many liquids and liquid mixtures 
when freed from dust may be cooled much below the ordinary 
melting temperature without crystallization occurring, and 
that they then pass into a highly viscous or [glassy condition. 3 
The view has therefore gained general acceptance that 
vitreous or amorphous solids are really super-cooled liquids, 
the softening temperature being higher than that of obser- 
vation. We have already seen that even in liquids, the 
positions of the molecules are not distributed at random but 
with a certain degree of regularity depending on the com- 
pressibility of the substance. Since, by lowering of tempera- 
ture, the compressibility of a liquid generally diminishes, 
it follows that when the substance reaches the highly viscous 
condition, the molecules are arranged with not less than the 
degree of regularity characteristic of the ordinary fluid con- 
dition. The statement frequently made that in an amorphous 
solid, the molecules are disposed at “random” is therefore 
certainly erroneous. It is true we do not have that complete 
regularity of spacing and orientation characteristic of a 
crystal. Since an amorphous solid is optically isotropic, it 
follows that the orientation of the molecules does not lie in 
any particular direction. But the spacing of the molecules 
has a considerable degree of regularity. The “ structural 
spectrum” of an amorphous solid is therefore very similar 
to that of a liquid. 


1 Comptos ttondua, March 12, 1913. 

2 Phya. Soc. of London, Proceedings, August 192.1, |>. 209, 

3 Set* for ingtnwf, 0. Tamtnaim, “ A priori Znstaml ” Voss, Leip/.ip, 1022. 

7 
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A valuable confirmation of the views expressed above 
is furnished by observations on the scattering of light in 
amorphous solids such as optical glass and in supercooled 
liquids. Observations with liquids such as salol (phenyl 
salicylate) which may be converted into glassy solids by 
sufficiently cooling them show that the light-scattering power 
in the glassy condition remains of the same order of 
quantities as in the fluid state. The fact that the optical 
behaviour of an amorphous solid is very similar to that of a 
liquid is a justification for inferring that in regard to X-ray 
diffraction as well, they should behave similarly. The observa- 
.tions of Jauncey by the ionisation method refered to in the 
introduction, and of WyckolT (1 C) show in fact that ordinary 
glass gives a diffraction-halo very similar to that of a liquid. 
This does not, as has sometimes been suggested, indicate that 
glass possesses a rudimentary crystalline structure. The 
diffraction-halo observed is truly characteristic of the amor- 
phous or non-crystalline condition. The sharpness of the 
halo is a measure of the regularity in the spacing of (he 
molecules. An extensive series of observations of the X-rav 
diffraction-halo given by liquids which are supercooled and 
made to pass into the vitreous condition would be of interest 
in order further to elucidate the nature of the amorphous 
condition, and particularly to determine whether, when the 
temperature is taken below the softening point, any further 
re-arrangement of the molecules takes place or not. 

Incidentally, it may be remarked that the conception 
of the “ structural spectrum ” may also he usefully extended 
to the case of solids and of solid solutions which are not truly 
amorphous but consist of microscopic or ultra-microscopic 
crystals packed together. The smaller the crystals, the more 
diffuse and weaker would be the lines of the “structural 
spectrum ” and the more nearly would the X-ray scattering 
approximate to that characteristic of a truly amorphous 
body. 
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10. Summary and Conclusion. 

Tbe paper considers the explanation of the diffraction- 
haloes observed when a pencil of monochromatic X-radiation 
passes through a film of liquid and is received on a photo- 
graphic plate. Explanations previously suggested are discussed 
and arc shown to be inadequate. 

(1) The explanation of the phenomenon is shown to 
depend on the consideration that the positions of the molecules 
in liquids are not at random but possess a certain degree of 
regularity which can bo estimated thermodynamically from 
the compressibility of the fluid. 

(2) The Smoluchowski-Einstein theory of light-scattering 
in fluids cannot be applied as it stands to the problem of the 
X-ray scattering owing to the fact that it practically treats 
the fluid as a continuum, an assumption which is justifiable 
in the optical case but not in the X-ray problem where the 
wave-length in much smaller ; it is essential here to take into 
account the discrete structure of the medium. 

(3) For very small angles of scattering, however, the 
Einstein-Smoluchowski theory is applicable even in the X-ray 
problem, and an explanation is readily forthcoming why 
liquids scatter very little at such angles. 

(4) For larger angles of scattering, the discrete structure 
of tbe medium is taken into account by analysing the 
distribution of matter in the fluid into a continuous “ struc- 
tural spectrum ” which has its peak of intensity at a wave- 
length equal to the mean distance A .> between neighbouring 
molecules. The law of the “structural spectrum ” is 
exponential and is given by 



(5) The X-ray scattering in different directions is obtain- 
ed very simply by combining the law of the structural 
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spectrum with the Bragg formula, 

X=2A l sin \B 

and this gives a dilfraetion-halo with its maximum intensity 
in the directions for which =\ 0 . The curve of intensity 
of the scattering in different directions agrees well with file 
experimental results of Hewlett, and the mean molecular 
distance K with the value deduced from kinetic theory. 

(0) A discussion of the case of liquid mixtures indicates 
that the X-ray diffraction-halo should he practically a simple 
superposition of the haloes due to the separate components, 
as has been observed by Wyckolf. 

(7) Diffraction by anisotropic liquids is discussed and 
the experimental results obtained by Huckel, and by De 
Broglie and Priedel are explained. 

(8) Very similar arguments explain the X-ray diffraction- 
halo shown by amorphous solids. 

(9) Some of the finer details of the halo observed in the 
experiments are also discussed and are shown to lx* intelligible 
in the light of the theory set out. 
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The Hindu Nakshatras 

By 

Duirendra Nath Mukhovaimyaya, B.Sc. 

In my last note on the “ Libration of colures and conse- 
quent changes in the commencement of the Hindu (Nil 1 -) 
Ayana year,” I made use of the names of the Nakshatras, 
the identification of which is still to some not yet finally 
settled. “...He (A1 Biruni) speaks very slightingly of the 
practical acquaintance with the heavens possessed hy the 
Hindus of his time, and they certainly have not since im- 
proved in this respect ; the modern investigators of the same 
subject and Jones and Oolcbrooko also complain of the 
impossibility of obtaining from the native astronomers 
of India satisfactory identification of the asterisms and 
their junction stars. The translator in like manner spent 
much time and effort in the attempt to derive such 
information from his native assistant but was able to 
arrive at no results which constitute any valuable addition 
to those of Colebrooke. It is evident that for centuries 
past, as at present, the native tradition has been of no 
decisive authority as regards the position and composition 
of the groups of stars constituting the asterisms ; those 
must be determined upon the evidence of more ancient 
data handed down in the astronomical treatises.” — Burgess, 
Translation of the Surya Siddhanta, p. 1S2. 

In the following pages, such confirmatory evidence 
would be put forth as will leave no doubt in anybody’s 
mind regarding the identification of the Nakshatras. ith 
the identification of these, the whole history of the Aryan 
civilization, as presented in the Vedas, the only ancestral 
common heritage of us all, will be revealed to us. 



* 1). N. MUKHOPADHYAYA 

have allotted to the Nakshatras more space than to some 
may seem advisable ; our excuse must be the interest of 
the history of the system, as part of the ancient history 
of the use and spread of astronomical science, ... and 
especially the fact that in and with the asterisms jp 
bound up the whole history of Hindu astronomy.” — 
Burgess, Surya Siddhanta, p. 210. 

The word Nakshatra undoubtedly originated from qw 
(night) and (to preserve)— the dreariness of the 

night is relieved by the shining and brilliant luminaries 
in the heavens, or from (heaven) and 33 (abode) 
the stars having their abode in the 
heavens. (^T^rerer — ' WPHa— 1 compare 

’ qqwsl— — the astcrism Bharani, a , (i Tri- 
angulum and 4-1 Arietis— ‘ WfWPl *qqTT* 

w *qw*^ «tm, nm ^qq^arq— 

afarlq flTtSPH) I Numerous words in the Vedic literature 
are derived on the principle ‘ qft^N qvt^fqqi qq ff %qr. 
qqj’sNr qsr^fqqT: 1’ The plain meaning of which is that 
gods do not like to call a spade ‘ a spade.’ 

Starting from the Star Revati (£ Piscium) the ecliptic 
was divided into twenty-seven equal portions. The names 
of these in the order of the signs are the following : (1) 
Aswini, (2) Bharani, (3) Krittika, (4) llohini, (5) Mrigasira, 
(6) Ardra, (7) Punarvasu, (8) Pushya, (9) Aslesha, (10) 
Magha, (11) Purva Phalguni, (12) Uttara Phalguni, (13) 
Hasta, (14) Chitra, (15) Swati, (1(5) Yisakha, (17) Anu- 
radha, (18) Jyestha, (19) Mula, (20) Purva Ashada, (21) 
Uttara Ashada, (22) Sravana, (23) Dhanistha, (24) Sata- 
bhisa, (25) Purva Bhadrapada, (26) Uttara Bhadrapada, 
(27) Revati. 

The principal stars in each of the above nakshatras 
(asterisms) will be shortly described. The ancient astro- 
nomers first observed their right ascensions and meridian 
zenith distances and by knowing the latitude of the place 
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of observation, they got the declinations. Now from the 
right ascension, the corresponding intercept on the ecliptic 
was calculated, this was termed the polar longitude (Dhru- 
vaka). From the declination by adding or subtracting 
4he declination of the corresponding point on the ecliptic, 
they got the polar latitude (Vikshepa). Polar latitude is 
thus the part of the hour circle cut off between the heavenly 
body and the point on the ecliptic where the hour circle 
through the body cuts it. Similarly the polar longitude 
of a heavenly body is the distance along the ecliptic of 
the vernal equinoctial point from the point where the hour 
circle through the body cuts the ecliptic. The true longi- 
tude and latitude the ancients were unable to find owing 
to the absence of any star at the pole of the ecliptic, as 
rightly remarked by llanganath, also to the fact of spherical 
trigonometry not having advanced so far as to calculate 
true longitudes and latitudes from the right ascensions 
and declinations of bodies far removed from the ecliptic. 
Bhaskara in attempting to calculate these put a wrong 
formula. (Grahaganita, grahachhayadhikara, Sloka 8.) 
It is well known, the true latitudes being at right angles 
to the ecliptic, must always bo less than the polar 
latitudes except when the particular body happens to be 
on the solstitial colure, when they are the same. But 
Bhaskara’s formula gives a value for the true latitude 
larger than the polar.’ As a result of this, Muniswara 
calculated the true latitudes and longitudes of the 
nakshatras and put wrong figures, making the supposed 
true latitudes always greater than the polar. Colebrooke 


1 With due respect, I have to show Bhaskara ‘s mistake lure. But t 
have It is permission to do so: 

qftniu swm inns v: *r i 

aw a flftj u . 

(Siddhanta Siromnni. Grahana Vasana, 57 Sloka). 
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on looking at these wrong figures unsuspectingly 
doubted that the star Swati (really Areturus) may be 
< Bootes. 1 

The correction for refraction was unknown to the Hindu 
astronomers. It is well known, if no correction for refraction 
is made, the apparent vernal equinox (day and night equal) 
happens about three days earlier. The apparent autumnal 
equinox similarly happens about three days after the 
autumnal equinox. The sun rises or sets on these days 
not due east or west as understood by us but still to the 
south of east or west. Hence if we take these as the east or 
the west points, all the other cardinal points, the position 
of the pole, the latitude of the place, the position of the 
equator, will all be more or less changed. If the distance 
between the apparent and true equinoctial points is always 
the same, all determinations made from this apparent 
vernal equinoctial point will not vitiate the results. It 
must be remembered that the determination of the 
apparent equinox requires the time-keeper to be sufficient- 
ly accurate. The solstices lying midway between the 
equinoxes will be determined with fair accuracy. The right 
ascensions of all stars determined from these apparent 
equinoctial points will show about 2| degrees more or less 
in R.A., whereas those determined from the solstitial points 
will show fairly accurate figures. Owing to these difficul- 
ties of practical astronomy several values of polar longi- 
tudes and latitudes (calculated from observed right 
ascensions and meridian zenith distances) show a deviation 
of about three degrees in ancient determinations. It was 
not the Hindu astronomers alone that had such difficulties, 
as will be evident from the following : “ Mr. Baily in his 
new edition of Ptolemy, No. G70, thinks that an error 


1 Colebrooke’s Kssay on the Indian and Arabian divisions of (lie 
Zodiac* 



THE HINDU NAKSHATRAS 


5 


of nearly 3° may have arisen in the latitude of Fomal- 
haut, from some of the glossators mistaking the numeral 
liy for ky. To another star a Orionis he has given latitude 
vot 16°30', appending the note ‘ L (iechtenstein) lat. 
J.8°50', but even 16°30' is nearly 3° too great, and there is 
probably some mistake in all the copies.’ (Smyth’s Cycle). 
The fact is, like the Hindus, ancient Greek astronomers also 
calculated first the polar longitudes and latitudes and 
thence by applying a wrong formula calculated the 
supposed true longitudes and latitudes, and hence the 
trouble. The probable source of error through writers, 
teachers and learners ( ^ ’gynsslw: 

— Bhaskara) is of course common everywhere. 
For this reason it is extremely difficult for one to verify 
tho ancient figures for the positions of the stars with the 
help of spherical trigonometry alone. To do so correctly 
one must determine the apparent equinoctial point for 
the particular year and thence the cardinal points, etc. 
From these the positions of the stars should be observed — 
and then most of the deviations from true figures will be 
explained. The total horizontal correction of the sun 
and the moon as given in ancient astronomical treatises 
(which is wrongly understood to be parallax only) 
requires verification, taking into consideration all these 
circumstances. As an example, when the vernal equinox 
was actually happening about 3 degrees to the east of the 
star Revati (£ Piscium), the apparent vernal equinox 
happening about 3 days earlier was declared to have 
occurred when the sun entered £ Piscium. All inferences 
regarding the time when the vernal equinox was at Kevati 
(£ Piscium) are consequently wrong by about 200 years 
(allowing 72 years for the precession of 1°). The star 
Regulus (Magha) being very bright and of the first 
magnitude could be observed shortly after sunset. 
The longitude of this was determined with fair accuracy 
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(starting from Revati) but not quite correctly because the 
correction for refraction for the sun while setting was not 
made. Others determined from the solstitial points, like 
that of Chitra (Spica) showed fairly correct figures 
(calculated from true equinox). The ancient figures 
might also be checked with the help of a precession globe 
or an armillary sphere by adjusting them properly. 
With these remarks I shall pass on to the more important 
consideration of the origin of the Nakshatra names and 
the most ancient history connected with it. 

In describing the Nakshatras, I shall start first from 
Jyestha (oldest — the most ancient) and Mula (the original). 
When the vernal equinoctial colure passed through the 
asterism Jyestha of which the principal star in European 
astronomy is Antares, it also passed through the asterism 
Abhijit (Lyra). The star Abhijit (Vega) was then a few 
degrees distant from the equinoctial colure. In the 
oldest Vedic literature we have distinct evidence of this 
phenomenon being observed. The late Mr. Tilak discussed 
this point and made an inaccurate statement regarding 
the time when this happened, as had been shown in my 
“ Notes on Indian Astronomy ” 1 before. Some time later the 
star Abhijit was exactly on the equinoctial colure. The 
Vedic llishis began to observe the star Vega (Abhijit) 
ascend, so to say, the polar throne and they very aptly 
named it Abhijit (from prefix srfir and fsr aiif to conquer). 
How glorious was the period when Abhijit became the pole 
star will be evident from numerous references regarding 
religious observances connected with this asterism, 
throughout the Vedic literature. The two asterisms 
Jyestha and Roliini (the group Hyades) passed through the 
equinoctial colure during the first period (16000 — 11500 
B. C.) of which we have distinct records. Consequently 


1 Journo 1 of the Department of Letters, Vol. V. 
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both Bohini and Jyestha were during the ancient Vcdic 
period designated Eohini for both indicated the path of 
the sun’s ascent or descent. “ To the earlier observers of 
the sun’s annual motion as measured by his midday 
plevation these movements indicated the steady ascent 
of the ruler or the god of the year above the median line 
which separates the region of his summer glory from the 
region of wintry imprisonment or burial. It is because 
of this idea that we find the sun’s motion from the time 
of his passing the equator called his Ascension a term 
which seems ill chosen if not unmeaning as the astronomer 
had used it in later times, that is within the last two or 
three thousand years.” (Proctor, Old and New Astronomy, 
p. 117.) The first period as indicated in my ‘ Lihration of 
Colures, etc.’ began when the vernal equinox passed through 
the asterism Jyestha and the year \ egan about 11 days 
later when the sun entered Mula as represented by the 
two stars a and v Scorpionis. Consequently these were 
termed Mula (from ^-origin). The two stars x and v 
Scorpionis are also termed (Vichritau) in the Vedic 

literature, Vichritau (from ffcjufq ift— 

arrant) the two destroyers of ones own race or self — and 
the identification is simple on a little reflection. The 
two stars being the stings in the tail of the scorpion, it 
reminds one of the very ancient belief that scorpions 
commit suicide on being tortured by fire. ‘ The belief 
that scorpions commit suicide on being tortured by fire 
by stinging themselves to death is of considerable anti- 
quity and is prevalent wherever these animals occur. It 
is nevertheless quite without foundation in fact ; for it 
has been proved experimentally of late years that the 
venom has no effect upon the individual itself, uor yet 
a number of the same species. 1 Scorpions, however, are 

* Recent resoar dies have proved these statements to be false. 
l< In more than u hundred tights between two scorpions each of the 



8 


1). N. MUKHOPADIIYAYA 


extraordinarily susceptible to heat and succumb very 
readily when exposed either to the warmth of a fire or 
to that of the tropical sun. Moreover when they feel the 
heat beating upon them they brandish their tails and 
strive right and left as if to drive off or destroy the unseen 
enemy ; and there can be no doubt that the belief above 
alluded to is traceable primarily to observations of the 
sequence of events just described, the final event being 
the death of the animal, not however from a self-inflicted 
wound but from the heat which provoked the behaviour 
suggestive of suicidal purpose. It might be that under 
such circumstances a random stroke has now and again 
wounded the animal itself ; but a wound so inflicted would 
be accidental, not intentional and at most would contri- 
bute in a small measure to the creature’s death.” — Enc. 
Hrittanica, 10th Ed., * Scorpion.’ 

These two stars were several times invoked in the 
Vedas to heal men from lingering (chronic) constitutional 
diseases : 

‘ fa^tt stw cttc% • 

fa gviw wi qm stww #’ 

(Atharva Veda, 2-2-S.) 

‘ Arisen are the two blessed stars called the unfasteners 
(vicrit) : let them unfasten of the kshetriya the lowest, the 
highest fetters. (The commentator identifies these with 
Mula, which is the asterism composed of the scorpion’s tail)’ 
—Whitney, Translation of the Atharva Veda. Kshetriya is 
derived from ifa the system or constitution (‘^fa* q<§faffaqt:’ 
— ^rafaftq)- The two stars’ healing virtue would doubtless 
be connected with the meteorological conditions of the 
time at which their heliacal rising takes place.’ — Whitney 

same species whether black, red or yellow, the resnlt was always the 
same, the one that was stung by its opponent, dying almost immediately, 
10 seconds being the largest interval between receiving the sting and 
death ” — Scorpions and lheir venom, ” Nature. An#. 1922. 
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anti Burgess. — Surya Siddhanta, p. 337. Now the heliacal 
rising of a star to cure chronic diseases indicates the 
approach of the vernal equinox. The heliacal rising of 
Mula (x, v Scorpionis) in Spring occurred about B.0. 16000. 
This evidence independently proves the extreme ancient 
date of the Vedas. In later times we find the Arabians 
ascribing to the star C Pegasi the same virtue. ‘ £ 
Pegasi is designated Homan in the Palermo and other 
catalogues from Sa'd-al- TTomam, the hero’s happy star, of 
the Arabians. Tizini called it Sa’d-al-mt'mn, the ostrich’s 
lucky star ; and it is included in the group known as 
Sn'-vdn-l-nujum the fortunate stars, so named because 
they appear to the Bedowin Arabs at the dawn of day, on 
the approach of Spring.’ (Smyth’s Cycle, Vol. II.) In the 
Taittiriya Bralnnana we find Prajapati the presiding deity 
of Mula. AVe also find in the Brahmanas ‘ nsnqfin l’ 

‘ The year is Prajapati ’ indicating that in ancient times 
the year began from Mula near about the vernal equinox. 
Consequently full moon occurring in Nakshatra Mriga- 
siva (Orion), the first month of the year was named Marga- 
sirsa or Agrahavana. 

All the literature of the Hindus is replete with refer- 
ences regarding Agrahavana being the first month of the 
year, which began from Spring. “...tfsRprft: srfwr 

^Tfa%?r. i tw *nt*=u fan:: i M era: i srafasR i 

an^ , 3 ! Tru. era; I BV2iq I “n-sn— I Even 

in Europe the beginning of the year from March to 
January was very recently introduced. In later times 
(about B.C. •tOOO), when the autumnal equinox was passing 
through Mula the presiding deity of the asterism was 
changed to ‘ Nirriti ’ (calamity). 

Anuradha is the asterism preceding Jyestha. The 
principal star of the asterism is 8 Scorpionis, in the 
forehead of the scorpion. Anuradha is derived from 
^*5 trar^ (back) and TNt fa’wn*l (to bite)— reminding 
2 
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one that the scorpion bites from the back, there is 
no danger of being bitten by the mouth. So the star 
prominent in the forehead, s Scorpionis, is designated 
Anuradha. 

The Nakshatra preceding Anuradha is Visakha 
(from far farSpln well— snffr encircled), i.e., the star 
group which is well encircled by the two pincers of the 
scorpion, and it is distinctly perceived to be the stars 
a, p, 20 (y Scorpionis in German atlases) and t Librae. 
The two stars a and p Librae were during the ancient 
Vedic period termed Visakhe (the two Yisakhas). The 
presiding deity of the asterism is Tndragni (Indra and 
Agni). This is the only asterism which has got two 
presiding deities and the reason for which it is comprised 
in that particular division of the zodiac, Tula (Libra), is 
to commemorate the coincidence of the vernal equinox 
and the aphelion (B. C. 14500). The ancients must 
have observed this phenomenon, to denote the presiding 
deity of the nakshatra and the name of the rasi (zodiacal 
constellation) in this manner. 

It must be remembered that even in the Vedas, we 
find mention of five different types of year such as the 
Yatsara, Samvatsara, Parivatsara, Idavatsara and Idvat- 
sara n&rfwf qfw&TW ’srfsrsiimq 

etc. (Yajur 

Veda, Chap. 30, 15th mantra), denoting the tropical, 
apparent solar, sidereal, lunar and anomalistic years 
(vide also Viswakosha by Nagetidra Nath Vasu on *^pr^’); 
indicating that even in that ancient period the pheno- 
menon of the coincidence of the apsis and the equinox 
was observed. 

With the vernal equinox in Yisakhd we have the second 
period (14500 — 13000 B.C.) when the year began with the 
month of Kartika (the moon being full at the beginning of 
the period in the nakshatra Krittika — Pleiades). We have 
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copious reference of this period being noticed in the 
Brahmanasand other Yedic Literature ; Krittika (Pleiades) 
was then the first of the nakshatras not because the vernal 
equinox was then in Krittika but because the year began 
^ith the full moon in it. 

A little consideration of the following quotation will 
convince any one of the truth of the above statement : 

“ % •ww ifa i...®faraiT: iraw i mfa 

i umi i Srrri i ?nf*i ?m- 

i tufa qfrqfwi i qifa 

mfa I Tait. Brahmana. ‘ The naksha- 

tras are the houses of the gods. The nakshatras of the 
Devas begin with the Krittikas (Pleiades) and end with 
Visakha («, P Librae) whereas the nakshatras of Yama 
(Yama is the presiding deity of the South) begin with 
Anuradha and end with Apa Bharani.’ So far there is 
no difficulty and one may as well say that Krittika was first 
because the vernal equinox was then there. But presently 
it is stated ‘ the nakshatras of the gods move by the 
south, and the nakshatras of Yama move by the north.’ 
How is this to be reconciled ? The plain and simple 
meaning is that the nakshatras beginning from Krittika 
and ending with Visakha were to the south of the equator 
and those beginning with Anuradha and ending in Bharani 
were to the north of the equator. The late Mr. Tilak 
passed over this difficulty without trying to explain it 
and placed the period 12000 years later. “The Taittiriya 
Brahmana further states that the Nakshatras of the Devas 
move towards the south while the nakshatras of Yama 
move towards the north. The word Dakshina (south) and 
Uttara (north) are in the instrumental case, and doubts have 
been entertained as to their exact meaning. But if we 
accept the statement in the Satapatha Brahmana about....’ 
(Orion, p. 43.) The fact is, after the great Mahabharata 
war when the vernal equinox was approaching Krittika all 
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the phenomena were reversed. The Brahmanas as we 
find them now underwent a revision at that time. Re- 
cords of both the old and new positions are thus to be 
found in them. Later on the late Mr. Tilak tried to ex- 
plain the ‘ Ekiistakd ’ ceremony. The following points 
should be noted in this connection : (1) The Ekastaka is the 
wife of the year, and be (the year) lives in her for that 
night ‘ w | c reft *Tf rT^re^T I TISfWf SIT W 

i ’ (2) Those that sacrifice to Ekastaka sacrifice to 
the distressed period of the year. * XTIrf' 3T r$ 

if SRiT«siTT?Ti I ’ (3) It is the season 

whose name comes last srwr^r vt^cT: | ’ W It 
has one fault, viz., that the Visuvan (i.e., equinox or the 
central day) falls in the rains. ‘ fjpzrf ?T^ *piNi[ 

| * Astaka is so named from the eighth day 
of the latter (bright) half of the lunar month. The 
lunar months ended then with ‘ Paurnamasi ’ (full moon), 
i.e., when the ‘masa’ or month ended (purna), ( Vide 
also Taittiriya Samhita (7-5-0) and the discussion on 
‘Saptarshi* samvatsara later on.) Hence it was not right 
for the late Mr. Tilak to say that * the word Ekastaka 
is used to denote the eighth day of the latter (dark ?) 
half of the four months.’ Now the year has got two 
portions — one with the sun to the north of the equator 
and the other to the south of the same. From the autumnal 
equinox to the vernal one we have the Asura bhaga — the 
(dark) portion of the Asuras (night). So that this was 
really the sacrifice to be performed after the autumnal 
equinox (Hfa). We now understand the second and the 
fourth points ‘ those that sacrifice to Ekastaka sacrifice to 
the distressed period of the year,’ ‘ It has one fault, viz., that 
the Visuvan falls in the rains.’ Autumn coming after the 
rains, it is well known how distressing the rains are 
especially in Autumn, when cold has already set in, in the 
northern part of India where the Aryans lived. The 
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third point will also be clear on a little reflection : ‘ It is 
the season whose name comes last. ’ It is not the last 
season of the year (the year starting from Spring — Yasanta) 
but the worst. It is well known to Yedic scholars 
that ‘ sarad ’ (Autumn) being the season when lots of 
people die (sarad — from to kill), the Vcdic 

Itishis implored to live; up to hundred sarad s Autumns), 
SWTct i pii sm 

qfiqn an:^: ara arc?; am wm sm 'sretai: 

*TW a^q: am aj?^; ajrimi (Yajur Veda, 36-24) 

so much so that * sarad ’ came to mean ‘ year.’ It 
was to the third and the fourth periods when the 
year began with the months of Aswina and llhadra 
( rule my Notes on Indian astronomy — on Libration of 
Colures, etc.) to which these observances refer. During the 
third period (13000 — 11000 11. 0.) the month of Chaitra 
indicated the autumnal equinox. In the fourth period 
(11000—9000 B. C.) the month of Phalguna indicated the 
same. The Ekastaka sacrifice was being performed during 
these months at that remote period. In the fifth period 
(9600 — 6000 11. C.) it was being performed in the month 
of Magha. Later on when owing to the effects of preces- 
sion half a revolution was completed and seasons were 
occurring in quite the contrary months, there was much 
confusion as to when sacrifices should be performed. The 
earlier writers mentioned that this or that sacrifice should 
be performed in the month when the moon will be full 
in this or that nakshatra (asterism). Now arose the 
1 Mimansakas ’ whose sole object was to cfl'ect a compro- 
mise ( fltataT ) between diversified statements and to show 
the people the right way. IIow far they succeeded in 
this — the respective scholars will decide. If now the 
discussion on the Ekastaka ceremony in Tilak’s Orion be 
gone through one will evidently come to the conclusion 
that this refers to the period when Chaitra, Phalguna or 
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Magha in succession indicated the autumnal equinox ; and 
then the date of the Brahmanas will be carried back by 
12000 years. The Ekastaka ceremony in a slightly 
modified form is still being performed in India in the 
shape of the Saradiya (autumnal) Puja — Durga Pujaj 
(Durga-Dakshayani — daughter of Daksha Prajapati — wife 
of Siva Pasupati, Ekastaka wife of Samvatsara, year or 
Prajapati W l ’) 

Next we come to the nakshalra Swati (Svvati-Svati- 
Svoote-Bootes). The name was derived from (dog) 
and root wtSPTtCT (constantly going with), refer- 
ring to one going with the dog and is evidently Arcturus 
(« Bootes), holding Canes Venaticc (Jagdhunde) in his 
hand. The sj was changed to *r like many Sanskrit 
words in which the two S’s are interchanged, c.g., 

»|oSf, aref— W, sfaiS— — wrar, etc. The great 
German astronomer llevelius introduced the two hounds 
in Europe in J 690. ‘ They were given as attributes to. 

Bootes, and the cords which held them passed into his 
upraised hand. The figure was adopted from elsewhere 
by the Greeks, no doubt, since they "ive no certain 
account of its origin ; their stories making a yaw between 
Icarius, the father of Virgo of the Zodiac and the farming 
son of Calisto.’ (Smyth’s Cycle.) The origin of the name 
of the constellation is to be found iri the Vedas : ‘ W. ftfw 
3ft i* Rig. Veda— IT-1 2-1. 

‘ Who (Indra) strong-armed rent into pieces the Rauhina 
(ladder) for scaling the heavens.’ The story is given 
in the Brahmanas : “ There were Asuras the Kalakanjas. 
They constructed a fire altar with a view to gaining the 
world of heaven. They, every man of them, put a brick 
to it. Indra passing himself off for a Brahmin put a 
brick on for himself saying, ‘ Thi9 one Chitra (the star 
Spica) by name is for me.’ They climbed up to heaven. 
Indra, however, pulled out his brick, and they tumbled 
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down and became spiders. 1 Two of them flew up to 
(heaven) and they became the two heavenly hounds.” 
(Kali Nath Mukherjee’s ‘ Popular Hindu Astronomy.’) 
The plain meaning is that even before 16000 B. C. 
Jyestha, Mula and other asterisins were below the equa- 
tor. Hence they were in the portion of the Asuras. 
Now when the vernal equinox was happening at about 
Spica (Chitra) they ascended above the equator. Later on 
when the vernal equinox had receded more than one sign 
from Chitra those asterisms were again going down. 
The rauhina (ladder) for the sun’s ascent was built 
with Chitra — indicating clearly that the vernal equinox 
was passing through it. Formerly the star Swati 
(Arcturus) was coming to the meridian after Chitra 
(Spica). But at the time when the vernal equinox was 
approaching Spica it was observed by the ltishis that 
Swati was coming to the meridian before Chitra— an 
unpardonable phenomenon. So they named it ‘fsfegi’ 
(from fwT-fsWrf out, and suffix am ) the ‘outcasts.’ 

Next we come to Chitra (chitra — brilliant), referring 
to the bright star Spica. This has been already described. 

The star Apam Vatsa (or Apam Napat of the Vedas) 
as its name implies is a small star — smaller than the star 
Apas. These two have been rightly identified as 8 and s 
Virginis. The star Apam Vatsa (o Virginis) is a small 
star of the fourth magnitude and none could guess the 
cause of the same being mentioned in ancient treatises. 
The reason is simple. When Abhijit ( a Lyrae-Vcga) was 
nearest the pole of the heavens, the equinoctial 
colure passed through the stars e Virginis (Apamvatsa) 
and s and y Corvus (Hasta). Sometime later when the 
same was passing through Arcturus (Swati) — a remark- 
able phenomenon — it also passed through 8 (Apas) 


1 This refers to the nebulous region in Virgo and Conia Berenices. 
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and y "Virginia. The reason of the mention of Apas and 
Apamvatsa is to perpetuate very ancient notable positions, 
such as when Abhijit was the pole star and when Swati 
passed through the equinoctial colure. 

Now we come to the more remarkable period, the one 
beginning with the month of Aswina. During this periocf 
the star Abhijit was as near the pole as possible and 
hence the pole star. About Abhijit becoming the pole 
star in future Sir John Ilerschel remarks in his Outlines 
of Astronomy ‘ ...about twelve thousand years from now 
Vega will occupy the remarkable situation of the pole 
star of the period ’ ; and Professor Young says ‘the circle 
passes not very far from Yega on the opposite side from 
the present pole star, so that about twelve thousand years 
from now Yega (« Lvrae) will be the pole star — a splendid 
one but rather inconveniently far from the pole’ 
(Manual of Astronomy p. 147.) The star Agastya (Cano- 
pus) was also the southern pole star of the same period 
(though a little far from the pole — about seven degrees). 
The frequent reference to Abhijit and Agastya throughout 
the ancient literature of the Hindus is traceable to this 
very ancient remarkable situation. Agastya (Canopus) 
went to the south and disappeared from the view of people 
living about latitude 24 N in B. C. 17000 and reappeared 
before the people of the same latitude in B. C. G000 
(about). It is still visible to us but is slowly going to 
the south. ‘ Argo is one of the old 4S constellations 
occupying a very long space in the Southern Hemisphere, 
but its lucida, Canopus, as well as most of its more 
important stars, is always hidden from us. There are 
sound reasons for assigning the highest antiquity to this 
grand asterism, though the etymologists are crowding 
on when they derive the English word canopy or covering, 
from Canopus, as hath lately been imprinted.’ : (Smyth’s 
Cycle, Vol. II, on ‘ Argo Navis.’) We find numerous hymns 
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in the Rig Yeda wherein distinct trace of this very 
ancient period (the third period beginning with Aswina) 
is noticed. The chart of the heavens depicting the 
positions of the important star groups in that period is 
gy>pended herewith for reference. During this period the 
vernal equinox was happening about Chitra. There are 
numerous hymns in the Rig Veda addressed to Usha. Usha 
is derived from the root ^cr (heat). Usha indicates 
Dawn when owing to the rising of the sun all beings on 
earth begin to feel warmth and the dawn in Spring is 
the most longed for after the cold wintry months. In 
several, hymns ‘ Usha ’ is addressed as faen-JRrar, 

etc. 1 * Yaska simply mentions fh^T-iraN, as 

synonyms for Usha. Why should these be mentioned 
in addressing Usha nobody guessed so long. Arjuni is 
another name of the asterism Phalguni (^, 0, ft, 93 Leonis), 
and Magha is liegulus (with other stars in the group). 
The simple explanation is that Chitra, Phalguni and 
Magha rising heliacally in that period indicated the 
approach of Spring. The Vedic bards on the sight of 
those important groups in dawn synchronising the advent 
of Spring, hailed Usha (Dawn in Spring) by the same 
names. The naming of Usha as Chitra Magha, Maghoni 
(one having Magha) and Arjuni (asterism Phalguni) is now 
evident. That Magha was associated with dawn in Spring 
will be evident on consideration of the derivation of 
the word from HT (no) and "SUt (sin — disease) — with- 
out disease. “*rei fawro ‘surar.’ 

Sf: Note by S. Samasrami on Tait. Brah., 

canto 3-1-1. “ fqs«T I ’SRSW: ^FYF I 

l etc.” Magha was doing the same func- 
tion as did ‘ Mula 5 (Yichritau) before. Another event 
deserves special notice in this period. The group Orion has 

1 fwatv swi’ sfFvt' a i w ^ tw fiwwft 

sty yf \\ etc., Rig Veda, 1, 18-10. 

3 
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by this time gone considerably to the south, owing to the 
effects of precession. Later on when winter solstice passed 
through this asterism (about B. C. 10000), it had gone so 
much to the south that from latitude 40°N and up- 
wards, Orion’s belt and the portion below it with Siriup, 
was not visible at all — only the head (<f>\ <j>' and x Orionis) 
was visible. Later on it was found to rise again slowly 
to view, Sirius following. It was during this period that 
the Vrishakapi hymns were sung in the Vedas. Vrisha- 
kapi is derived from Vrisha (bull-Taurus) and kapi (from 
to shiver) — a tremulous bull. The asterism Orion is 
the nakshatra Mriga of the same time. Mriga really means 
something that is hunted after ( to search). 
Later on it meant animals, that were being hunted down 
by the hunters (compare also lord of animals that 
are hunted after— a lion)— antelopes, tigers, lions, wild 
bulls, etc. Mrigashiras (head of the Mriga) really meant the 
head of the bull. The reason why the asterism is named 
Mrigasiras and in ancient western charts Taurus (bull) is 
shown only by the head is, that during that ancient period 
only the head of the bull (Taurus — Mriga or Vrishakapi — 
<£*, <£» and x Orionisj was visible from latitude about 
40°N. ‘Further, as Warren Hastings has remarked, when 
he was Governor-General of India, 'there are immemorial 
traditions prevalent among the Hindus that they origin- 
ally came from a region situated in 40° of North latitude.’ 
— Brennand, Hindu Astronomy, p. 3. 

So that Taurus of the Westerners, Vrisha of the Hindus 
(one of the twelve constellations of the zodiac) must be 
identified with Orion Ilyades must be identified with 
the Cow Rohini (Rohini is a synonym of cow — vide 
Amarakosha) which was followed by the bull in the Vedic 
legend. The simple meaning is that when Orion was 
again being visible it seemed as if Orion is following 
Hyades, Canis Major (Sirius) also following both. Sirius 
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(Mrigavyadha — the hunter of the Mriga) shot an arrow 
which pierced through both the bull— Mriga (Orion) and 
the cow — Ilohini (Hyades — prominent star Aldebaran). So 
that the real hunter is not Orion but the asterisms 
Canis Major and Canis Minor. “Ovid indeed throws a doubt 
tfpon the gender of this sign (Taurus — represented by 
Hyades) by making it the transformation of Io....The 
classical astronomers are, however, very weak in their 
mythological derivations and zodiacal origins.’... ‘...and it 
(Canis Minor, Procyon) was popularly considered as Orion’s 
second hand, or Canicula, which title Horace, Pliny, 
Hyginus and Gaien support against Germanicus, Julius 
Firmicus and Appian, who are all for Sirius.’ — Smyth, 
Cycle, Yol. II. That Procyon is really the hunter’s second 
hand holding a hunting horn composed of the stars K , 
P, <», 8. x Geminorum and p and « Canis Minoris will be 
evident to the observer of the heavens. 

“ There is the whole story illustrated in the sky ; the 
innocent and the lovely Ilohini (Aldebaran), infamous 
Prajapati (Orion) in full career after her, but laid spraw- 
ling by the three jointed arrow (the belt of Orion) which 
shot from the hand of the near avenger (Sirius) is even now 
to be seen sticking in his body. With this tale oming 
down to us from the first period of the nakshatras in 
India, who could have the least doubt of its persistent 
identity from the earliest times to the latest.” — Whitney, 
Essay on Hindu and Chinese systems of Asterisms, p. 53 
(quoted from * Orion,’ p. 102). Now a reference to Tilak’s 
Orion, Chapter VII, pp. 157-197 on Ribhus and Vrishakapi 
will be most interesting. W hen the vernal equinoctial 
colure passed through the group Orion (this was an 
extremely ancient date— B. C. 30000), sacrifices were 
offered to Yrishakapi (this was allowed by Indra because 
of the vernal equinoctial colure passing through it). But 
later on, the vernal equinox having retreated a long way 
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Yrishakapi rose on the equator (about B.C. 23000) and 
people were still sacrificing to Yrishakapi. Indrani got 
enraged for Yrishakapi having come up to the equator and 
people still sacrificing to him and not to Indra the sun god 
in the vernal equinox, to whom really all sacrifices are due. 
Later on Vrishakapi was again going slowly to the south 
as if by the orders of Indra and was almost invisible with 
the exception of the head about 13. C. 10000. Later on 
still, it was slowly rising (at present it has coincided again 
with the equator) and at this time the hymns to Vrisha- 
kapi were sung. Here the description of the phenomenon 
is exquisite : 

‘ O Vrishakapi go to the house — the celestial sphere 
which is cut oil and which contains some (unknown) 
yojauas or stages. Prom your nether house come to our 
house. Indra is in the upper (portion) of the universe. 
O Vrishakapi, you the destroyer of sleep, who are going to 
the house, come back again, again by your way. We would 
perform the sacrifices. Indra is....’ ‘O Mighty Vrisha- 
kapi ! when you rising upwards (or rather northwards) 
would come to (our) house, where would that great sinner 
Mriga be ? Where he, who misleads people would go ? 
Indra is....’ The explanation of the phenomenon when 
Vrishakapi returns in his upward march to the house 
of Indra, the impertinent (sinner) Mriga is not to be seen is 
that the vernal equinox passing through the group at that 
time, Mriga (Orion) is not to 1 e seen at night, being in 
company of the sun. This explains Tilak’s difficulty 
-...For whichever explanation we adopt the question still 
remains why is the Mriga invisible when both Indra and 
Vrishakapi are together ?’ Orion, p. 192 (note). This 
Vrishakapi hymn takes us back to the period even beyond 
16000 B.C. ‘ ...and the latest attempt of the kind is that of 
Pischel and Geldner in their Vedic Studies, Vol. VII, part I. 
These scholars hold that the hymn narrated a legend current 
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in old times. In other words they take it, and i think 
rightly, to he a historic hymn...Pischel and Geldncr under- 
stand the hymn to mean that Vrishakapi went down to 
the south and again returned to the house of Indra....’ 
£Orion, p. 176.) The Yrishakapi hymns will he clearly 
understood in the light of the astronomical phenomenon — 
the precession of equinoxes in changing the apparent 
positions of the asterisms. ‘ Great changes have taken 
place also in the apparent positions of the constella- 
tions in the sky. Six thousand years ago the Southern 
Gross was visible in England and Germany and Cetus 
never rose above the horizon.’ (Young, ‘Manual of Astro- 
nomy,’ p. 147.) During this period with Vega (Abhijit) 
and Canopus (Agastya) as the two pole stars, the summer 
solstice was occurring when the sun entered Sagittarius 
(Dhanus). Rains set in on the sun’s entrance into Sravana 
(Aquila) and in Sravistha (Delphinus) it was raining copi- 
ously. The first was named which was another 

form of (from ^ to trickle down) and 

was too much down pour)— 

indicating the time of heavy rains on the sun’s entrance 
into this portion. The change of ‘S’ was done as in lots 
of other words (<?.</., WR-viR 

etc.) as shown before. The Hindu sign 
Makara represents the figure of an aquatic animal with its 
head like that of an elephant. The head of the animal is 
nicely formed out of the stars «> f > P- ^ /'■ y< Grus and t , 0, q, 
15, ^ Piscis Australis. This figure was on the equator 
during the second and third periods (14500 — 11600 B.C.). 
It was then assumed that the rains are due to the heavenly 
Makara (aquatic elephant, from 

animal with yawning jaws) ejecting water out of 
its nostrils on the sun’s entrance into this sign. Sub- 
sequently when this figure had gone considerably to the 
south not to be visible from northern latitudes (about 
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2000 B. G.) the figure of Makara was rejected and' in 
its place the constellation Capricornus (goat) was installed 
by the westerners. 

Now we come to nakshatra Hasta (the hand) — from 
its resemblance to the figure of a hand having the stars 
8, y , «. » Corvus for the fingers and fi Corvus for the gen/ 
worn in the wrist. The star Hasta is identified with 
8 Corvus. It is well known when the fingers are closed 
the hand forms a nice bowl (cup — Crater). Evidently the 
naming of the two constellations Crater (bowl) and Corvus 
(crow) had been interchanged. 

The two nakshatras Purva (former) and Uttara (latter) 
Phalguni comprising the stars 8, 6, p and 93 Leonis are in 
the form of a rectangle. The corrupt form of this word 
Phalguna we still have in ‘ Palanquin ’ or Palkee which the 
four stars above named closely resemble. Phalguni had 
another name in the ancient Vedic literature — Arjuni. 
The four stars with the nebulous region in Virgo and 
Coma Berenices (Berenices Bush) resemble two Arjuna 
trees with shooting branches and leaves. That Phalguna 
really meant a Palanquin will be evident from the hymn 
in the Rig Veda (10th Mandala) where the marriage of 
Suryd is described. 

‘#n*n to? j: tow^i ^ wft- 

HWlsssjsqt: qfwHH I 10-85-13. 

Here tot means the group ‘ Magha * and the 

two Phalgunis as interpreted by Sayana. Astronomically 
it means, when the sun enters ‘ Magha ’ the rays (nwO of 
the sun are almost powerless indicating winter solstice 
(B. C. 15000) and on his entrance into Phalguni they 
are again revived — symbolically representing being 
carried to her husband’s house as if in a palanquin 
formed of the Phalguni nakshatras. The seventh case 
ending here is in place of the instrumental. Vide 
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Panini — ‘sraifr ^ gftHqffa *tT3T^il^ wHw from' ifq l 

?J$ *fil 3T> so ^5^; qft g^f?| means, by means of 
Arjuni (Phalguni-a palanquin) she is carried : vide also 
Tait. Br. Anuvaka I siUlT 9Rq«t 

JWSTT^I ^ TOfUT! **^1" 1 

The two stars 8, 6 Leonis are tlie Purva Phalgunis and 
p and 93 are the TJttara Phalgunis. The presiding deity 
of the two former is Aryaman (one of the Pitris-gods of 
the South) and that of the latter Yaga, from which we 
have Varga (Virgo). Kanya (Virgo) is derived from 
shining, clearly referring to the star Cliitra 
(Spica). By degrees the word Kanya came to denote the 
virgins for the effulgence all around their body. 

The sign Sinha (Lion) was so named from the asterism 
Magha resembling an instrument of destruction (ftr? from 
fsftn )• Subsequently Sinha came to mean a lion, the 
destroyer of other animals. 

We come then to the asterism Aslesha. Aslesha is 
derived from n (no) and f%q embrace). That is 

‘ one with whom there should he no embrace ’—evidently, 
referring to a snake (Hydra) which the asterism resembles. 
It may also be noted that the snake sheds its skin which 
closely * embraced ’ its body. The reason why Aslesha is 
called a Sarpa (Snake-Hydra) nakshatra is now clear. 
The star « Hydrae is the star Aslesha. 

Let us now come to nakshatra Pushya. The real 
word was gun and not ipjT I Any one going through the 
two texts in Thibaut and Sudhakara Dvivedi’s edition of 
the Pancha Siddhantika will be convinced of the possi- 
bility of this interchange. This clearly indicates the 

1 The asterism Magha resembles a Khadga (sickle with the 
westerners) used in slaying animals. So it was allegorically described 
as “ the bulls (to:) are slain (to* 0 by Agha " etc. 

as above, by nakshatra Magha resembling a khadga), presumably for 
the feast in Surya’s marriage ceremony. 
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cluster Praesepe which has a nice resemblance to a bunch 
of flowers. Pushya is also called Tishya (gsrfifl 
jfa), pleasing to the gods, clearly indicating flowers. In 
Southern India, Pushya is still identified with Praesepe, 
If 8 Cancri be taken as Pushya it falls in the portion of r 
Aslesha, starting from i Piscium. In all ancient re- 
presentations this asterism is depicted as an arrow. The 
arrow is formed of the stars «, 8 Cancri with Praesepe as 
the feathering of the shaft : another shaft is formed of 
the stars y > 8 Cancri with (57 Cancri as the feathering of 
the arrow. The two arrows placed crosswise resemble a 
compass. That karkata originally meant an arrow will be 
evident from its derivation (karkata from or 

neck or shoulder and to exist— resting on one’s 

shoulder — evidently the arrows). In astronomical treatises 
karkata means a compass ‘fawsiraiT sfaff 
HWT (’...Bhaskara. Karkata came to signify a 

crab (Cancer) from its walking on the strength of the 
pincers coming out of the shoulder. So the sign Karkata 
(Cancer) was so named, for the stars resemble a compass. 

The nakshatra Punarvasu comes next. The name 
is derived from 3 «!T again and ej^-the eight Vasus, the 
reappearance of the Vasus. The Vasus were thrown into 
the Ganges but have reappeared on the banks of the 
heavenly Ganges (Milky Way). The eight stars forming the 
group are P > «> 8 . * Geminorum and P and * Canis Minoris 
(Procyon). To the observer of the heavens the group 
distinctly resembles the figure of a horn (the hunter 
Mriga Vyadha or Orion’s hunting horn). Punarvasu later 
on meant the two stars u and P Geminorum (Castor 
and Pollux). In still later astronomical works the star 
Pollux owing to its proximity to the ecliptic was designa- 
ted by Punarvasu. 

The nakshatra Ardra, from *n?-moist, got this name 
not because of any meteorological significance but for 
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the reason that the principal star Ardra (<* Orionis, Betel- 
geux) is situated just on the brink of the heavenly Ganges 
( WifaT) — the Via Lactea (Milky Way). 

The Nakshatras Mrigasiras and Rohini have been 
already described The star Rohini is Aldebaran. The 
car of Rohini ( vroz ) with the flag-staff somewhat 

bent, as if due to the speed of the car, is shown in the 
chart of the heavens. 

The asterism Krittika got this name from its resem- 
blance to a krittika or kartarika (from root to cut), a 
cutting appliance. The shape of the cutting instrument 
is clearly represented in the figure formed out of the stars 
if, y, a, 8, v, t, f and ° Persei with Pleiades forming the 
buttend of the sword. It was with this sword that 
Perseus slew the gorgon Medusa (P Persei, Algol ). It 
was the same parasu or parsu (‘q?3j: ^ l’) with 

which Parasurama was equipped. The stars in Perseus 
also resemble a how with which Kartikeva (from Krittika) 
was adorned. The star Alcyone is identified with 
Krittika. 

Here a description of a few other stars found in ancient 
treatises may be useful. 

Mriga Yyadha (the hunter of the Mriga) or Lubdhaka 
(the dog) is the star “ Canis Major (Sirius.) The asterism 
Prajapati or Brahma is the constellation Auriga, with 5 
Auriga, as Prajapati and Capella (“ Aurigae) the heart of 
Prajapati or Brahmahridaya. P Tauri is identified with the 
star Agni, situated in the Milky way — the celestial river, 
hence ‘ Agni living in waters ’ ( e ^ c 0 
be understood. In the Vedic literature we find Prajapati 
described as creating Mithuna (■ • •‘iisnqfh*. 

Brahmd is commonly associated with Agni. We have the 
goat for the carrier of Agni, ‘fTW : e ^ c - 

all western charts Auriga (Brahmd) is depicted as carrying 
the kids. When the vernal equinox was happening 

4 . 
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about this group the phenomenon of the coincidence 
of the vernal equinox and perihelion occurred there (B.C. 
4089). Hence the constellation was named as Prajapati 
the originator of Mithuna (Gemini) — coincidence of the 
two. This is the origin of the name of the sign Mithuna. 

The derivation of the nakshatra * Bharani ’ has been 
already given. There are two triangles one formed out 
of the stars «• P Triangula (northern) and 41 Arietis, the 
other, a small one formed of the stars 35, 39, and 41 Arietis. 
In the second period beginning with the month of Kartika 
full moon in Bharani indicated the end of the year — wyrij)- 

death oi end of the yeai. 

The nakshatra Aswini (from sjsa horse and suffix 
possessor of horses) is identified with the two prominent 
stars « and P Arietis, the two Aswins. The head of the 
two horses possessed hv them are the two triangles 
just described. In later astronomical treatises Aswini 
is identified with P Arietis. 

The sign Mesha (from fare to make hold) 

originated from the hold attitude taken by horses, also 
by the ram. 

The astcrism Itevati comes next. It is derived from 
slow motion, evidently from the observation of 
the movement of the vernal equinox and perihelion 
which were once coincident in it. By carrying our 
calculation back to the time when' the two phenomena 
coincided just before the coincidence in Libra we reach 
the longitude of S Piscium (19°) from modern data, 
and long. 7° (according to the Hindu rate of 48" 
annual precession) which is in the portion of Revati (assum- 
ing the longitudes to be counted always from a fixed point). 
Revati is identified with i Piscium. “ Ptolemy calls 
it 8 in lustre and he is followed by Ulugh Beigb, Tycho 
Brahe and Hevelius. Mr. Baily says 1 This star is 
stated in the Brit.’ Catalogue to be of the 4th magnitude 
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but in the original observation it is nowhere stated 
to be more than the 5th ; and in one place it is marked 
as the 6th but afterwards altered to the 5th, which I have 
retained.” — Smyth’s Cycle. 

Then comes the two nakshatras 1’urva and Uttara 
ifhadrapada. Bhadrapada is derived from blvidra (good) 
and pada (foot). It refers distinctly to the figure which is 
good in all respects (sides and angles all equal) a square 
figure (of. ), the square in Pegasus formed of 

the stars “> y Pegasi and « Andromedae — the first two 
are the Purva and the last two the Uttara Phadrapada. 
The Bhadrapadas are also called in the Yedic literature 
by the name prostha means a bedstead from 

(warm) and ^«T |’— (one feels warmer 

to lie on a bedstead than on the ground) — and pada-leg — 
the four legs of the bedstead. The presiding deity of U. 
Bhadrapada is i a snake and w* ( W sfftra 

*f?f «fs|r ) bound down — bound down (chained) by a sea 
monster. It refers to lleva being rescued by the Aswins, 
“ You raised up, like soma in a ladle, lleva, who for ten 
nights and nine days, had lain (in a well) bound with tight 
bonds, wounded, immersed and su tiering distress from the 
water.” llig Veda, I, 1 1(5-2 f. Compare the Greek legend 
of Andromeda, the Chained lady, being rescued by Perseus. 
From (lleva) we have T.3T or (both from the 
root ts )• 

The name of the sign Mina (Pisces) originated from the 
resemblance of several stars in it to the figure of a fish 
(the portion cut off between two intersecting circles). The 
fish figure is nicely formed out of the stars „. ■■. & f , 8, 41, 

w, i, y Pisces, 0, -q, 4>\ <t>\ i Cetus, ;;o, 20, k Pisces, etc. 

Now we come to the nakshatra Satabhisaj. The name 
is derived from sjfl (abundant, copious) and VfU5i water) 
spl HtrarfvT ^ one possessing copious water. The 
entrance of the sun in this asterism in that ancient period 
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indicated the downpour of copious rain, hence the name 
Satabhisaj. ‘ **** jm I 

i ft anjft i *ni wrorfw v* «’ 

(Tait. Brah., 3-1-2.) 

Wf3| was originally a synonym of Mater ( vide Yaska,’s 
Nighantu). Later on it meant medicines for the reason 
that medicines were then administered in their liquid 
extract form as being more easily assimilable by the 
system : and physicians administering these began to be 
called | 

The hymn in the Rig Veda 1-2J.-9 “ sjtf ^ fwpjr. 

Boff ^ ” does not mean Varuna 

possessing hundreds and thousands of physicians but simply 
having numerous water carriers (to water the earth) like 
the visits in the towns. Varuna is derived from root 
to cover. Clouds cover the sky, also darkness 
covers the earth at night. So Varuna is spoken of as 
the lord of water ( )> also the presiding deity 

of night.— day and night. Ylfa $**:•••’ 

— SfTWfl — 8-Vt° I The car of Usha (Dawn) goes 
a certain distance and stops at the banks of the river 
Vipasa, when with the rising of the sun the pasas (nets) 
of Varuna (darkness) disappear — hence the name fk-UT*n 
This phenomenon is beautifully sung in the Vedas. The 
star Satabhisaj is identified with \ Aquarius. The star 
Varuna is a Piscis Australis (Fomalhaut). 

We come to the sign Kumbha (Aquarius). Kumbha is 
derived from qj-sra water and to fill. It refers to 

the head of the aquatic animal Makara, which is filled 
with water and the water again ejected out of the nostrils. 
It was supposed that on the entrance of the sun in this 
portion, the Makara ejected water stored in its head to 
flood the earth. Kumbha originally meant the head of 
the elephant ( vide Amarakosha). The word »l s0 
meant a type of aquatic animal which stores and ejects 
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water from its head — probably the whale. In mythology 
we have Ganga depicted as Makarabahini (borne by the 
Makara). Makara is also known to the astronomers as 
m — a type of aquatic animal, ‘if nfb q ywsifo 

«ISfW etc. — Bhaskara-Triprasnavasana — verse 32. 

Nakra is an offering to Yaruna frrani fratasn*! 

TIRKRf l ” Yajur Veda— 24-21. Fide discussion on 

Makara (ante). 

The origin of the names of the signs Makara 
and Kumbha is now found out. Capricornus (the goat) 
is of later introduction. The nakshatras Sravana and 
Sravistha have already been dealt with. The star 
Sravana is identified with Altair and Sravistha or Uhanis- 
tba is the star & Delphinus. Dhanistha is derived from 
having abundant food grains after the rains. 
When owing to the effects of precession Sravana and 
Sravistha were no longer the lierbinger of rains, the V 
was changed to ‘jp | 

The nakshatra Abhijit has already been identified and 
sufficiently described. 

Now comes the two Ashadas (Purva and Uttara). 
Ashada is derived from ?! (no) (to brook) — one that does 
not brook an insult — referring to the figure formed out of 
the stars in the group. It resembles a being with the 
lower portion that of a beast and the upper portion 
sufficiently bent hick appearing like a man in a very 
defiant attitude ready to dart an arrow’ at the eagle 
(Aquila). In plain language it means that on the 8un’s 
entrance into these asterisms lightning flashes previous 
to the approach of rains were visible. It was rightly 
hinted by Miss Plunket in her “ Ancient Constellations 
and Calenders " that the hymn 27 in the 4th Mandala of 
the Rig Yeda “ when the hawk (aquila) screamed (with 
exultation) on his descent from heaven and (the guardians 
of the Somft) peroeived that the Soma w r as (carried away) 



so 


D. N. MUKIIOPADHYAYA 


by it, then the archer (qa?) Krisanu pursuing with the 
speed of thought and stringing his bow let fly an arrow 
against it” refers to the archer ^-Sagittarius — sign 
Dhanus. The star 8 is designated Purva and <r Sagittarius 
the Uttara Ashada in later astronomical works. 

I shall mention here another asterism frequently 
referred to in ancient treatises — the nakshatra Sisumara 
(Gangetic porpoise) or Dhruba Matsya (the polar ftsh). 
Bhaskara mentions it in his G’oladhyaya, Oh. I, sloka 10 
‘... Hrafrfsif I’ It is also men- 

tioned in the Maha Narayanopanishad ‘ 

stawt fac=n ...gqww war 
m: fatwvqefi fafasi fa'wTJrarqfrf 

* and in the Vishnu Parana ‘ tjrerotf fspssWTCTWfl 

mrt: l faraftre:’ l -2-9-1. Com- 

pare also Brahmanda Purana, .YG-G2, Vayu Purana, 
52-91, Brahma Parana, 21-5. 

The figure is composed of the stars p, £, v , Draconis 
and y , /?, 5 and -L Ursae Alinoris and is easily recognised 
in the night resembling the figure of a Gangetic porpoise. 
Now Bhaskara in his notes on the above-quoted sloka 
says : ‘ ?WT^rRSI-qn% 

fafcwt iraJjwiTCiqfcim: i <n?r 

*f%: fare: i ^nsr ftaimra g^cirer qftW «j4?rt 
*itin 5 wnn qfawar urfci i os 

ZW* \ It It Tfa ^ sqq**l l’ When the 
sun enters Bharani at the time of his setting, the polar fish 
is seen in a slanting position The star in its mouth i- 
towards the west and that in the tail is towards the east. 
At that time the sun is in the line drawn through its 
mouth and the p >le. Again in the morning the star in 
the mouth goes towards the east and the star in the tail 
is towards the west. Therefore the rising of the sun is 
seen in the line drawn through the mouth (of the polar 
fish). Therefore it is proved there are no two suns, etc. 
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Prom this it is evident that the pole star passed through 
the mouth of the figure. The star 4 Ursao Miuoris (a 
variable cue) in the mouth of the fish was the pole star 
about B. C. 200. But from the sloka in the Vishnu 
Purana we learn that the pole lies towards the tail of the 
'Sisumara. The star in the tail is ft Draconis. We have 
Abhijit (Vega) at a short distance from the tail and it was 
once the pole star. It is evident the Vislmu Purana 
describes a very ancient position, as its very name implies 
(Purana— puratana — ancient), when the pole was in the tail 
of the Sisumara (the Gangetie porpoise) — the polar fish. 
The Brahmanda Purana on the other hand states the 
latest position when the pole was in the mouth of the 
Sisumara. fTrld |’ U ttanapada 

(ft Ursae Minoris) — father of Dhruva, is the upper jaw r of 
the Sisumara. The stars ft, f, y Draconis and , Hercules 
form another small fish just touching the bigger one, of 
which the star < Hercules was the pole star after Vega, 
though not so remarkable as Abhijit — being a fourth 
magnitude star. 

The Sisumara is also referred to in the ltig Veda as 
having l)een yoked with the Vrishabha (Taurus ) — an 
apparent incongruity, the Sisumara (porpoise) being an 
aquatic animal and the hull a land one. ‘To the car 
were yoked together the bull (Vrishabha) and the Sisumara 
to revolve round.’ Rig., 1-11(5-18. — a clear reference to 
the sign Vrisha (Mriga— Orion). This happened when 
the pole was near about 1 Hercules in B. 0. 9000 
about. 

» 

The Saptarshis (the Seven Rishis) are the stars a, P, y, 
S, £, v Ursae Majoris (the Great Bear). 

Now it is worth while entering into the discussion of 
the Revolution of the Rishis as distinctly noticed in 
ancient treatises. A short extract from Colebrooke’s Essay 
on the Equinoxes will introduce the subject. 
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“ ... Varaha Mihira has a chapter in the Varahi 
Samhita expressly on the subject of the supposed motion 
of the Rishis. He begins by announcing his intention 
of stating their revolution conformably with the doctrine 
of Vriddha Garga. and proceeds as follows. ‘ When king 
Yudhisthira ruled the earth the ( munis ’ were in Magha' 
and the period of the era of that king is 2526 years. 
They remain for a hundred years in each asterism being 
connected with the particular nakshatra to which when it 
rises in the east the line of their rising is directed — ‘TOPf 

tons smrfa i 

i «i?i 

i 

The commentator, Bhattotpala, supports the text of his 
author by quotations from Vriddha Garga and Kasyapa. 
* At the junction of Kali and Dwapara ages ’ says Garga, 
‘the virtuous sages ... stood at the asterism over 
which the Pitris preside. That is at Magha.’ ‘ The mighty 
sages,’ says Kasyapa ‘abide during a hundred years in each 
asterism ’ 

The revolution of the seven ltishis, and its periods, are 
noticed in the Puranas. The following passage is from 

the Sri Bhagabata, Book XI f, Ch. 2 of the seven 

Eishis, two are first perceived, rising in the sky ; and the 
asterism, which is observed to be at night even with the 
middle of these two stars, is that with which the Eishis 
are united, and they remain so during a hundred years of 
men. In your (Parikshit’s) time, and at this moment, they 
are situated in Magha. •••When the seven Rishis were in 
Magha the Kali age ... began. 

A similar passage is found in the Vishnu Purana, and 
a similar exposition of it is given by the commentator 
Ratnagarbha. The Matsya Purana contains a passage to 
the like effect; .... In the Brahma Siddhanta of 8akalya 
the supposed motion of the seven Rishis is thus 
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observed. ‘ At the commencement of the Yuga, Kratu 
wbs near the star sacred to Vishnu at the beginning of the 
asterism.... Their motion is eight liptas (8') in a year (should 
be 0’8')....For moving in Hie north into different positions 
the sages employ 2700 years in revolving through the 
assemblage of asterisms. ...Muniswara in his commentary 
on the Siromoni cites some of the passages quoted above, 
and remarks, that Bhaskara has omitted this topic on 
account of contradictory opinions concerning it 

The same author in his own compilation entitled 
Siddhanta Sarvabhauma has entered more fully into this 
subject. Tie observed that the Seven ltishis are not, like 
other stars, attached by spikes to the solid ring of the 
ecliptic, but revolve in a small circle round the northern 
pole of the ecliptic, moving by their own power in the 
ethereal sphere above Saturn, but below the sphere of the 
stars.... Muniswara supports this mode of calculation on 
the authority of Sakalya, against Varaha Mihira and Lalla, 
and affirms that it agrees with the phenomenon as observ- 
able at the period of bis compilation. 

Kamalakara notices the opinion delivered m the 
Siddhanta Sarvabhauma; but observes that no such motion 
of the stars is perceptible, liemarking, however, that the 
authority of the Puranas and Samhitas which affirm their 
revolution is incontrovertible, he reconciles faith and 
experience by saying that the stars themselves are fixed, 
but the Seven ltishis are invisible deities, who perform the 
stated revolutions in the period specilied. 

If Kamalakara’ s notion be adopted, no difficulty 
remains, yet it can hardly be supposed, that Varaha 
Mihira and Lalla intended to describe revolutions of invis- 
ible beings. If then it be allowed, that they have attributed 
to the stars themselves an imaginary revolution grounded 
on an erroneous theory, a probable inference may be 
fin nee drawn as to the period when those authors lived, 

5 
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provided one position be conceded ; namely, that the rules 
stated by them, gave a result not grossly wrong at the 
respective periods when they wrote. Indeed it can scarcely 
l)e supposed, that authors, who, like the celebrated 
astronomers in question, were not mere transcribers and 
compilers, should have exhibited rules of computation, 
which did not approach to the truth, at the period when 
they were proposed.” 

‘ In the preceding passages with respect to the ltishis 
quoted by Colobrooke from various astronomical works of 
the Hindus, the writers agree in the common mistake of the 
supposed motion of the line of ltishis, and in the opinion 
that a solstice moves through each astcrism iu 100 years ; 
hut we can only regard these mutilated fragments of a 
nearly perfect theory as having had a common origin in 
a remote age. We may suppose that they have been 
hauded down from the same Jyotisha family by its 
scattered descendants and that the original doctrines 
have lost their true form, from repeated transcripts, 
during long periods of time, and this liability to error 
would be increased by the complex nature of the subject 
without sufficient explanation. In short the rate of 
motion of the solstices originally known and so noar the 
truth, became lost to the successors of the earliest 
astronomers.’ — Brenmind, Hindu Astronomy, p. 70. 

In fact it was not the Seven ltishis alone that were mov- 
ing but all the ilikshas (nakshatras — stars) were moving 
with respect to the equinoxes or the solstices. The seven 
prominent stars were also termed the ‘ Ilikshas ’ — the bear 
from which we have the Great Hear of the westerners. The 
ancients really meant to say that all the Ilikshas move with 
respect to the equinoxes or the solstices, or, which comes to 
the same thing — they move away with respect to the sea- 
sons. But lliksha also meaning a hear — the motion was 
mistakenly applied to the Great Bear (Saptarshis) alone. 
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“ The early astronomers, however, considered the 
equinoxes to be immoveable ; and ascribed the change of 
distance of the stars from it, to a real motion of the orb 
of the fixed stars which they supposed to have a slow 
revolution about tin; poles of the ecliptic in the Platonic 
‘period of 25920 years, a space not remotely different from 
that produced by moderns, from other principles.”— Smyth’s 
Cycle, Vol. IL, p. 227. Of course owing to the proper 
motion of the stars in the group, the relative positions of 
the same may sensibly change, but that does not mean that 
they alone will revolve round the pole of the ecliptic in 
2700 years. “ Of the seven brightest stars of the Plough 
(Great Bear — Saptarshis), five have proper motions in the 
same direction and of nearly the same amount while « 
and v have a proper motion in the opposite direction. 
These movements though slight, are sufficient sensibly 
to alter to the eye the relative positions of these stars 
after the lapse of several centuries.” — lleath, Atlas of 
Popular Astronomy, p. 110. 

During the Yedic age the word ‘ Kish i ’ also meant 
the seasons. “...The six seasons are also termed ltishis, 
rishayah, which Sayana explains by ‘ gantarah ’-goers : 
in what sense does not appear."’ — IN ilson, Translation of the 
Rig Veda, Vol. II, p. 132 (note). 

As is well known lo all, the seasons come and go away. 
Hence ‘Ritus’ were termed ltishis from srh rfflt 
(moving). In a solar year there are twelve lunar months 
and some days mo. e. Counting from the vernal equinox 
two lunar months make one season. W1WI«T qsWHjfR 

f — Veilanga Jvotisha. Therefore 
in a year there are six seasons plus some days more. 
Hence the seasons are termed seven of which six are in 
pairs and the seventh solitary. 

‘<n *15: ** wt sfa r 

(Rig Veda, 1-164-15.) 
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‘Of those that are horn together, the sages have called 
the seventh single horn, for six are twins and horn of 
heaven (gods).’ 

‘wrranar 'wrat *nfa 

i— Atharva Veda, 

2-C. ‘O Agni, let the summer season increase thee; the 
years, seasons, what things are true (increase thee). 
Shine thou with the heavenly bright, space, illuminate all 
the four directions.’ 

The ancients began to observe that this or that season 
starts on the sun’s entrance into this or that asterism. 
Later on they began to observe the same season to occur 
on the sun’s entrance into a different asterism. Tn this 
way they concluded that the Rishis (seasons) are moving. 
The first effect of precession observed is the falling back 
of the seasons with respect to the position of tin; sun 
among the asterisms. This they carefully noted and 
formulated that the seasons fall back bv one naksbatra 
in one thousand years, i.e., twenty -seven thousand years 
for one complete revolution. Tin; movement of the 
llikshas (the stars) starting from an equinox or solstice 
and return to the same position — or what comes to the same 
thing as the movement of the Rishis (the seasons) was 
confused later on with the movement ol‘ the ‘ Rikshas’— 
the bear — the (treat Rear — Ursa Major — the Seven Rishis 
(the word Rishi is pronounced in upper India as rile hi) 
alone, the original sense having been lost. 

“...From the extract above given it will be seen that 
the several writers refer to a motion which they them- 
selves evidently did not understand, but which they were 
endeavouring to explain from traditional doctrine received 
from previous astronomers, to whom the subject was 
really clear.... It will be observed that the astronomers of 
the period between the ICth and 14th centuries before the 
Christian era had made many discoveries and amongst 
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others this that the solstitial colure was moving backwards 
along the signs.... Now what is more natural than that 
omissions or mistakes should he made in the numerous 
copies of the statements of the original astronomers, 
who lived more than 28 centuries ago, or that a cipher 
should have been lost, or even a dot (which we are told 
ancient writers used in lieu of a cipher) at the end of 
the number, and that the modern Hindu writers should 
have been misled instating 100 instead of 1000 years, 
2700 years fora revolution instead of 27000? ” — Brennand, 
Hindu Astronomy, pp. 7-1-70. 

That this really happened will he evident on looking at 
the number of revolutions of the sun’s apsis in a kalpa 
as given in the ancient, treatises. In place of 38700 it is 
stated as 387 only, thus making the annual movement 
of the apsis (HI 01" in place of 1101". Kven now-si- 
days such mistakes are not uncommon. As an example 
one will (ind in the General Elements of the Earth in 
Smyth’s Cycle, Vol. 1, a book printed with great eare, the 
complete tropical revolution of the apsides stated to occur 
in 201)81- years in place of 20081- years. 

The word llishi in its original sense we have still 
preserved among the westerners when they styled ‘reces- 
sion of equinoxes’ to denote ‘precession of equinoxes’ 
(ihile Proctor’s Old and New Astronomy) (Recession 
from Lat. recessus — to move). Now a-days ‘ precession of 
equinoxes’ is more* generally used. This movement of 
the. Ilishis is nothing hut the ‘Pecession of the equi- 
noxes or the solstices.’ Aryahhatta mentions the number 
of revolutions of (he Saptarshis in a Kalpa to he l.*>!)9!)98 
(this is the same as that of I’arasara quoted hy Arya- 
hhattii). Thus the number of years for one revolution 
conies out to be slightly more than 2700. Tile correct 
tigure should be 27000 years. Aryahhatta (also Parasara 
quoted by him) mentions the period of attaining maximum 
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libration ( Ayana bhagana) of 24 or 27 degroes immediately 
after. The number of librations in a kalpa according 
to Aryabhatta is 578159 and that according to Parasara 
681709, slightly different from that in the Surya 
Siddhanta which is G00000. The adoption of the Saptarshi 
(tropical or mean solar) year or the Nirayana (apparent 
solar) year by the Hindus requires the solar intercalary 
month to be taken account of. In the Yedic literature 
wo have throe types of intercalary month mentioned — 
and Samsarpa and Malimlucha 

have been rightly idontilied with the two types of lunar 
intercalary months, Kshaya ( tfa ) and Malamasa. 
Arahaspati is Ahaspati, Aharpati or Divapati (Sun)— the 
solar intercalary month ; compare— 1 

«tr?i f^iqctd i’— 
the' very next mantra — 

imreut sm?i sprpj wtf itanrir r 

The derivation of is similar to that of firigtirc i 

Both are Vedic forms for and ftniSUK ( fluqfa 

ffh injuring children). Vide also liig Veda (1-25-8) on 
the knowledge of the intercalary mouth possessed by the 
ancients. ‘ ... We cannot doubt the correctness of the 
Scholiast’s conclusion, that the thirteenth, the supplemen- 
tary, or intercalary month of the Hindu limi-solar year is 
alluded to ;.... The passage is important as indicating 
the concurrent use of the lunar and the solar years at 
this period (Yedic), and the method of adjusting the 
one to the other.’— -Wilson, Translation of the ltig Veda, 
1st Vol., pp. G5-GG, foot note. 1 he length of the apparent 
solar year is given by Srisena in his ltomaka Siddhanta 
and is quoted by Varaha in his Panehasiddhantika. 
Srisena took the length of the solar year from Lata 
(acharya) — an ancient Vcdic astronomer. Vide Introduc- 
tion to Panehasiddhantika by Thibaut and Dvivedi, p. 
xxvi. Thus the Recessional period (Saptarshi Bhagana) 
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and the period of Libration (Ayana Hhagana) were 
distinct with the Hindu astronomers. Bhaskara and 
others mixed up the two and understood the degrees 
of Libration to he the same as the degrees of 
Precession. 

“ The doctrine in question (the Libration of Equinoxes) 
found advocates formerly among the astronomers of 
Europe and Arabia. Arzael. a Spaniard, and a mathema- 
tician of the lLth century, author of a treatise entitled 
‘The observation of the Obliquity of the Zodiac,’ affirmed 
a libration or trepidation in longitude within the limits 
of 10° East and West at the rate of a degree in seventy- 
five years. Two centuries after him, Thabit Ben Korah, 
an astronomer, assigned to this supposed trepidation the 
limits of 22 East and West. 

The notion of a trepidation in longitude, hut at a rale 
not equable ,' had been entertained by the astronomers 
who compiled the Alphonsine Tables, though Alphonsus 
himself was subsequently led to the adoption of a corrector 
opinion and to the consequent alteration of the tables 
first published by him” — Colcbrooke, Essay on the 
Equinoxes, p. 337. 

The theory of the Libration of Equinoxes was preva- 
lent in Europe till the time of Tycho Brahe (1000 A. 1).) 
who “as an incidental though valuable result, demon- 
strated the unreality of the supposed trepidation of the 
equinoxes ” — Encyclopaedia Britan nica, Tycho Brahe, 
10th edition, p. 811. 

Tt is evident from all available information that this 
theory of the Libration of Equinoxes was wo» ld-wide 


1 lianganath speaks of tin’s motion as bihiMaiia — possessed o! 
peculiar eliuraderislies, 1ml Wing unable to explain tins phenomenon 
ascribed it to the will of CJotl ‘ i 
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till the 16th century, when it was rejected in Europe 
by Tycho Brahe, followed by ollieis who supported him, 
in not being able to explain the phenomenon. 1 

Now we come to the question of the Ilishis (Solstice) 
being in Magha during the reign of Yudhisthira. The 
Kali era begins from B. C. 3102, 17th February. This is 
exactly the year of the Deluge (.‘1102 B. C. February 18). 
( J ulo Herseliel’s Outlines of Astronomy, p. (>7l), in the 
table * Intervals in days between the commencement of 
the Julian period and that of some other remarkable 
chronological and astronomical eras/) Now from 11102 
B. C. to 15)23 A. 1). we have 5021 veers. During this time 
vernal equinox receded (5021x18") or (57 degrees. There- 
fore' summer solstice occurred at (00 + 07) or 1.57 degrees. 
Starting from l Fiseium (Uovali) and allowing 13.', degrees 
for the portion of each nukshatra, the end of Magha the 
tenth nakshatra is 133* degrees distant. But C Fiseium 
being 10 degrees away from the present, vernal equinox 
the distance of t he end of Magha from the present vernal 
equinox is ( 133;', + 10) or 152.’, degrees. Therefore actual 
summer solstice in 3102 B. C. was situated (157-1 52] -,) 'If 
degrees after the end of Magha. But as is well known if 
the correction for refraction is not made the vernal equi- 
nox (day and night equal) happens about three days 


1 A simple explanation of the theory of the Libration of Kquinoxe.s 
may not be out of place here. The apparent sun moves along the 
ecliptic. The fictitious mean sun is. as usual, supposed to move aimin' 
the equator. There are four days in a year on which the K, A. of the 
apparent sun equals the longitude of the moan sun, /,#*., the two suns are 
on the same hour rirrle. If any of Hit! four points on the ecliptic, where 
on the arrival of the apparent sun the above phenomenon happens, he 
taken as the initial point, the solstitial or the equinoctial point will 
be found to librale about 24 or 27 degrees, about this initial point 
and ricr ensa. Kor further details riilr 1 Li brat ion of Kquinnxes, 
Notes on Indian Astronomy, Journal of the Department of Letters, 
Vol. V. 



THE HINDU NAKSHATRAS U 

earlier. Therefore the summer solstice might well be 
declared to have occurred at longitude (157 — 3) or 154°, 
and this is only (154-15?$-) If degrees after Magha. For 
convenience it is assumed that the longitudes are always 
gountecl from the same fixed point. “ Had a fixed star 
been chosen as the origin of longitudes, they would have 
been invariable.” — Herschel, Outlines of Astronomy, p. 
203. For a difference of If degrees we need not bother, 
especially when we remember that even with some old 
European observations the rate of precession was taken 
to be 45". “ The ltev. Charles Turnor (Newtonian 

Tumor) has recently lent me a very valuable MS. 

Almanac of 1340, Among its contents is a list of 

35 principal stars and their constellation places, 

brought up from Ptolemy’s catalogue by applying 45" 

for the annual change of longitude ” — Smyth’s Cycle, 

Yol. II, p. 525. Bentley also took 48*2" for the mean 
annual precession allowing 40*2" and 50*2" to be the mini- 
mum and maximum values. In Smyth’s Cycle published 
in 1844 it is written that « > rsao Minoris (Polaris) will be 
the pole star in 2095 A. D. whereas in Schurig’s Star Atlas 
recently published we find the year stated as 2115 A. D., a 
difference of 20 years in a prediction for a period of about 
250 years. 

There is an important passage in the Satapatha Brah- 
mana which reveals the time of the compilation of the 
same, and incidentally the time of Yudhisthira. 

w sreraifa unlifes!: i 

afa q ns • *^mq«r arena 

V?'* “ .... These the Krittikis do not deviate from due 
east. All other nakshatras do deviate from he east, etc.” 
Now the present longitude of Alcyone (Krittika) is 59°. 
The latitude of the same is 4° N. Alcyone or for the 
matter of that any star to be due east must be on the 

6 
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equator. This happened when Alcyone was at least 9° 
west of the vernal equinoctial point. As the obliquity is 
somewhat variable, moreover the group Pleiades was 
meant by the Risliis, so I have here stated the minimum 
value. Therefore the vernal equinoctial point has by 
this time moved (59° + 9°) or 68° to the west. The* 
impossibility of the vernal equinoctial point librating 27° 
about £ Piscium (Revati) is apparent. Now assuming 
72 years for the precessional movement of 1°, (68 x 72) 
or 4896 years have elapsed since the book was compiled. 
Hence the date of the compilation of the Satapatha 
Brahmana is about B.C. 8000. In this book we find the 
name of King Janamejaya, great-grandson of Yudhi- 
stbira. |aiq; Ulftforf 

qrepny i rrc > * WTO — ^-¥.*#1 Therefore King Yudhis- 
thira might well have lived (5024- 4896) or 128 years 
prior (that is in 3102 B.C.) to the date of the Satapatha 
Brahmana. “In the Aveen-i-Akbari, II, p. 110, it is 
stated that the great war ‘ happened in the end of the 
Dwapara Yuga, 105 years prior to the commencement of 
the Kali Yuga, being 4831 years anterior to the fortieth 
year of the present reign (that of Akbar).’ The fortieth 
year of Akbar was 1596 A. D. Therefore the great war 
happened in (4831 — 1595) or 3236 B. C. Therefore the 
commencement of the Kali Yuga was (3236 — 105) or 
3131 B. C. (Abul Fazl).” — Brennand, Hindu Astronomy 
p. U8 

In the Yedanga Jyotisha we find another position 
of the colures described. The summer solstice was then 
situated in the middle of Aslesha, i.e., at longitude 132^°. 
Allowing the common difference of about 3 degrees, 
actual solstice was then in long. 135£° about. This 
happened about B. C. 1478 (taking the annual precession 
to be 48"), the time of the last edition (revision) of 
the Yedanga Jyotisha. ( Fide pp. 54-55.) 
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Prof. Max Muller’s apprehensions, ‘ I feel bound to 
remark that unless there were internal evidences that the 
Vedic hymns reached back to that remote antiquity this 
passage of the Jyotisha would by itself carry no weight 
whatsoever,’ are groundless in view of the fact that the 
learned professor cannot expect an astronomical treatise 
extant from ten-thousand years before, to be still 
showing the position the col ares occupied when the 
treatise was first composed. The subject having to be 
taught from actual observations it was natural to have 
changes introduced from time to time by the revisers. ‘ The 
existence of the different versions of the Vedanga Jyotisha 
and the obscurity into which some of its verses are still 
shrouded render it rather difficult to meet the above 
objection, especially as it is a side attack on the antiquity 
of the work with an admission that the position of the 
colures might have been recorded in the work from real 
tradition current in the time of the author.’ — Tilak, 
Orion, p. 39. 

Coming to Varaha Mihira’s time we find Varaha 
observing summer solstice entering Punarvasu.' From 
the end of Punarvasu to the end of Magha we have three 
nakshatras (a distance of tO degrees). The solstitial 
colure to fall back by three nakshatras would require 
3000 years. Varaha Mihira states that Saka Era started 
2526 years after the era of Yudhisthira and he was writing 
about 500 Saka year. So that the number of years elapsed 

' siwwfanftasi faesHfarcsreM t 

qswv* nsuftn smranqsf n 

also 

*w n 



44 


D. N. MUKHOPADHYAYA 


252G+5G0), about 3000 years, accounts for tho solstice to 
enter Punarvasu. Counting as usual, the end of Punarvasu 
is 112;\ deg. from the present vernal equinox. Therefore 
apparent vernal equinox was happening then at (112^-90) 
or 22^ deg. or vernal equinox as understood by moderners 
was at longitude 25^ degrees. 1 Even allowing precession^ 
at 50" annually, 1824 years have elapsed since then. 
That is the present Saka year should be at least (1824 + 
500) or 2324. 5021- Kali era corresponds ;o (5024-2526) or 
2498 Saka ; whereas the present Saka year is stated to be 
1844. An error of 500 years in the counting of the Saka 
ora is incredible. The fact is, ‘Saka kala’ of Varaha is 
nothing but the ‘ Sakya kala,’ the era of Sdkya Muni or 
Buddha. For this suggestion I am indebted to Prof. 
Bhandarkar of the Calcutta University. It gets support 
from the following : “ And the ultimate basis of them is 

to be found in my opinion in the point that in early times, 
alongside of the words Saka, Saka, as a tribal name, there 
were in use the forms Saka, Saka=Sakka, Sakka, 
corruptions of Sakya, ‘ a Buddhist. — Dr. Fleet, ‘ The Date 
of Kanishka,’ Journal of the Royal Asiatic Society, 1913, 
p. 994. The date of Buddha’s Nirvana is 544 B. C. There- 
fore the present Buddha year is 2406, a difference of 32 
years only, from Yaraha’s Saka kala. Compare Bren- 
nand, Hindu Astronomy, p. 1L8, footnote. There 005 
B. C. refers to the beginning of the Saka (Sakya) era and 
not the age of Yudhisthira and Parasara as mistaken 
by Brennand. The mistake was here * the period of 

1 That vernal equinox was happening in longitude 25 J‘ will be 
evident on looking at the position of somo of the stars given by Varaha. 
Uegulus (Magha) and Spioa (Cliitra) being two first magnitude slurs 
could be observed after sunset on tho apparent vernal equinoctial day. 
The longitude of Magha is given as 126^. The present longitude of 
Magha being 148' 45' (about), the apparent vernal equinox was then in 
longitude (148 45' — 126°) or 22' ‘45'. Therefore tho true vernal equinox 
of moderners was then at about long. 25°45'. 
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Yudliisthira is here stated to be 2520....” Whereas what 
Yaraha meant was that 252(5 years had elapsed from the 
time of Yudhisthira to the beginning of the Saka kala. 
Kalidasa the poet wrote his ‘ Jyotirvidabharana ’ in 3068 
Kali era, i.e ., in (3102—3008) or 3 1 B. G. Vikramaditya 
lulling about 58 11. C., Kalidasa might well have adorned 
his court. Kalidasa also mentions the date 115 Saka in 
this book which refers to the Sakya era then prevalent — 
this is Yaraha’s ‘ Saka kala.’ 115 Saka may be the date 
of Kalidasa’s birth. lluddha era (the Nirvana era) 
starting from 514 B.C., Kalidasa was born in (514 — 115) 
or 99 13. C. Yaraha Mihira mentions the date 127 Saka, 
which is perhaps the year of his birth. In that case he 
was born in (514—127) or 117 13. C. The Buddhist 
influence during Vikrama’s reign will be apparent from 
the name of WPGi ( fadHTDT a term appli- 

cable only to Buddhist monks and nuns) — ^nn or 
who adorned his court. That Yaraha Mihira was one 
of the nine gems adorning the Court of King Vikrama- 
ditya who started the Samvat. era (58 B. C.), will now be 
evident to all. 1 The present Saka era was started by a 
king who was not a Saka. “ in one sense I agree with 
Dr. Thomas in regarding this as being only nominally a 
Saka era. I hold that the founder of it was not a Saka, 
and that the name of the Sakas became attached to it 
under the influence of a mistaken tradition. But that 
is not his meaning. He has stated a * rather surprising 
fact,’ which certainly does startle me ; namely that this 

1 Bhaskara wrote his treatise in 107'2 Saka. The decrees of preces- 
sion — tile distance* of the vernal equinox from C I’iscium— given by him 
is stated to ho about 11 ". Ithnskura living about SIX) years before, actual 
vernal equinox was then at long. 11 or S' behind £ I’iscium (the 
present longitude of £ I’iscium being 10 ). Hut the apparent venial 
equinox happening about 15 days earlier, Hhaskara got the longitude 
°f £ piseium to bo about (8+3) or 11 ". Evidently Blniskara used the 
current Saka era. 
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era was ‘ known in Southern India (in other provinces also) 
by the name of the people the Sakas, whose overthrow it 
commemorated.’ Ho has quoted Alberuni as his authority 
for this statement. And he has taken it to be literally 
true — (if it should prove to bo the case that Kanishka 
began to reign in A. D. 78) — that an overthrow of tfle 
Sakas is the event from which the era dates.” — Dr. Fleet, 
‘The Date of Kanishka,’ Journal of the Royal Asiatic 
Society, 1913, pp. 988-989. 

Here a short description of the ancient idea of time 
will be useful. The words denoting time in Hindu 
astronomy are ’ (Ghati), sfpit (Nadi) and (Danda). 
•TT*rt (Nadi) is derived from sra (tube). The respirations 
through the nasal tube as well as the pulsation in the 
radial artery (tube), suggesting the idea. Six Pranas make 
one Pala or Yinadi ( ) (pala ’ from qg qat — move- 
ment; compare ‘pulse’ from ‘pello’ — heating). Sixty 
Palas make one Nadi (are)) or Ghati (qft). Sixty of these 
Nadis or Ghatis make one day ( 21 hours ). So that one 
Nadi is equivalent to 360 Pranas. But one *adi 
being one-sixtieth of a day is equal to 21 minutes. 
Therefore 21 minutes being equal to 360 Pranas, one 
minute equals 15 Pranas. The ancients perceived that 
there were 15 respirations per minute in a man in perfect 
health. So that one Prana is equivalent to one 
respiration or four seconds in time. This makes the total 
respirations in a day equal to ((5 x 60 x 60) or 21600, a 
number well known to the Hindus.' The ancients also 

1 qf? qt Sjqafq i 

VVtUiWt jw: qffiisw. Rlfafa VW R#l *fn I 

at* tita: R<qw:— 

*m' *raifa gaa: awwsuRn Rfaa' siqfai 

gqq: aka rw: RtWn am qiftfa qfa i 
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perceived that one respiration is equivalent to 5 pulsations. 
That is in a minute there are (15x5) or 75 pulsations. 
So that in a day there are (5 x 21600) or 108000 pulsa- 
tions. The number 108 is well known to the Hindus 
from their religious point of view. It is here worth 
remembering that the period of the sidereal revolution 
of the apsis is 108000 years, one-fifth of this or 21600 
years is the period of the tropical revolution of the same, 
one-fourth of the same period or 27000 years is the preces- 
sional period (Saptarshi Bhagana). The word ‘ ghati* arose 
from gz a vessel also from gz^farrl striking, from which 
we have a bell that is struck at regular intervals, 
later on, the clocks or watches, for their striking hours 
or tickling at intervals. So that ancient astronomers in 
sound health measured small intervals of time by counting 
their respirations or for more accuracy, their pulsations. 
Galileo discovered the isochronism of the pendulum by 
timing the swings of a candelabrum with his own pulse 
beats. Nadi and Ghati consequently indicate mean time. 
The word Danda (^ej) indicates a rod — gnomon. Time 
measured from this will be apparent solar time (this may 
be done during certain hours of the day only, when the sky 
is clear). The significance of these terms were well known 
to the ancient astronomers who had to deal with these 
from the practical point of view. At present we mix up 
all these terms, as if they denote the same thing. 

The ancients determined the equinox with the help 
of a time keeper that was tilled in exactly twelve 
hours. The Mayura (peacock) Jantra is mentioned 
in the Suryya Siddhanta. The cock emptied from its 
mouth one earthen ball every 21 minutes till 60 of these 
were emptied in a day. The description is something 
like that of a water clock which was presented by 
Harun-al-Raschid to Charlemagne. “Kaliph Harun-al- 
Raschid was the richest and most potent sovereign of his 
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time and reigned from 785 to 808 A. D. He sent a 
splendid embassy to Charlemagne, his ally, which among 
other presents brought a water clock, in the dial of which 
were twelve small doors, forming the divisions of hours. 
Each of these doors opened at the time it marked, and 
let out little balls which falling on a bell of brass, struck 
the hours. The doors continued open till twelve o’clock, 
when twelve knights, mounted on horseback, came out 
together, paraded round the dial, shut all the doors and 
returned to their apartments.’ — Smyth’s Cycle, Yol. I, p. 20. 
In the determinations with the help of a gnomon also, 
we shall allow a margin of about two days. “ The exact 
number of days elapsing between the beginning of one 
solar year as determined in the manner above shown by 
the winter solstice and the beginning of the next solar 
year, might perhaps be determind within a day or two, 

but not much more accurately Continuing their 

observations and keeping their records for many hundred 
years in succession, the ancients had opportunities of 
correcting their first rough estimations to a degree which 
would be marvellous were it the work of but a singlo 
generation.” — Proctor, * Old and New Astronomy,’ p. 111). 
With these practical difficulties we shall always allow a 
margin of alwut two or three degrees with all ancient 
determinations. 1 

The movement of the liishis in 27000 years was so 
well known at one time that an era was started by namo 
‘Saptarshi Samvat,’ but perhaps during the dark age 
through which India passed, errors were introduced. 

‘ The Saptarshi reckoning is used in Kashmir and in 
the Kangra district and some ot the Hill states on the 
south-east of Kashmir ; some nine centuries ago it was 


1 The stars having to be observed on clear dark nights, some about 
the equinoxes and some about the solstices introduce much difficulty. 
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also in use in the Punjab, and apparently in Sind. In 
addition to being cited as Saptarshi Samvatsara "the year 
so and so of the Saptarshis ” and Sastra Samvatsara (the 
year so and so of the Scriptures) it is found mentioned as 
Lqkakala (the time or era of the people).... The years 
of this reckoning are lunar Chaitradi and the months 
are Purnimanta (ending with the full moon). As matters 
stand now the reckoning has a theoretical initial point 
in 3077 B. 0. The idea at the bottom of this reckoning 
is a belief that the Saptarshis, the seven llishis, or Saints 
Marichi and others, were translated into heaven and 
became the stars of the constellation Ursa Major in 3070 
(or 3077 B. C.) and that these; stars possess an indepen- 
dent movement of their own which referred to the 
ecliptic carries them round at the rate of hundred years 
for each nakshatra or twenty-seventh division of the circle. 
Theoretically therefore the Saptarshi reckoning consists 
of cycles of 2700 years ; and the numbering of the 

years should run from 1 to 2700 and begin afresh 

The almanacs show both the figures of the century 
and the full figures of the entire reckoning which is 
treated as running from 3070 B. C. not from 376 B. C. 

as the commencement of a new cycle the second ” 

— Enc. Brit. (10th Ed.), Hindu Chronology, p. 199. 

If it is found on enquiry that the error really started from 
3077 B. C. it is possible that after the Great Deluge 
(3102 B. C.) there was so much havoc wrought on a great 
portion of the earth that it was only with difficulty that 
the Sacred Scriptures (the edas) could be preserved, 
other manuscripts being either spoiled, soiled or lost. It 
took a long time for the remnants to settle and by that 
time these truths were partially lost. As an example of 
what even a small flood can do we have the recent one 
in North Bengal for a testimony. The other possibility of 
the error having been introduced is, during the dark age 

7 
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through which Tndia passed. “ With the death of Bhaskara, 
the living breath of Mathematical science parted from 
India. Repeated invasions by a barbarous nation poured 
forth an abundance of calamity and in the troubled 
times the sacred muse of learning fled, and hid herself 

f 

among a herd of commentators in the Deccan. In the 
dark age that followed amidst the petty dissensions of 
a host of semi-independent states, we find intellectual 
effort at a standstill Jogcsh Chandra Roy’s Intro- 

duction to Siddhanta Darpana by Chandra Sekhara, p. 13. 
The Greek invasion contributed to the downfall in a great 
measure. “We arc told that Ptolemy Soter, the favourite 
general of Alexander, was a great lover of literature and 
science. He had a passion for the collection of manus- 
cripts, and had ample opportunities for the indulgence 
of this favourite pursuit, in the campaign in Asia, the 
literary wealth of which he acquired, and the manuscripts 
of which he collected as the spoil of war, and carried 
away from its palaces and temples. 

***** 

It is said of Uergetes that he adopted a most unscru- 
pulous method, of adding to the (Alexandrian) library, 
as for instance, that he seized books imported into Egypt 
from neighbouring countries and having caused them to 
be copied, returned the copies to the owners keeping 
the originals for the library. 

***** 

The aid which must have been afforded by the library 
to the philosophers of the Alexandrian School (Euclid, 
Archimedes, Hipparchus, Ptolemy, etc.) is incalculable. 
To state the degree in which the more ancient sciences 
were embodied in the writings of this period is impossible. 
The subject has in a great measure, been avoided, and 
modern writers have been content to ascribe to eminent 
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men of the Alexandrian School discoveries which were 
in fact made long before that school was established. 

It cannot lie doubted that, stored in the library, were 
many manuscripts, containing the wisdom of ancient 
Eastern nations, of which there is now no record, but 
which must have been translated and embodied in the 
works of Greek authors at about this period.” — Bren- 
nand, Hindu Astronomy, pp. 95-97. 

That the Saptarshi reckoning was really meant to 
continue to one thousand years for one Nakshatra will 
be evident from the following consideration. 

“Dr. Buchanan in his journey to Malayala (Sept. 1800) 
states that the astronomers there reckoned by cycles of 
1000 years from Parasurama and of the then current 
cycle 976 years were expired in Sept. 1800 and that 2976 
must have elapsed from the epoch of Parasurama to the 
year 800 A. 1). from which it is concluded that the epoch 
of that prince is 1176 B. C.”— Brennand, Hindu Astro- 
nomy. Without going into the detail whether this ‘ Para- 
surama Chakra’ or ‘Sahasra Samvatsara ’ as it is called {vide 
Viswakosha by Nagendrauath Vasu) really started from 
1170 B. C. or several years before (since it is well known 
Parasurama being prior to Yudhisthira cannot reign 
in 1176 B. C.), it is worth remembering that an era started 
during his auspices cannot go at variance with the 
‘Saptarshi’ or * Sastra Samvatsara’ which was also 
evidently intended to run to 1000 years for one nakshatra. 

In this connection another point requires careful 
attention. During the Vedic period some ‘Yajnas’ were 
directed to be continued up to one thousand years : — 
xjqsi Tfh‘— ' 

also in other books. Now it is known to us that 
the yajnas were the symbolical performances of the annual 
course of the sun. t tratqfh' I WSTWfa *ni*. I* ^e. 

Therefore this continuation of the yajna till one thousand 
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years had the evident meaning of the equinoxes or the 
solstices remaining in one nakshatra during that period. 
When one nakshatra was passed over, one yajna was 
completed and a fresh one started, j 

•surname— tv?-?- After a long period 
this significance of the sacrifices was lost. Coming to tfie 
later period we find the Mimansakas discussing the 
possibility of performing a sacrifice till one thousand 
years. ‘ qvji iforfarat 

VTW Satyabrata Samasrami in his 

‘ Aitareyalochanam.’ The Adhikarana starts thus 

Mm* ^ Purva Mimansa, 

6-7-12. The discussion was like this. The question of 
thousand solar or lunar years was excluded — the impossi- 
bility of a man living up to that age. With the help of 
special medicines (Rasayana) man may live up to that 
age— but that is also excluded for want of positive proof — 
moreover the Sruti says ‘ | ’ — ‘ men live up to 

hundred years.’ Then it was assumed that thousand years 
means thousand months. This was also excluded for a 
man has then to start a ‘ yajna ’ from his boyhood. The 
last conclusion arrived at was that thousand years 
tfcrept) means ‘ thousand days ’ ! 

The fact is later Mimansakas, lexicographers, physi- 
cians, etc., not possessing a clear knowledge of the astronomi- 
cal truths began to discuss and sometimes to change the 
original texts, thinking thereby they were correcting the 
same. “The only other authority I can find for supposing 
that Phalguna was a Vasanta month is the statement of 
Susruta’s medical work, that Phalguna and Chaitra make 
Vasanta. But on a closer examination of the passage 
wherein this sentence occurs, it will be found to bear on 
its face the marks of later insertion. There are two conse- 
cutive paragraphs in Susruta, each enumerating and 
describing the seasons of the year. The first states that 
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‘There the twelve months, beginning with Magha, 
make six seasons comprising two months each. They are 

Sisira ( Winter), etc ’ The second paragraph then begins 

with the words, ‘ But here ’ (better translation would be— 
but at present) and continues to state ‘ the six seasons are 
* Varsha (Rains), Sharad, Hemanta, Vasanta, Grishma and 
Pravrish ’ thus altogether dropping Sisira... The paragraph 
then proceeds to assign the months to the seasons as 
follows — Bhadrapada and Aswina is Varsha. ..and Phal- 
guna and Chaitra is Vasanta fT^STOTRT 

i 

to writ wfwn fig wrajq^riri froiftrafa snwn: 

ag urn i wisronagfr tot wiftVwTOtff 

<i<T«*FHhfr to*t:i ’ 

The fact is, it was not ‘ ?ra WWTStTt etc./ but 

‘ nmfcflT etc./ and the lirst season was Vasanta. 

In the usual order it means that Margasirsa and Kartika 
is Vasanta. But owing to the falling back of the 
seasons it was found after a long time that Magha and 
Phalguna indicated Sishira, so the change was calmly 
introduced. In the next passage some one recently 
perceiving that Phalguna and Chaitra indicates Vasanta 
introduced that smoothly, dropping altogether Sisira which 
should have been the months Phalguna and Chaitra. 
Vaisakha and Jaisthya would then indicate Vasanta 
months. We have in the last passage clear indications 
of Spring in Vaisakha and Jaisthya, later in Phalguna 
and Chaitra, clear effects of “ Recession of equinoxes.” 
A similar trouble occurred in the Amarakosha. ft 
qwifo in f l Wj: fori fafa: l” The exact reading 

was “ft ft JTprffc etc.” Raghunath Chakravarty, an 
ancient Bengali commentator of Amarakosha, observed 
this reading hut he started defending the former thus : 
‘wntff? ift f* 3*t«ifrifiKTO «i faffori srf 
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etc.’ He doubted, if Agrahayana and Pausha 
began the seasons then those months indicating Hemanta 
in his time would start an Ayana. But Uttarayana 
happens in Magha ‘ so Wd l fe jrpff, etc.’ is correct. In 
another passage in the Amarakosha we have ‘ xrtrl qjqq: 
qfirwftffat pr: I ’ Here there l)eing no trouble 

about stating the ‘ ayanas ’ the original reading was kept. 
In all the Yedic literature seasons begin in the order of 
Vasanta, Grishma, etc. 1 All these point clearly to the fact 
that at one time Agrahayana and Kartika indicated 
Vasanta, and Vasanta, Grishma and Varsa (from vernal to 
autumnal equinox) indicated Uttarayana — sun’s passage 
north of the equator. From about the time of the 
Vedanga Jyotisha (1100 B. C.) the sun’s turning north, 
back from the winter solstice; began to be regarded as 
Uttarayana. Later on when half a revolution was com- 
pleted (4000 B. C.), 1st of Agrahayana indicated autumnal 
equinox, consequently the last day of Magha indicated 
winter solstice. 2 Bhishma’s departure during Uttarayana 
in Magha about B. C. 3100 may be verified by any one. 
Lots of changes were introduced at this time. This will 
be clear on consideration of the following Slokas in the 
Vedanga Jyotisha. I 

fa qai fa : I ’ The simple meaning of 

which is that when the sun is to the north of the equator, 
perspiration increases, there is an abundance of water 
and the night is shorter (than twelve hours). But when 
Uttarayana was made to begin from the winter solstice, 
the word ‘qpll’ was given the meaning ‘day’ and ‘ ’ 
‘a measure of time.’ The latitude of the place where the 

* ‘TOflVSWwr.i a fsmns; — wr. i...’— w«r*— ' 

$5 i Tait. Ilr., 1-2-G. 

‘ WV OT’J Siq Siv: sws'<ihf%...l Yajnr Veda, 13-25. 

2 Vide table in 4 Tjibration of Coin res,, etc., 1 Journal of the Depart- 
ment of Letters, Vol. V. 
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difference between the mean half-day (twelve hours) and 
the solstitial day or night is 6 Muhurta ( t h 43'") is 53 £°. 
Whereas if 6 Muhurta is the difference between the 
length of the solstitial day and night then the latitude 
of the place is 35°. Similarly ‘ 

li ’ originally 

meant that the sun reaches the north (the northern limit) 
when he is in the beginning of Sravistha — indicating 
summer solstice (the rainy season, cide discussion on 
Sravistha before). Hut when half a revolution was com- 
pleted the Sloka was given the meaning that the sun 
turns to the north (having reached the southern limit) 
when he reaches Sravistha. 

There are numerous other statements scattered 
throughout the ancient literature which indicate that 
the Aryan civilization dates hack at hast from 16000 B.C. 
For all seekers after truth this will he evident without 
doubt. 

“ These points, however, are not sufficiently soaring 
for the Orientals. Sir William Jones says * I engage to 
support an opinion which the learned and industrious M. 
Montucla seems to treat with extreme contempt, that the 
Indian divisions of the zodiac was not borrowed from the 
Greeks or Arabs but having been known in this country 
from time immemorial, and being the same in part with 
that used by other nations of the old Hindu race, was 
probably invented by the first progenitors of that race 
before their dispersion.’ He continues, ‘Now I under- 
take to prove that the Indian Zodiac was not borrowed 
mediately or directly from the Arabs or Greeks and since 
our solar division of it in India is the same in substance 
with that used in Greece, we may reasonably conclude, 
that both Greeks and Hindus received it from an older 
nation, who first gave names to landmarks of heaven and 
from whom both Greeks and Hindus, as their similarity 
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in language and religion fully evinces had a common 
descent.’ The same subject was inquired into by the late 
accomplished Mr. Oolebrooke who was perhaps more 
competent to the task than any of his contemporaries. 
‘ I apprehend,’ says this gentleman, ‘ it must have been 
the Arabs who adopted, with slight variation, a division of 

the Zodiac familiar to the Hindus ’ But through 

all the enquiries, the Hindu Zodiac claims the highest 
antiquity, assuming that of Egypt of which we shall 

presently speak to havo been borrowed therefrom ” — 

Smyth’s Cycle, Vol. I, pp. 4M-445. “ The Hindu claims to 
antiquity stands on a higher ground, as a curious but 
involved historical problem ; and without joining the 
partizanship of Bailly or Delambre, Playfair or Leslie, 
I cannot but be somewhat influenced by the learning and 
sagacity of Sir W. Jones ; the science and judgment of 

L C. Colebrooke ; the persevering spirit of 

inquiry of Mr. Davis ; and the talents of Schlegel. The 
epoch claimed for the conjunction of the planets, as the 
opening of their Tables of Trivalore, in the beginning of 
the Kali Yuga, the present Iron or corrupt age (17th Feb. 

B. C. 3102) may be fanciful enough ; On the 

whole we must allow that the early Hindus applied 
intensely to pure sciences, since they could compute the 
mean motions and true places of the planets, and calculate 
lunar and solar eclipses ; they understood the astronomical 
sphere, and its circles, suspected a libration of the 
equinoctial points, had a glimpse of geometry, was 
expert in instrumental observations, and enriched science 
with those powerful organs — arithmetic and algebra.”— 
Ibid, p. 5. 

In fact the Aryans, even of the Yedic age were well 
acquainted with the divisions of the Zodiac and numerous 
other astronomical truths. ‘M. Mollen has shown, 
that there is no reason to suppose the zodiacal divisions 
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were unknown to the Hindus at the probable date of 
the Vedas.’ — Memoirs de 1 ’Academie des Inscriptions 
premiere serie, Vol. 3— quoted by Wilson in his transla- 
tion of the Rig Veda. ‘Prof. Ludwig goes further 
• and holds that the Rig Veda mentions the inclination of 
the ecliptic with the equator (1-110-2) and the axis of 
the earth (X-86-4).’ — Tilak’s Orion. In the fortieth hymn 
of the fifth mandala of the Rig Veda we find the descrip- 
tion of a total solar eclipse. Therein we find Atri using a 
Turiya Jantra (a quadrant) in locating the sun totally 

eclipsed ‘ W^T gfftvt wm\ 

I* (Rig Veda, V, 40-6.) The sun hidden through 
darkness was located by Atri with the help of the move- 
ment of (his) big quadrant.’ The late Mr. Tilak rightly 
interpreted ‘ turiya ’ to mean ‘ turya ’ or ‘ turiya ’ jantra, 
of the ancient astronomers. Turiya is derived from 
wg* — four ; hence grta — is the fourth part of the 
circle — a quadrant — now-a-days we have the sextant 
more generally used. g*\ip& sfijRi does not mean by 
the action of the turiya as suggested by the late Mr. 
Tilak but simply ‘ sreptfT (3fm-3^TTg ) by a 

large, g*)iN (gar nwpsr) quadrant, afa here means 
by the action or by the movements (requiring diligence). 
The ancients used the quadrants for astronomical 
observations. ‘ Meridional observations of particular 
celestial bodies can only be taken at intervals averaging 
about a day (exactly a sidereal day for a star) and it 
may happen that the sky is cloudy when the hodv to 
be observed is on the meridian ; or the passage of the 
meridian may occur in the day time, which for other 
bodies than the sun and the moon renders observation 
impossible. Hence such instruments as the astrolabe and 
parallactic instruments were not displaced by meridional 
instruments even when good clocks made these more 
effective than they can be without the power of measuring 

8 
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time effectively. Accordingly we find Tycho Brahe, 
whose instrumental arrangements represent about the 
highest development which observational astronomy 
attained before the telescope, employed extra meridional 
instruments. Among these were quadrants which could* 
be moved in azimuth — that is, could sweep the horizon. Of 
these Tycho possessed several, the largest being six feet in 
radius (reading to quarter minutes of arc). (Here follow 
a sketch and description of the same.) Fig. 13 represents 
Tycho’s largest extra meridional quadrant. It serves to 
give a good idea of the way in which observations were 
made before the telescope was applied to astronomical 
work.’ — Proctor, Old and New Astronomy, sections 81-85. 

It is worth while reading the article on ‘Telescope’ 
(Enc. Brit. 10t,h Ed.) regarding whether the ancients really 
knew the telescope and its uses. Assuming the ancients 
had no telescope, it does not follow that astronomical 
observations by them were inaccurate. We have a 
recent example in llevelius — the great German astronomer 
to the point. 

‘ The instruments used by Hevelins represented the 
last attempts of pre-telescopic astronomy to secure 
accuracy of observation. He used the telescope to obtain 
views of the heavenly bodies, but, he claimed that for 
determining position, pin-holes were better than telescopes, 
and throughout bis observing career, he refused the 
assistance which the magnifying power of the telescope 
would have given him,’— Proctor, Old and New Astro- 
nomy, section 87. 

‘ In 1673 Hevelius published the first part of his 
‘ Maohina Caelestis ’ as a specimen of the accuracy of 
his instruments and observations . The next year Hooke, 
who was ever ready to break a lance, published some 
observations on the ‘ Machina Caelestis ,’ in which he 
treated the author with great illiberality. Such was the 
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interest taken in the controversy that Halley was deputed 
by the Royal Society to repair to Dantzic and investigate 
the subject of dispute. Halley arrived at the house of 
Hevelius on the 26th of May, 1679, and remained with 
him till the 17th of July following. On the evening of 
his arrival, the two astronomers commenced observing, 
Halley with the telescope, and Hevelius with plain sights 
(midis oculis ) to ascertain, from a comparison of the obser- 
vations, which of the two methods gave the most correct 
results ; and such was the dexterity which Hevelius had 
acquired aided by a most excellent eve-sight, that the 
difference of their readings seldom amounted to more than 
a few seconds, and in no case to so much as a minute. 
Halley therefore decided against our countryman.’ — Smyth, 
Cycle, Vol. I, p. 49. We had such an example in Chandra 
Sekhara, the astronomer of Orissa. 

Prom the evidences produced before, it will be perfectly 
clear that all doubts of placing the Aryan civilization 
beyond 16000 11. C. must vanish. The great French 
astronomer, M. Arago was convinced of the highest 
antiquity (13000 II. C.) of the Egyptian zodiacs. 
“...Such is the exposition of which there arc now several 
editions in circulation ; it seems a fac-simile of that 
given out by ltemi Raige at ihe commencement of the 
present, century, but derives its claim to this notice, from 
bearing the valuable stamp of if. Arago. Yet it requires a 
fuller explanation than is given, since the act of connect- 
ing the summer solstice with Capricorn, the winter one 
with Cancer, the vernal equinox with Libra, and the 
autumnal one with Aries, is in opposition to the generally 
received opinions. If the scheme is applicable to the 
nocturnal risings of the constellations, the date may be 
about B. C. 762, when the first erratic Egyptian month, 
Thoth, coincided with Pisces ; but if the more usually 
received matutinal risings of the signs are to be understood, 
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then will the date ascend to 13000 years earlier, or 
half a revolution of the equinoxes and solstices. But 
the enormous length of such astronomical periods, while 
elevating the mind to the loftiest conceptions of which it 
is capable, is also a check upon hasty conclusioqs. 
Though no subject seems more completely beyond human 
powers than celestial mechanics, no other has attained a 
nearer approach to perfection ; and the motions of the 
heavenly bodies have been so perseveringly scrutinised, that 
time has become rather a mere relation than an agent 
in the inquiry ; a result and not a principle.’ — Smyth, 
Cycle, Yol. I, p. 457. But there is no danger of hasty 
conclusions now. The importance of Abhijit, the southing 
and disappearance of Agastya (Canopus), his reappearance 
and the religious observances connected with it, the history 
of lots of other nakshatras clearly evince the extreme 
antiquity of the civilization of the Aryans before their 
dispersal and recent conversion into Christianity, Maho- 
metanism, etc. Let us all ponder over the numerous 
evidences left by our great ancestors scientifically and then 
we shall not hesitate a moment in declaring that ours is a 
civilization as ancient as any human record may show. 

In conclusion, I express my heartfelt gratitude to 
the Hon’ble Sir Asutosh Mookerjee, Kt., C.S.I., for his 
deep sympathies and kind permission to publish this paper 
in the Journal of the Department of Science, Calcutta 
University. 



ADDENDA 


1. In support of the derivation of the word ’ 
from srar and | (p. 2) cf—' ...vrerenWHJ sml ’ (Gceta, 
Glv X. 21) ‘ I am the moon among the nakshatras,’ i.e., 
the moon is the chief nakshatra. 

2. (Pp. 32-34) The statement of the Saptarshis being 

in Magha will be satisfactorily understood when we 
remember that ‘ ’ is a synonym of ‘ tfsjt,’ ‘ the rays 

of the sun ’ — vide Yaska’s Nighantu. At the time of 
Yudhisthira the rays ‘ ’ of the sun were in Magha, 

i.e., the rays were maximum when the sun was in Magha. 
The maximum happens at the summer solstice. Hence the 
Saptarshis were in Magha at the time of Yudhisthira 
meant that the summer solstice* had entered the asterism. 
The opposite phenomenon of the rays ‘ inq; ’ of the sun 
being almost powerless ‘ 5 in Magha {rule 

pp. 22-23) happoned half a revolution earlier. 

3. In the map of the north polar region of the 
heavens, the small diamond-shaped figure together with 
the other one nicely represents a hammer-headed shark — 
Zygtem Bloch ii— one of the three species, one found in 
the Indian Ocean and the other two in the tropical and 
temperate seas. Vide Francis Day’s ‘ Pishes of India,' 
Yol. II, p. 719, plates CLXXXIV-fig. 4, CLXXXVI- 
ttg. 4, CLXXXYIII— fig. 4, also plate in Webster's 
International Dictionary. I am indebted for this sugges- 
tion to Prof. Ekendra Nath Ghosh, M.Se., M.D., of the 
Medical College, Calcutta. If a hammer-headed shark 
was meant to be the smuwmi by the ancients then the 
stanzas quoted re the same have to be explained differ- 
ently. Uttanpada will then bo a star in the small lozenge- 
shaped figure. From Bhaskara’s notes however, it clearly 
follows that he took the smmara to be the porpoise. 
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4. (Pp. 40-41) M. Bailey in his ‘ Traite de l’Astro- 
nomic Indienne et Orientale, p. 144, calculated the 
amount of precession in longitude (according to modem 
formula) in 4,801 years from A.D. 1700 to B.C. 3102 and 
got 2 s 7° 8' 0"-l° 45' 22" or 1° 51' 17". The amount 
1° 45' 22" or 1° 51' 17" is the correction for precession for 
4,801 years according to Lagrange or Laplace’s formula, 
as we go back to antiquity from 1700 A.l). The mean 
annual rate of precession is then 48 , 0". 

5. (P. 42) In the calculation of the date of the 
Mahabharata war from Abul Fazl’s figures, Bronnand 
consulted Gladwin’s translation of the Ain-I-Akbari, 
where the dates are wrongly translated. Javrett’s tran- 
slation of the same reads thus * Towards the close of the 
Dwapara Yuga, 135 years before the beginning of the 
Kali Yuga and 4,831 years anterior to this the 10th of the 
Divine era, this event (Mahabharata War),...” Thus the 
beginning of the Kali Yuga is 3102 B.C. 

6. The significance of the terms wg and *iwi, 

(e.ff., *F! or WtqR 

i.e., middle of Aslesha, etc.) should lx? noted carefully. 
The first, middle or end portion of a rad or nakshatra 
may mean any point within the first, second or last third 
of the same. If aili indicates the very first point, then 
a certain phenomenon is to be restricted only to a parti- 
cular year. Whereas the equinox or the solstice in the 
adi or the onta of a rad or nakshatra has in reality the 
range of about 700 or 300 years respectively in each case. 
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Prepotency of Stimuli. 

A Study in the Behaviours of House Flies. 

Bv 

K. Mitha, B.A. (Wk), 

Profeasov-in-charge of Zoology, Calcutta Vnicersity. 

When a number of forces act, upon an organism, its 
orientation is determined by their relative intensity ; i.c., 
the action of one form of stimulus influences the action 
of another acting simultaneously on the animal, and the 
form of the response given by the animal will be modified 
in answer to the prepotent stimulus. It is evident that 
of the two stimuli one suppressing the other must be 
stronger. But this does not clear up the problem. What 
is the criterion of intensity in such a case ? It has been 
suggested that the reaction of an organism in cases of 
multiple stimuli is determined by the degree of their 
vital importance. We read, “ Wherever we find that 
one class of stimuli regularly yields to another if the 
two act together, it is safe to assume that the prepotent 
stimulus is more important to the organism s welfare 
than the vanquished one.” 1 This statement, ho\\e\ei, 
cannot be accepted as a universal statement, there aic 
cases where it has been found that the food-taking 
instinct is overcome by the photic. In order to determine 
the relation between the food substance and stimuli of 
certain other class, I arranged the following experiments. 


The Animal Mind by Washburn, p. 



2 


K. MITKA 


I. Observations op Random Cases. 

I. Food versus Transparent Somds. 

II. Food versus Darkness. 

(i) Food versus Transparent Solids . — The flies were 
first offered various food substances, such as, honey, sugar, 
meat-juice, etc. They were perfectly at rest enjoying 
their food. Then they were approached with a trans- 
parent glass beaker from above. Attempts were made 
to shut them up in the beaker ; and in majority of cases 
the approach of the beaker had no influence whatsoever 
upon the pre-existing stimuli. That is, their food-taking 
behaviour was in no way altered and they allowed them- 
selves to be confined with all easiness, as is evident 
from the readings below. It should be noted here that 
in order to avoid any shadow of the glass which would 
present altogether different problems, that is, the skioptic 
problems, all the observations were made in the shade. 


+ = Confinement. 0 = Flight. 

1st set of 100 readings. 
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Here 87 of the 100 individuals did not respond to the 
stimulus of the transparent solid, i.e., the latter had no 
modifying effect upon the former. 
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2nd set of 100 readings. 
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In this series 88^ allowed themselves to he confined, 
i.e., did not respond at the approach of the glass. 


Or (l set of 100 readings. 
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Here the food stimulus in 89 cases out of 100 did not 
yield to the solid. 
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No effect of solid in 81 % of cases. 
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87$ did not yield. 

It is interesting to note that the range of variation 
is from 81 to 89 and except in the 4th set the variation 
is very slight, it being by only one. 
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(ii) hood versus Darkness . — The second series of 
observations were made in order to determine the effect 
of darkness on the food-taking behaviour of the house 
fly- Here attempts were made to cover the animals 
^ith a metal bowL Consequently, when it was lowered 
down around an individual already at rest and partaking 
its food, the effect was quite darkness. It may be ques- 
tioned, whether the reactions to such a stimulus was one 
due to the opaque solid or the darkness produced by if. 
From other observations it has been ascertained that the 
approach of an opaque, solid mass without producing 
darkness does not modify the food-taking instinct of 
flies. Therefore, the behaviours as represented in the 
following tables may safely be considered as reactions to 
darkness which overcomes the food-taking reaction. 
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87$ responded to the approach of the bowl by flight, 
i.e., in these cases of flight darkness prevailed upon the 
stimulation of food. 
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Prevalence of darkness upon food in S6 % of cases. 
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In 88$ of cases food stimulation yielded to darkness. 
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Yielding of food stimulus to darkness in 89 % of cases. 
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In 80% of cases darkness prevailed upon the stimulus 
of food. 
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The range of prepotency of darkness varies from 
80 to 89. Here too, excepting the last table, the degree 
of variation is slight. 

II. The Study oe Individual Plies. 

r 

The following table shows the modification of food- 
taking behaviour of one and the same individual fly by a 
transparent solid as well as darkness. 
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By an analysis of this table, it is noticed that the 
percentage of the individuals that did not alter their food 
reaction at the approach of the glass beaker but reversed it 
when darkened is 81. If we take the percentage of 
those cases alone where darkness decidedly prevails upon 
food stimulus irrespective of any influence of the 
transparent solid upon it (*.<?., food), we find that the 
number of flies reversin'? their food-takinar instinct in 
response to darkness, go still higher than in the preceding 
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tables, the proportion being 91 to 86. The latter number 
is the mean percentage of the readings concerning Food 
versus Darkness. 

Are we safe in our assertion that this yielding of 
food stimulation to darkness is of more vital significance 
than the food itself ? All the behaviouristic peculiarities 
of animate forms do not always bear upon their organic 
welfare. It will be too radical a remark to say, for 
instance, that certain flies are directed towards the source 
of dazzling light in preference to drops of honey or 
some other substance which they have been found enjoy- 
ing under other circumstances, because they are more 
benefited by jumping in the fire than by sucking honey. 
For the solution of the perplexing problems of behaviour 
we must wait till we gain an insight into the physiology 
of irritability. 
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I 

Introduction'. 

It is found, in course of our attempts to discover 
the causal mechanism of animal activities, that there 
is a fundamental relationship between an organism and 
a certain set of stimuli. The whole organic world is 
attuned with the conditions of its environment, internal 
as well as external, and the activities of animals are 
shaped out by the acting forces. With the changed 
conditions of the surroundings the substance of the 
organism itself changes ; and the result is that it 
behaves in a particular way. 1 1 has also been brought 
to light that different organisms follow different methods 
of behaviour when subjected to one and the same 
influencing factor. The causal mechanism hitherto 
impenetrated of such relationism has been given the 
name “irritability” and the influences, the “stimuli.'’ 
However, due to this irritability there must lie some 
sort of impulsion in the protoplasm, /.<*., the organic 
substance, which seeks expression and does And its way 
out in the fulfilment of a particular act, and the animal 
is said to “ behave.” 
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Complex behaviours of adult animals have evolved 
from the simple and random discharge of their primitive 
impulse. Facts lead us to the conclusion that the origin 
of all these relational phenomena or tropism is not 
necessarily concerned in the organic welfare of organisms., 
They are not always adapted to meet the same organic 
end. Out of random courses of expression only those 
that are useful to the individual are selected by nature 
and fixed in the heredity of the animal ; and thus they 
are rendered into a racial inheritance. Inspite of 
specific irritability which alone is responsible for tropic 
relations, they are not fixed once for all. Organic 
evolution will be an unmeaning phraseology, if we fail 
to establish a course of evolution in the realm of animal 
behaviour pari passu with the evolution of structure ; 
because an organism is not a mere structure of variety of 
tissues. There has always been along with the variation 
of tissue, something else which has shared, perhaps, a 
greater bulk of responsibility to bring the animal 
kingdom where it is in the present moment. This is 
variability of tropism leading to diverse modes of 
behaviour. Thus the range of adaptation is widened 
and the chances for natural selection to come across 
a greater amount of material to work with are enhanced. 

The more we acquaint ourselves with the facts of 
animal behaviour the more it becomes clear to us that 
there are different degrees of plasticity of instinct varying 
from zero to one of high complexity. It will be 
manifested to us that various life processes, viz., the 
phenomena of reversal of instinct, conation, experience 
and practical judgment and so forth are evolved in 
different groups of animals in demand of the situation 
created by their environment. All these processes 
are inter-related and contributive towards mental 
complexity. 
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It seems to us that plasticity of instinct begins with its 
reversal, that is, the animal’s capacity to change the 
mode of its reaction to a particular stimulus under altered 
circumstances. For illustration it may be cited here 
the phototropic reactions of Polygordius and certain 
Copepods. These creatures are according to Loeb 
negatively photo-tactic under normal conditions; but 
an increase of the salt content of the sea-water made 
them positive. (Vide The Evolution of Animal 
Intelligence by Holmes, p. 49.) A good collection of 
cases of reversal of tropisms has been embodied in 
Holmes’ “ Studies in Animal Behaviour.” Reversal 
of phototropism has been more satisfactorily and 
extensively studied than other tropisms. Very little 
has been achieved in che field of thigmotropism or reaction 
to contact. Moreover, what has been done up till 
now in connection with the reversal phenomenon 
has been approached with a view to generalisation. 
But by taking this method of procedure one “Soon 
finds himself hampered by the paucity of knowledge in 
those fields to which he would naturally turn for helpful 
suggestion.” In order to trace the course of behaviouristic 
evolution we must accumulate more facts. 


Reversal op Thigmotropism caused by Hunger. 

The food-taking reaction of Hydra is distinct from 
the contact reaction. In Hydra the food reaction is the 
only form of positive thigmotropism. It takes in a 
solid edible object, and to all other mechanical stimulation 
it reacts negatively. But Hydra is equipped with the 
power of change from negative to positive thigmotropism 
at the time of extreme hunger; and such a reversal is 
evidently a serviceable endowment with the animal. 
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First, we shall describe the behaviours of a number of 
individuals of the genus taken fresh from its habitat. 

In following the behaviours of Hydra when it is 
approached by a mechanical stimulus, say, a tiny portion 
of a plant leaf which we used throughout the whoje 
course of our experimentation, it is noticed that a set 
of movements, sometimes quite complicated, of the 
animal body is manifested. In spite of our attempt at a 
chemical interpretation of animal behaviours it cannot 
be readily ascertained whether the reaction is of a 
positive or negative nature in cases where varied 
movements are evolved before the organism is finally 
oriented in relation to the stimulus applied, and, 
therefore, when we do not get any direct response on 
the part of the organism analogous to the phenomena 
of chemical attraction and repulsion. Only close 
observation of these movements and their duration 
will furnish us with a clue to the nature of relation 
established between the stimulus and its subject. Hence, 
we give here a detailed description of the behaviours 
of the Hydra studied in this connection so that the 
co-workers in the field may draw their own conclusion. 

Reaction of Fresh Individuals to a Mechanical 

Stimulus. 

Specimen No. /. 

1. As stated above, a small portion of a plant leaf 
was attached to the hypostomc of the animal and it 
behaved in this manner 

(1) The Hydra became very restless with constant 
backward and forward movements. 

(2) The body of the animal became so elongated as 
to render any differentiation between the tentacles and 
elongated body almost difficult. 
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(3) After a strenuous struggle for about live minutes, 
the animal succeeded in getting rid of the foreign 
material and became quiet, although it kept its body in 
the same elongated condition. Occasionally the animal 
contracted its body very slightly and bent it just above 
the foot. 

2. The same stimulus was applied again. It was held 
in contact with the tentacles. The animal at once receded. 

3. The Hydra was stimulated as before. At this 
time too the animal behaved by turning its body side- 
way, leaving the object of stimulus near the distal end. 
The stalk remained lixed on the substratum. 

4. In the fourth trial the animal responded to the 
stimulus applied as in the preceding cases by contracting 
its body to an oval shape. 

5. This is a case where the Hydra responded to the 
usual mechanical stimulus by a bend of its body along 
the vertical line, i.e., it turned by a vault and was finally 
oriented as in 3. 

6. Same as 3. 

7. In this case too the portion of the plant leaf was 
placed in contact with the tentacles. The object was held 
for 20 seconds in the bend of one of the tentacles and then 
the Hydra suddenly contracted all of them finally taking 
the position as in 3. 

8. Same as 3. 

!). Same as 3. 

10. The Hydra reacted to the stimulus brought in 
contact with a tentacle by contraction of the latter. 
The animal was oriented as in 3. 

11. Same as 4. 

12. Same as 3. 

13. Same as 4. 

14. At the time of applying the stimulus the animal 
was in contracted condition— almost ball-shaped. The 
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stimulus was placed in contact with the animal body at 
the region of the hypostome. The animal extended, all 
the tentacles enlongated and the anterior end of the 
Hydra went far beyond the source of stimulus. 

15. A few of the tentacles were touched with the 
foreign object and the result was that immediately aft 
the tentacles contracted. 

16. The stimulus was applied as in the foregoing 
trial. The animal body at once contracted. 

17. Here also the animal was similarly treated. 
It contracted to a ball and began to float with the 
tentacles downward. 

18. The stimulus was given as before. The animal 
at once stood erect. The stalk was fixed to the substratum 
with the tentacles fully spread. 

19. The stimulus was applied to a number of tentacles. 
Here a series of behaviours evolved. 

(1) The tentacles in touch with the foreign substance 
first contracted and then were thrown on it. This was 
repeated several times. This to and fro movement of 
the tentacles covered a period of 2 minutes. 

(2) The particle was caught in the bends of 11 
tentacles and was brought upon the hypostome. In this 
condition, i.e., with the object on the hypostome the 
animal remained for about a minute. 

(3) At length the remaining 3 tentacles still free 
were engaged in gripping the foreign body. Finally 
the animal contracted and its position became reversed 
with its hypostome on the particle. This struggle 
continued till all of a sudden the Hydra left the object 
of struggle. The w hole contest lasted for full 6 minutes. 

It will not be out of place, perhaps, to note that this 
last*mentioncd behaviour gives sufficient indication of 
the -development of the process of trial and error in the 
Hydra. 
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Specimen No.^II. 

1. A portion of a plant leaf was brought in contact 
with a tentacle of the Hydra. The tentacle was at once 
£rawn aside. 

2. The stimulus was similarly applied. Reaction 
was given by the animal by its immediate turniug back. 

3. On application of the stimulus to a tentacle, the 
following activities on the part of the Hydra were 
observed : — 

(1) This tentacle, i.e., the one in contact with the 
stimulus, with another immediately contracted, the 
remaining four being in an expanded condition. 

(2) The anterior portion of the animal body bent 
away from the object. 

4i. Here, in the fourth trial the stimulus was applied 
to a number of tentacles. The Hydra reacted by a sudden 
vault. The body and the tentacles contracted almost 
to a globule. 

5. The stimulus was placed in contact with one of 
the tentacles which at once contracted. The remaining 
ones contracted after a short period and the body became 
globular. 

6. This time the stimulus was placed in the whorl 
of 3 tentacles. The object was rejected by a forward 
push with the middle tentacle. 

7. The stimulus being attached to a tentacle the 
Hydra reacted by contracting this tentacle and another 
by its side. The body remained stationary. 

8. Application of the stimulus was as in the 
preceding case. Three tentacles contracted at once 
while the other three remained extended. The anterior 
end of the body was raised and drawn aside. 

9. The stimulus was applied as in No.. 8. The 
tentacle curled away from the object. 

$ 
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10. Same as 9. 

11. In* this trial the stimulus was applied to two 
tentacles which at once contracted. The body also 
contracted. 

12. Here too the stimulus was brought in contact 
with two tentacles which at once contracted. The 
anterior end of the body was raised and drawn aside. 

13. The stimulus was brought in contact with one 
tentacle which contracted and bent away from the object. 
The body too contracted. 

14. The stimulus was applied in the similar manner. 
The Hydra reacted by a sudden contraction of the tentacle 
touched by the object, others remaining expanded. 

15. The stimulus was placed in contact with two 
tentacles which curled round the object and held it in 
the bend. Next, the object was brought in touch with 
the hypostome. The object was held in this condition 
for two or three seconds only. Then the animal receded 
leaving the object. 

16. Now the stimulus was applied to one tentacle 
only. The body contracted with all the tentacles. 

17. Application of the stimulus was made in the 
foregoing manner. The animal reacted by a vault. 

18. The stimulus was applied again to one tentacle 
only which remained in contact with the object for half 
a minute and then contracted. 

19. The stimulus was again applied as before. The 
tentacle curled round the object which was drawn near 
the hypostome (though not in contact with it). The 
animal remaiued in this condition for a few seconds and 
receded. 

20. The stimulus was again applied in the similar 
manner. The tentacle in contact with the object 
contracted after half a minute. This was followed by 
contraction of the whole animal to a globule. 
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Specimen No. III. 

1. The stimulus being applied to one of the tentacles 
the Hydra at once fled away. 

2. The stimulus was applied as before; The tentacle 
Ulrich was in contact with the object was immediately 
withdrawn. 

3. The stimulus was placed in contact with one of 
the tentacles. This tentacle was drawn towards the 
hypostome with another. The other tentacles also 
contracted after a short time. 

i. The stimulus was applied again in the previous 
manner. The Hydra at once contracted itself and 
ultimately became globular. 

5. The Hydra was stimulated in the same manner. 
This tentacle, i.e. t the one in contact with the object 
together with another suddenly contracted ; but the body 
of tl\e Hydra remained stationary. 

6. The stimulus was applied as before. The tentacles 
contracted to a slight extent, then expanded and touched 
the object again. This was followed by immediate 
contraction of the whole animal which became globular. 

7. The stimulus was applied in the similar process. 
The Hydra slowly moved away from the object. 

8. The stimulus was applied as before. The Hydra 
at once contracted with its three tentacles which again 
expanded and touched the object and then contracted. 
This sort of operation went on for 3 times ; then the 
whole animal became globular. 

9. The stimulus was applied to one of the tentacles. 
The Hydra bent itself away from the object. 

10. The Hydra was stimulated as before. The 
tentacle in contact with the object of stimulus bent away 
from it. The body contracted to a slight extent. 

11; Same as 10. 



20 


: K. MITRA AND II. K. MUKERJEE 7 


12. This time too the. stimulus was applied to one 
of the tentacles. This tentacle expanded and gave the 
Object a sudden push by which the object floated away 
from the Hydra. 

' 13. The stimulus was again applied in the similar 

manner. The tentacle which was in contact with the 
object remained stationary for 2 or 3 seconds and 
suddenly the animal contracted its tentacles with the 
body and became globular. 

14 In this trial also the stimulus was placed in 
contact with a tentacle. The animal tried to bend this 
tentacle round the object but the object floated away 
from the animal. 

15. The stimulus was placed near three tentacles. 
The animal touched the object with these three tentacles, 
remained as such for \ minute and then slowly moved 
away from the object. 

16. The stimulus was applied to a tentacle. -The 
animal caught the object with all the tentacles ; which 
was drawn towards the hypostome. The animal thus 
remained for minute and then contracted to a globule. 

17. The stimulus was applied to a tentacle. The 
ahimal remained as such for | minute and slowly moved 
away from the object. 

18. The stimulus was applied to two tentacles. The 
Hydra remained stationary for 1 minute and slowly 
ccintracted to a globule. 

Id. The stimulus was applied to three tentacles. 
The Hydra drew the object and placed it in contact with 
the mouth and remained stationary for 1-j- minutes and 
slowly moved away from the object. 

' 20. The stimulus was placed in the whorl of the 
tentacles. At once the tentacles expanded and touched the 
object which was drawn to the mouth. The animal 
remained in this condition for 2^ minutes and then slowly 
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moved the anterior portion of its body away from the 
object. 

Reaction of the Individuals to a Mechanical 

. - Stimulus after they have been subjected 
• to Starvation. 

- All the specimens studied in this connection were 
kept in distilled water without food, and their thigmotropic 
reaction was examined at different periods of starvation. 

Specimen No. T. — Period of Starvation — 3 days. 

1. One of the tentacles was stimulated by the same 
‘object used in the foregoing cases. 

(1) The animal remained in association with the 
object for two minutes involving the following activities : 

(i) The tentacle expanded on the object. 

\ii) The tentacle waved on the object from its one 
end to the other. 

(iii) The tentacle was taken to a side of the object. 

(iv) The tentacle touched the object several times. 

(») At all these different positions of the tentacle 
very vigorous attempts were noticed on the part 
of the animal to pull the object nearer to the 
hypostome. 

(2) The animal slowly moved away. 

2. The stimulus was placed in contact with two 
tentacles. 

(1) One of the tentacles fully looped the object 
whereas the tip of the other tentacle simply touehedti 
at a side only. 

(2) The object was pulled to a certain distance 
towards the hypostome. 

' (3) At this moment the curved tips of the remaining 
tentacles too captured the object and dragged it around 
in the water. 
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(4) The animal then moved away leaving the object. 
The prooeas covered a period of 2| minutes. 

3. The stimulus was applied to the tips of three 
tentacles. 

(1) The animal remained in contact with the object 
for two minutes involving the following set of behaviours : 

(i) The remaining three tentacles also expanded and 

touched the object by their tips. 

(ii) All the tentacles except one were after a few 

seconds drawn aside. 

(Hi) The tentacles still in contact with the object 
extended further and completely looped the 
object. 

(2) The object was thus held for the rest of 
the period and the animal body with the tentacles 
contracted. 

Specimen No. II. — Period of Starvation— 3 days. 

1. The object of stimulus was placed in contact 
with a number of tentacles. 

(1) One of the tentacles stimulated expanded and 
bent towards the object. The tentacle then touched this 
object by its tip slightly curved. The animal remained 
in this posture for a few seconds. 

(2) The Hydra receded with the tentacles and body 
extended. 

2. The stimulus was placed as in 1. 

(1) All the tentacles expanded and only one spread 
over the object which was thus held for about a minute. 
The tentacles moved the object to and fro from time . to 
time. 

(2) The animal* receded. 

3. The stimulus was placed almost near the tentacles. 

(1) Two of the tentacles extended along the side of 

the object. 
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. (2) The ' object was brought in contact, with’ the 

hypostome. The Hydra kept in this posture for ^ minute. 

, -(3) The tentacles were bent sidewise. The hypostome 
also, was taken aside to a certain extent but the body of 
the animal was kept intact. 

* 4*. The object of stimulus was placed in touch with 

all the tentacles. 

(1) All the tentacles expanded and only one of them 
touched the object. After a slight touch this tentacle 
contracted and again expanded up to the foreign particle, 
£.<?., the object of stimulus. 

(2) This to and fro movement of the tentacle was 
repeated for a number of times within the period of 
about 2 minutes. 

(3) The'animal suddenly contracted. 

5. The stimulus was brought in contact with a 
tentacle while the whole body of the animal was in a 
contracted condition. 

(1) The tentacle touched by the object expanded 
over it. 

(2) The animal body gradually dilated. 

(3) A sudden contraction of the body and the tentacles 
took place. 

6. The stimulus was brought in contact with the 
body of the animal when it was slill in a contracted 
condition. 

(1) One tentacle expanded over the foreign body. 

(2) The lyriroal gradually dilated. 

. (3) The Hydra suddenly contracted as in the preceding 
case. 

7. The animal body was touched by the foreign 
substance and the result was that it at once moved away 
from it. 

8. The stimulus was brought in contact with a 

* t • 

tentacle in an expanded condition. 
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(1) The animal with such ah expanded tentacle 
remained quite stationary for £ minute. 

(2) It contracted the tentacle’ with the object still in 
touch. The result was that the particle was drawn 
towards the hypostome. The object was thus held foj 
^ minute. 

(3) A sudden contraction of the body and the tentacles 
took place and the object was left at a distance. 

Specimen No. III. — Period of Starvation — 3 days. 

1. A tiny portion of a plant foliage was brought in 
contact with a tentacle of the specimen. 

(1) The tentacle at once contracted while the other 
tentacles remained in an expanded condition. 

{2) The contracted tentacle again expanded and 
touched the object. A sudden contraction of the two 
adjoining tentacles followed and the anterior portion of 
the body moved away from the foreign object. 

2. The object was again applied to a tentacle. 

(1) It remained stationary for a few seconds. 

(2) Gradually the tentacles were drawn towards the 
hypostome. 

(3) Suddenly the’Hydra moved away from the object. 

3. The foreign object was brought in touch with* one 
tentacle only. The Hydra suddenly contracted this 
tentacle. 

4. The Hydrajwas stimulated as in the preceding 
case. The animal remained as such for a few seconds 
and then slowly contracted 'all the tentacles. Finally it 
shortened the, body too. 

6. The specimen was similarly treated with the 
stimulus. 

(1) It remained stationary for'a short while. , Then 
all the tentacles expanded around the object which was 
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held in their whorl. The animal drew the object to a 
oertain distance towards the hypostome. 

(2) The Hydra remained as such for 2^ minutes and 
slowly moved away. 

# Specimen No. TV. — Period of Starvation — 3 days. 

The same stimulus, *.#>., a portion of the plant leaf 
was applied to two or three tentacles and the following 
reactions were recorded. 

(t) All the tentacles expanded and the particle 
remained in their whorl for 3 minutes. 

(ii) Two of the tentacles extended further on the 
surface of the particle and remained thus for 
about \ minute. 

{Hi) The animal receded a little with the tentacles 
extended as before. 

(iv) The animal at once proceeded and touched the 
foreign body with two or three tentacles and 
contracted them. This process, i.e., the 
bringing of the tentacles in contact with 
the substance followed by their immediate 
contraction, continued for 2 minutes. 

(ji) The animal suddenly contracted assuming au 
oval shape. 

Specimen No. V— Period of Star ration— 4 days, 

1. The same stimulating substance having been 
brought in contact with the tentacles gave rise to the 
following reactions in the specimen : — 

(1) Two tentacles were fully elougated immediately, 
one above the foreign body and the other beneath it. 

(2) These tentacles held the object as if to press it 
hard. It was thus maintained for about a minute. 

(3) The animal left the object and slowly moved 
aside with the tentacles as well as the body extended. 
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‘2. Only one tentacle was stimulated. 

(1) The tentacle at once extended to its full length 

over the particle and remained in this position for 
minutes. A slight contraction of the tentacle followed 
and its tip was brought almost near an end of the 
particle. * 

(2) At this stage another tentacle was fully spread 
over the object which was then drawn nearer to the mouth. 

(3) The animal moved away with the tentacles and 
the body uncontracted. 

3. The animal came near the object of stimulus of 
its own accord, spread two ot‘ its tentacles as in case 2 
and at once pulled the particle so hard that it directly 
came in contact with the hypostome. 

There was no contraction. 

4. The stimu us was again applied to a tentacle. 

(1) The object was caught in the loops of a number 
of tentacles and the Hydra ran away with it to a certain 
distance. 

(2) All the tentacles were freed except one which 
gradually extended over the particle. It seemed that the 
particle adhered to the surface of the tentacle by some 
adhesive secretion. With a side-way swing of the 
tentacle the article of prey was carried to and away from 
the body of the Hydra. This continued for more than 
a minute. 

(3) The body of the animal contracted almost to an 
oval shape, whereas the tentacles drew themselves a half 
of their full length when in an extended condition. 

(4) The animal left the article and slowly receded 
not very far from it. 

6. The Hydra turned towards the object of its own 
accord with all the tentacles fully stretohed. 

(1) One of the tentacles gradually came in contact 
with the object. A considerable portion of the tentacular 
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surface remained attached to the foreign body for 10 
seconds. 

(2) This tentacle was slightly moved, only its tip 
touching the object. From the vavious bends and bodily 
rigour on the part of the Hydra it appeared that the 
auimal made an attempt to pull the particle towards the 
mouth. 

(3) After a short futile attempt the animal moved 
aside with the tentacles and the body uncontracted. 

Specimen No. VI . — Period of Starvation — 4 day*, 

1. The object of stimulus was placed in contact with 
the tentacles. 

(1) It was further expanded beneath the object. 

(2) Immediately another was sent by the side of the 
former. Both of the tentacles remained as such for £ 
minute. 

(3) Then the second tentacle was taken out and after 
a few seconds the animal receded. 

2. The source of stimulus was placed at a short 
distance. 

(1) One tentacle touched the object with its bent 
tip which was gardually drawn back leaving the particle 
at a distance. 

(2) Two tentacles again extended and touched the 
object with their tips and then slowly drew hack. 

(3) The same behaviour as in (2) was reiterated for' 
7 times in two minutes, it was twice found out that 
one of the tentacles touching the object at once bent 
towards the hypostome as if in an attempt to bring the 
prey in its mouth. 

Explanation of this behaviour, i.e., the grasping 
movement, is to be sought in tactile sensation. It is to' 
be noted here that through all these processes the other 
three tentacles were inactive although expanded outward. 
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So the expansion and coining in contact with the object 
of the two tentacles do not seem to be an affair of 
chance. 

Specimen No. J'TT. - Period of Starvation - 5 days. 

f 

1. The plant tissue was applied to the tip of a 
tentacle which expanded around the former and held it 
for about a minute in the bend. Then the Hydra moved 
away the tentacle. 

2. The stimulus was applied as before. The reactions 
were as before. 

3. The stimulus was applied as in the preceding 
cases and the following reactions were observed. 

(1) The reaction was just as (3) under 2 in 
specimen No. VI, but the animal behaved that way 
only twice without any intermission. The animal drew 
back. 

(2) After three minutes the animal proceeded of its 
own accord towards the object with all the tentacles 
extended. Two of the tentacles came in touch with the 
particle, went underneath it, gave it a shake and drew 
hack. 

(3) The animal also receded. 

(4) Repetition of (1) after about the same interval 
of time ; but one tentacle remained in touch with the 
object for minute. The animal drew away a great 
distance. 

4. The stimulus was again brought in contact. 

(1) After only 8 or 10 seconds the animal drew back. 

(2) The animal immediately began to proceed (all 
tentacles expanded) towards the plant tissue very slowly. 
It took the Hydra exactly three miuutes to reach the 
objeot. Only one tentacle touched it, spread along its 
side and remained in contact for 2| minutes. Then the 
tentacle slightly contracted and again expanded, touched 
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the substance and immediately contracted. Finally the 
animal receded. 

(3) The creature proceeded again, and touched the 
object with all the tentacles. Only the tips came in 
jsontact. At once the animal drew back. 

•*). The stimulus was again applied. 

The specimen at once assumed a globular shape with 
the tentacles contracted. 

6. The stimulus was placed in contact with one 
tentacle. 

(1) It remained stationary for one minute. 

(2) All the tentacles contracted ; the Hydra moved 
away a short distance and remained as such for 1| 
minutes. 

(3) That particular tentacle expanded and touched 
the foreign body and remained as such for 2 minutes. 

(4) All the tentacles collapsed. 

Specimen No. VIII. — Period of Star cation — 5 days. 

1. X fine portion of a plant leaf was applied to one 
of the tentacles. 

(1) The Hydra remained inactive for -j minute. 

(2) Then it suddenly contracted its tentacles with the 
body. 

(3) Then the body was extended with all the 
tentacles ; one of them again touched the foreign 
particle and remained as such for a few seconds. 

(4) Then the animal slowly left the foreign body. 

2. The object of stimulus was again applied to one 
of the tentacles. 

(1) The animal clutched the foreign body by means 
of three tentacles and drew it near the hypostome and 
remained thus for 2} minutes. 

(2) The foreign body was removed away from the 
hypostome and again drawn near it . 
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(3) The above practice was repeated for 7 times. 

(4) All the tentacles with the anterior portion of the 
body slowly moved away from the foreign body. 

3. The stimulus was applied as before. 

(1) Suddenly the animal contracted its tentacles. 

(2) The animal retracted its tentacles in another* 
direction away from the foreign body. 

4. The stimulus was again applied. 

(1) The animal remained inactive for 1$ minutes. 

(2) The anterior portion of the animal was drawn 
aside slowly. 

B. The foreign body was kept in touch with one of 
the tentacles. 

(1) The foreign body was drawn towards the 
hypostome by two tentacles. 

(2) The foreign body was kept in touch with the 
hypostome for 6 minutes and 12 seconds. 

(3) Slowly the tentacles contracted and the whole 
animal moved away from the object. 


Specimen No. IX. — Period of Storm Hon — 6 days. 

1. The stimulus was placed in contact with the 
hypostome and a number of tentacles. 

(1) After a few seconds the animal drew back a short 
distance, immediately proceeded to the object and 
brought the hypostome directly in contact with it. The 
object was held in the whorl of four tentacles for full 
12 minutes. The tentacles gave it a push from time to 
time. Then the animal left the object and went a short 
distance away. 

(2) After an intermission of two minutes the Hydra 
proceeded again and behaved exactly in the same manner 
as (1) for 3 minutes and 10. seconds after which period 
it went away. 
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2. The stimulus was attached to the tip of a tentacle. 
The Hydra remained inactive for a few seconds and then 
elongated its body so that the hypostome and the 
tentacles went beyond the object. 

Specimen X.— Period of Starvation — 6‘ days. 

1. The stimulus (/.<?., the portion of a leaf) was placed 
at a distance. 

(1) The animal approached it slowly with all the 
tentacles out-spread and touched it with the bent tip of a 
tentacle. 

(2) The Hydra slowly receded. 

2. The stimulus was placed as in 1. 

One tentacle extended and touched the particle and 
suddenly contracted together with the others. The body 
then contracted to an oval shape. 

3. The specimen was stimulated as before. 

The reaction was observed as in 2. 

4. Here only one tentacle was stimulated. 

(1) This very tentacle extended further touching a 
side of the object. 

(2) A second tentacle also was spread as the former, 
and the object was held in between the two tentacles. 
The animal remained thus for a few seconds and then 
receded with the tentacles as well as the body expanded. 

6. The stimulus was placed at a distance. 

(1) One tentacle expanded and touched the object 
along a side. Other tentacles remained out-spread. 

(2) The tentacles bent variously so as to carry the 
article towards the hypostome. 

(3) The object was at length brought in contact with 
the hypostome. 

(4) Immediately after the foreign body touched the 
hypostome all the tentacles as well as the body contracted 
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to a certain extent. Finally the Hydra turned back by 
a vault. 

6. The stimulus was brought again almost near the 
tentacles. 

(1) Three tentacles extended and touched the foreign 

particle on three different sides. * 

(2) It was pulled almost to the hypostome. 

(3) A sudden contraction of tentacles and the body 
followed. 

(4) The Hydra turned back by a vault. 

7. The object of stimulus was placed near the 
tentacles. 

( 1 ) Two tentacles expanded and touched the particle 
and remained so for a few seconds. 

(2) All the tentacles and the body gradually moved 
side way. 


Specimen No. XL — Period of Starvation — 7 dai/s. 

The plant tissue was placed at a short distance. 

(1) The animal proceeded to it and touched it several 
times with a tentacle for about a minute. 

(2) The Hydra proceeded further and all the tentacles 
were placed in contact with the object : the animal body 
gradually contracted and remained attached to it for 
about 1-| minutes. 

(3) Gradual elongation of the body ensued leaving 
the stimulus at one side still in contact. 

(4) The animal again turned towards the foreign 
particle and coiled its body around it. The object was 
held in the whorl for over a minute. 

(5) The body of the animal became straight and 
expanded backward, with the particle still in the whorl 
of the tentacles, retarding from and advancing towards 
it rhythmically for 2 minutes. 
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(6) The Hydra receded leaving the object of stimulus 
at a great distance. 

(7) It again advanced with the tentacles expanded 
so as to hold the object in between the bases of two 
tentacles bringing it thereby in touch with a side of the 
h^pos tome. The specimen remained in this condition 
for a minute. 

(8) A sudden contraction of the body of the Hydra 
followed and the position of the object was intact. This 
condition was maintained for one minute. 

(9) The Hydra slightly expanded but the object of 
stimulus was left undisturbed. 

(10) The animal body half curled advanced by the 
side of the object and in touch with it. It was found 
in this condition for £ minute and then advanced further 
leaving the object at a considerable distance. 

Ill 

Reaction of Individuals to a Mechanical Stimulus 

AFTER THEY HAVE BEEN SUBJECTED TO DARKNESS. 

The specimens were subjected to darkness but they 
were all kept in aquaria maintaining the normal habitat 
of the Hydra, and their thigmotropic reactions were 
examined at different periods of their subjection. 

The following series of behaviours were the results 
of application of the same object of stimulus as we used 
in connection with the foregoing experimentations. 

Specimen No. 1 . — Subjected to darkness for 1 hour. 

1. The mechanical stimulus was applied to a tentacle 
and the animal exhibited the following reactions. 

The animal at once shrinked to a globule and all the 
tentacles contracted to such an extent that they could 
he identified only as so many dots. 
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2. A number of tentacles were stimulated at a time 
and the animal reacted as in No. 1. 

3. The stimulus was placed in contact with one 
tentacle. 

The Hydra immediately turned upside down and 
contracted. * 

4. The object of stimulus was placed in the whorl 
of the tentacles. Same reactions as in No. 3 were 
exhibited. 

5. In this case only one tentacle was stimulated. 

(1) Immediately after the application of the stimulus 
all the tentacles began to contract very slowly. 

(2) Gradually the animal turned upside-down. 

6. Two tentacles were stimulated and the animal 
receded very slowly. 


Specimen No. II. — Subjected to darkness for 2 hours. 

1. The stimulus was attached to two tentacles. 

One of them remained attached to the object for 3 
or 4 seconds and moved away. The other tentacle kept 
in contact with the object a little longer than the first, say 
about 6 seconds and also moved away. 

2. Only one tentacle was stimulated which remained 
attached to the object for about 3 seconds and then 
contracted. 

3. The object of stimulus was placed in the whorl 
of the tentacles. 

The animal at once stood up and contracted. 

1 Stimulus as in No. 3. 

The animal at once became globular. 

5. The stimulus was placed on three tentacles and 
the reaction was received as in No. 4. 

6. The stimulus being placed in the whorl the 
animal at once turned upside-down. 
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0. The stimulus being placed in the whorl the animal 
at once turned upside-down. 


Specimen No. III. — Subjected to darkness for 2 hours. 

• 

1. The stimulus being attached to a tentacle gave 
rise to the following reactions : — 

(1) The object was held in the bends of three tentacles 
from three different sides, and remained thus for £ 
minute. 

(2) The object was given a slight pull and then the 
animal moved away leaving the object. 

2. The object was attached to the tips of two 
tentacles. 

(1) The Hydra remained thus for a few seconds, say 
5 or 6. 

(2) The two tentacles stimulated contracted and the 
animal moved back. 

3. Same as 2. 

d*. The stimulus was as in No. 2. 

The animal at once moved aside. 

5. The stimulus was as in No. 2. 

The animal at once became globular. 

6. Same as in No. 5. 


Specimen No. IV .—Subjected to darkness for S hours. 

The animal being stimulated on one tentacle behaved 
thus : — 

(1) The object was captured by two tentacles. 

(2) After 1| minutes they contracted. 

2. Same as No. 1 . 

But the animal remained in contact with the object 
for a few seconds only. 
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' 3. The stimulus placed in contact with two tentacles 
evolved the following reactions : — 

The tentacle slightly looped the object and then 
contracted. 

. '4. The stimulus was applied to a tentacle and the 
reaction was immediate, contraction of the whole, animal.* 

5. Same as No. 4. 

6. Same as No 4. 

Specimen No. F. — Subjected to darkness for 4 hours. 

1. The animal was stimulated on one tentacle only 
and manifested the following reactions : — 

(1) The tentacle remained attached to the object for 
1 minute. 

(3) Another tentacle proceeded on the object and 
pulled it from time to time. 

(3) Both the tentacles contracted. 

The whole process covered a period of 2 minutes. 

2. The process of stimulation as in No. 1 was repeated. 

(1) The tentacle remained attached to the object for 
a minute. 

(2) It pulled the object and contracted. 

3. The stimulus was placed in contact with three 
tentacles and partly in the whorl. 

(1) The animal remained so for 25 seconds. 

(2) Before the animal moved aside and contracted 
the object was once drawn in close to the bypostome. 

4. The stimulus was placed on the tips of almost 
all the tentacles. 

The animal at once pushed the object forward and 
turned back by a vault. 

5. The animal was stimulated as before and reacted 
by contraction of its body to a perfect globule. 

6. Same as No. 5. 
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Specimen No. VI . — Subjected to darkness for 5 hours. 

1. We began our experimentation with this specimen 
by stimulating only one of its tentacles. 

(1) This tentacle spread along a side of the object. 

(2) Shortly after two other tentacles extended towards 
file object which was consequently held in the whorl of 
three tentacles. 

(3) The object was thus held for 3 minutes being 
from time to time gently pulled. 

(4) Finally the animal slowly moved aside. 

2. Again the stimulus was applied to one tentacle only. 

(1) This tentacle extended to a certain distance along 
a side of the object, remained in contact with it for a few 
seconds and moved aside. 

(2) This tentacle and another touched the object four 
times in course of one minute, and then the animal 
moved aside. 

3. The same process of stimulation was repeated. 

(1) The tentacle which was stimulated slightly 
curved its tip which remained in contact with the object 
for 50 seconds. 

(2) This tentacle contracted and another proceeded 
towards the object which was touched by it. 

(3) Immediately all the tentacles contracted and the 
animal turned upside-down. 

4. Here too the same process of stimulation was 
followed. 

The tentacle stimulated remained in contact with the 
object for 20 seconds and the animal moved away. 

6. The stimulus was again applied to a tentacle 
which at once contracted. 

6. Same as No. 5. 

7. In this case too only one tentacle was stimulated 
and the result was that the whole animal body contracted 
and became globular. 
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8. Here too the stimulus was placed in contact with 
one tentacle but the animal reacted by contracting all its 
tentacles. 

9. Same as No. 8. 

Specimen No. VII. — Subjected to darkness for 6 hours. 

1. The stimulus was applied to two tentacles. 

(1) Both the tentacles slightly curved and held the 
object in the bends. 

(2) Shortly after the remaining tentacles also extended 
and touched the object with their curved tips. 

(3) The object was held for 2 minutes and 45 seconds, 
and then the animal with all the tentacles contracted. 

2. Only one tentacle was stimulated. 

(1) Another tentacle proceeded and the object was 
held by the two tentacles for over a minute. 

(2) One of the tentacles touching the object contracted 
as well as the body. The other tentacle remained in 
contact with the object for a few seconds. 

(3) Finally the whole animal body with all the 
tentacles became globular. 

3. Here too the same process of stimulation was 
repeated. 

(1) The tentacle stimulated looped the object and 
made an attempt to pull it. 

(2) The object slipped and the animal contracted. 

4. The same process was followed again, that is, only 
one tentacle was stimulated. 

(1) The tentacle remained in contact with the object 
for a few seconds. 

(2) Then the animal stood up. 

5. In this case also the same process was followed 
in applying the stimulus. 

All the tentacles at once contracted. 
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6. Same as No. 5. 

7. Same as No. 5. 

The stimulus was placed in the whorl of the tentacles. 
The animal at once stood up and contracted. 


Specimen No. VIII. — Subjected to darkness for 7 hours. 

1. The stimulus was applied to two tentacles. 

(1) The two tentacles remained attached for 2| 
minutes pulling the object from time to time. 

(2) The whole body contracted. 

2. The stimulus as before was placed in contact 
with two tentacles. 

(1) The two tentacles remained thus, that is, in a 
neutral condition for 40 seconds. 

(2) The animal turned upside down and contracted. 

3. The stimulus was attached to a tentacle. 

(1) Another tentacle proceeded and spread along a 
side of the object. 

(2) The tentacle to which the stimulus was attached 
remained constantly in contact with the object for 1^ 
minutes. 

(3) The second tentacle moved away and touched the 
object several times. 

(4) Finally the animal contracted. 

4. The stimulus was applied to two tentacles. 

(1) The two tentacles remained in an extended 
condition on two sides of the object for 25 seconds. 

(2) The animal in an attempt to pull the object 
towards the hypostome gave it a jerk and moved away. 

5. The animal was stimulated as in the preceding case. 

(1) The two tentacles remained in contact for 15 
seconds. 

(2) The object was once pushed forward. The 
Hydra moved away and slightly contracted. 
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6. The animal was again stimulated as in the two 

preceding cases. * 

The animal at once contracted. 

7. The stimulus was placed in contact with the 
hypostome. 

The animal immediately stood up. * 

8. The same as No. 7. 

9. The same as No. 7. 

Specimen No. IX. — Subjected to darkness for 8 hours. 

1. The stimulus was placed on the tip of three 
tentacles. 

(lj The three tentacles with the object on their tips 
drew back and the object came nearer the hypostome. 

(2) The whole anterior portion of the animal body 
bent slightly and attempts were made to bring the object 
still nearer to the hypostome. This process of pulling the 
object with the help of the three tentacles holding the 
object and the anterior part of the animal’s body 
continued for 3 minutes. 

2. The stimulus was placed in the whorl of the 
tentacles. 

(1) The object was at once looped by the tentacles 
and remained thus for one minute. 

(2) The animal became globular. 

3. The stimulus was placed in contact with a number 
of tentacles. 

(1) The object was held in between the tentacles 
pressing it from different sides. The object was thus 
held for 2} minutes. 

(2) The animal moved aside. 

4. The stimulus was as before. 

(1) Three tentacles placed their tips on the object. 
The object was moved from time to time. 
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(2) The animal moved aside after } minute. 

5. The stimulus was applied to one tentacle. 

(1) This tentacle touched the object and tried to give 
it a move. 

(2) . After f of a minute the animal drew back. 

(3) The animal at once proceeded to the object, 
touched it with a tentacle and remained so for 1J 
minutes. 

(4) The animal moved away. The whole process 
lasted for 2 ; } minutes. 

6. The stimulus was placed in the whorl. 

(1) The object was seized by all the tentacles. 

(2) After } minute the animal moved aside. 

7. The stimulus was placed in contact with a number 
of tentacles. 

(1) They remained in contact for a few seconds. 

(2) The animal moved away. 

8. Same as No. 7. 

9. Same as No. 7. 

10. The stimulus was placed in contact with a 

number of tentacles. 

After a few seconds the animal turned back. 

11. The stimulus was placed in contact with a 

number of tentacles. 

The animal at once contracted. 

12. The stimulus was placed in contact with a 

number of tentacles. 

The animal at once turned back. 

13. Same as No. 12. 

The animal stood up. 

14. Same as No. 12. 

The animal raised the anterior portion and contracted. 

15. Same as No. 14. 

The animal at once contracted itself and became 

globular. 


6 
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Specimen No. X. — Subjected to dark,, ess for 36 hours. 

1. The stimulus was applied to a tew tentacles 
at a time and the animal exhibited the following 
reactions : — 

(1) Two tentacles extended, each along a side of th& 
stimulating object. Thus holding it, the animal moved 
back to a certain distance and stopped with the object 
in the folds of the tentacles for about | minute. 

(2) The animal contracted with all the tentacles 
assuming a globular shape. 

2. Only one tentacle was stimulated and the 
following reactions were observed. 

(1) Three tentacles extended and held the object in 
the bends ou three different sides. 

(2) The object was held for 1| minutes and then the 
animal moved away leaving the object. 

3. The Hydra was stimulated as before. 

(1) The tentacle in contact with the stimulus extended 
and held the object in the bend. 

(2) After 50 seconds the object was drawn towards 
the hypostome (but not brought in contact with the 
latter) and remained thus for 40 seconds more. 

(3) Contraction of the animal body took place, and 
consequently, the object was left. Thus the whole process 
lasted for l-£- minutes. 

4. The animal was again stimulated as in the fore- 
going case. 

AH the tentacles curled around the object, drew it to 
the hypostome and moved away from the object immedi- 
ately. 

6. Here too the stimulus was similarly applied and 
the result was that the tentacle extended and remained 
in contact with the object only for a few seconds, and 
then the animal moved away. 
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0. The animal being similarly stimulated behaved 
in the following manner. 

(1) Same reaction was exhibited as in No. 5 ; but 
the period of attachment was prolonged to minutes. 

(2) Then the animal contracted to a globule together 
4rith all the tentacles. 

7. The same process of stimulation was repeated. 

(1) Two tentacles held the object in their angle, one 
extending below and the other above it. 

(2) The object was thus maintained for a minute and 
then the tentacles slightly contracted and the animal 
drew back. 

8. Only one tentacle was stimulated again. 

The animal at once contracted and became 
globular. 

9. The process of stimulation and reaction was as in 
No. 8. 

10. The stimulus was given as before. 

(1) The Hydra at once became globular and came 
aside from the object. 

(2) It extended its tentacles and assumed the position 
upside down. 

11. Hero too only one tentacle of the Hydra was 
stimulated. 

(1) The body of the Hydra contracted first. 

(2) Then the tentacles also contracted and the animal 
drew back. 

12. The process of stimulation was again repeated 
and the animal moved away from the object. 

13. The stimulus was placed in the whorl of the 
tentacles. 

(1) The Hydra waved the tentacles sideways for 12 
seconds. 

(2) A sudden contraction of the tentacles only took 
place. 
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Specimen No. XI. — Subjected to darkness for 58 hours. 

1. The stimulus was applied to two tentacles. 

(1) One of the tentacles curved round the object and 
the other remained straight. 

(2) The curved tentacle was moved away from the 
object whereas the second tentacle remained as before 
for a few seconds and then the object was pushed aside. 

(3) By movements of the animal body the object 
happened to come in contact with the tentacles. The 
tentacles were so arranged that the object was taken in 
their whorl and was gradually carried on to the 
hypostome. 

(4) Immediately the object was pushed forward and 
two of the tentacles remained in association with it for 
about minutes. 

(5) The animal slowly receded. 

2. The object was placed at a short distance from 
the tentacles. 

(1) One tentacle curled around the object. 

(2) Two other tentacles also were extended and held 
the object from three different sides. 

(3) After a few seconds the animal drew back 
slowly. 

3. The stimulus was applied to one of the tentacles. 

(1) Two tentacles were extended, one above the 
object and the other below it. 

(2) The object was left by a sudden contraction of 
the tentacles. 

4. The animal was stimulated as in the preceding 
case and the animal suddenly contracted and left the 
object. 

5. Hero too only one tentacle was stimulated. 

(1) The object was taken in the whorl of three 
tentacles and was held for about 50 seconds. 
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(2) The Hydra moved aside. 

6. The stimulus was placed again in contact with 
one tentacle. 

(1) The animal moved towards the object which was 
then held in the whorl of the tentacles. 

• (2) Gradually the hvpostome touched the object but 

immediately it was taken aside. 

(3) The object was heid in between two tentacles for 
a few seconds and then the animal moved aside. 

7. The process of stimulation was unaltered. 

(1) All the tentacles immediately contracted. 

(2) The anterior portion of the animal body moved 
away from the object. 

8. The stimulus was applied to two tentacles. 

(1) A third one extended and touched the object. 

(2) The above three tentacles contracted and the 
animal moved away from the object. 

9. The stimulus was applied as in No. 8. 

Immediate contraction of the two tentacles took place. 

10. The stimulus was placed in the whorl of the 
tentacles. 

At once the animal became globular. 

11. The stimulus was placed near two tentacles. 

As soon as the tentacles touched the object they 
contracted and also the animal moved aside. 


Specimen No. XTI. — Subjected to darkness for 82 hours. 

1. The stimulus was applied to one tentacle. 

(1) The tentacle expanded around the object and 
remained in contact with it for one minute moving it to 
and fro from time to time. 

(2) The tentacle was drawn aside but the animal 
remained stationary. 

2. The stimulus was applied to three tentacles. 
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(1) All three tentacles carved around the object from 
three different sides. 

(2) They remained in contact with tho object for 2 
minutes moving it to and fro. 

(3) The animal left the object and slowly moved 

away. . 4 

3. The stimulus was applied to two tentacles. 

(1) The two tentacles expanded on the object and 
remained as such for minutes. 

(2) The animal stood up. 

4. The stimulus was given to a tentacle. 

(1) The tentacle was first slightly raised and expanded 
on the object. 

(2) The object was held in this way for a few seconds. 

(3) The animal raised the hypostome and moved aside. 

5. The stimulus was applied to two tentacles. 

(1) The object was held in the bends of the two 
tentacles. 

(2) Both the tentacles remained in contact with the 
object for 45 seconds pulling the object towards the 
hypostome and pushing it off several times ; and then the 
animal moved away. 

3. This time only one tentacle was stimulated. 

The tentacle at once repelled the object. 


Specimen No. XIII. — Subject to darkness for 105 hours. 

1. The stimulus was applied to one tentacle only. 

(1) Four tentacles extended and their tips curled 
around the object from four different sides. 

(2) The object was thus held for 1|- minutes and the 
animal relaxed its hold on the object by contraction of 
the tentacles. 

2. The stimulus was placed in the whorl of three 
tentacles. 
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(1) These three tentacles caught the object and pulled 
it towards the hypostome. 

(2) The object was pushed off as soon as it came in 
contact with the hypostome. 

(3) The animal again proceeded to the object and 
Touched it by two tentacles. It remained as such for a 
few seconds and then became globular. 

3. One of the tentacles was stimulated and the 
animal behaved in the following manner. 

(1) Another tentacle beside the one stimulated 
extended and both of them curved around the object. 

(2) The object was thus held for 1£ minutes and was 
from time to time moved forward and backward by the 
tentacles. 

(3) Then the animal left the object and moved 
away. 

4. The object of stimulus was placed in touch with 
two tentacles. 

(1) Both the tentacles expanded, one on the object 
and the other below it. 

(2) The object was thus held for a few seconds and 
the animal made an attempt to turn the object sideways. 

(3) Suddenly the anterior part of the animal body 
with all the tentacles contracted. 

5. The stimulus was placed very near the tentacles 
and the following reactions were observed. 

(1) The six tentacles expanded all at a time and 
held the object from different sides. 

(2) The object was thus held for 2 minutes and 50 
seconds and then the animal moved aside. 

6. The animal being stimulated on one of its 
tentacles behaved as follows. 

(1) The tentacle curved round the object which was 
drawn close to the hypostome. 

(2) The animal drew aside. 
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7. The stimulus was placed very near a tentacle and 
gave rise to the following reactions : — 

(1) The tentacle expanded and touched the object. 

(2) Immediately the animal drew away. 

8. The stimulus was placed in touch with a tentacle. 
About 4 or 5 tentacles protruded and touched the 

object. The animal moved away at once. 

9. The stimulus was applied as in No. 8. 

The animal at once contracted its tentacles and drew 
back. 

10. Same as No. 9. 

11. The animal was again stimulated as in No. 8. 

The animal at once contracted its tentacles, raised 

its head and expanded in a different direction away from 
the object. 

12. In this case too the animal was similarly 
stimulated. 

The animal at once contracted its tentacles with the 
anterior portion of the body. 

13. Same as^No. 9. 


Specimen No. XIV.— Subjected to darkness for 153 hours. 

1. The stimulus was applied to one of the tentacles 
and the following reactions were observed. 

(1) Another tentacle proceeded and the object was 
held between the two tentacles for 2 : [ minutes. 

(2) The animal slightly raised its anterior portion 
and moved aside. 

2. In this case the stimulus was applied to two 
tentacles. 

(1) Another tentacle proceeded and the object was 
held by three tentacles, two being on the object and the 
other below it. 
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(2) An attempt was made to draw the object towards 
the hypostome when it appeared that the grasp became 
slackened and the object escaped. 

(3) Then the animal body became globnlar. 

3. The object was placed in contact with a tentacle. 

* (1) Other tentacles too proceeded towards the 
object. 

(2) As soon as the tentacles touched the object the 
animal ran away with it to a certain distance. 

(3) Then the object was left and the animal body 
with the tentacles slightly contracted. 

4. The stimulus was applied to one of the tentacles. 

(1) The object was pulled on the hypostome by the 
same tentacle alone. 

(2) The body contracted with all the tentacles 
expanded and the object was thus held for about a 
minute. 

(3) The animal body elongated, and consequently, the 
object was left. 

5. The stimulus was applied to two tentacles. 

(1) The object was slightly looped by the two 
tentacles. 

(2) The animal left the object immediately and passed 
away. 

6. One of the tentacles was stimulated. 

(1) The tentacle was slowly raised from the object. 

(2) The oral end of the animal body was bent aside. 

7. The animal was stimulated as in No. 6. 

The animal at once became globular. 

8. Same as No. 7. 

9. The animal was stimulated as in No. 6. 

It reacted by moving away from the object. 

10. The animal being again stimulated as in the 
foregoing case first reacted by a sideway movement and 

contracted. 

7 
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In view of the above abridgment we may draw 
the following conclusions regarding the behaviours of the 
Hydra. 

(1) All the reactions of the Hydra to a mechanical 
stimulus which is not its food under normal conditions are 
negative ; but such behaviours of one and the same indio 
vidual are transformed into positive ones after continued 
repetitions of the stimulus ; that is, the negative reactions 
turn to be a food-taking reaction. 

(2) When the Hydra is subjected to starvation for 
a certain period, reversal of its thigmotropism occurs. 
That is to say, the Hydra at once behaves in such a way 
as manifests its food-taking reactions towards the 
mechanical stimulus which under normal circumstances 
is violently rejected. 

(3) The reversing influence of starvation increases 
along with its prolongation. 

(4) The behaviours of the Hydra, when it is subjected 
to the influence of darkness, evolve food-taking reactions 
to a mechanical stimulus. From this it follows, then, 
that the state of the Hydra concomitant to its subjection 
to the influence of darkness is equivalent to its hungry 
condition. 

The remark column of the abridgment shows that 
the subjection of the animal to darkness for one hour has 
no efEect whatsoever upon the normal thigmotaxis of the 
Hydra, and in consequence, it behaved negatively towards 
the object of stimulus. There was a marked change of 
behaviours on the part of the Hydra after it was influenced 
by darkness for two hours. But then, three hours’ 
subjection to darkness (that is, increment of the latter 
by one hour) did not produce any additional change in 
the behaviours of the specimen. Prolongation of the 
period of subjection by another hour did not produce any 
change of behaviour either. 
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Now it is noticed, curiously enough, that the behaviour 
of the Hydra was almost doubly changed due to its 
subjection to darkness for five hours. That is, the 
restorative period was prolonged from 13 minutes to 25 
minutes. Practically there is very little change in the 
•three subsequent readings the mean of the restorative 
periods of which is 28 ‘3 minutes. At the end of the eighth 
hour of subjection the influence of darkness was so 
intense that the restorative period was raised from 28’3 
minutes to 45*6 minutes. 

(5) So, by re-arranging the mean readings in sequence 
we obtain a definite relation between the length of 
subjection to darkness of the Hydra and the reversal of 
its thigmotropism as well as the time required fo r 
restoration of its reversed thigmotaxis to a normal stage. 
The Hydra’s thigmotropism is first reversed after it is 
influenced upon by darkness for two hours. The next 
three hours’ subjection doubles (practically) the period 
of restoration. But the result of the next three hours of 
subjection instead of doubling the restorative period 
increases it by 1*5. Then the figure remains constant. 
To be more definite, we may state that any addition to 
the length of the Hydra’s subjection to darkness after 
the 8th hour does not vary its restorative period, that is, 
the animal henceforward will react positively to a 
mechanical stimulus ceaselessly for 45 minutes. 

To give this statement the form of a definite law, an 
intense study of the subject with a view to obtain more 
precise results is necessary ; and we conjecture that some 
day in near future it may not be impossible to declare that 
Weber’s “ Law of liminal intensity and lirainal difference ” 
holds good also in the case of the Hydra’s sensibility. 

(6) The tenacity of Hydra’s life is wonderful. In 
connection with the present thigmotropic studies mention 
has been made of the animal’s starvation for seven days 
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only; but we observed a specimen that kept without 
food as long as twenty-one days. The creature became 
awfully lean before it succumbed. 

(7) The Hydra is able to perform various move- 
ments of its body. In course of the aforesaid behaviours 
it involved the following different kinds of movement : — • 

(1) Flight. 

(2) Waving of the tentacles. 

(3) Partial contraction of the tentacles. 

(4) Contraction of the tentacles to so many dots. 

(5) Expansion of the tentacles. 

(6) Partial contraction of the animal body. 

(7) Contraction of the animal body to a globule. 

(8) Expansion of the body. 

(9) Performance of a vault. 

(10) Bending of the body. 

(11) Pushing off of an object. 

(12) Assumption of an upright posture. 

(13) Turning upside-down. 

(14) Waving of the anterior portion of the body with 
the foot fixed. 

(15) Making loops of the tentacles. 

In how far an animal is able to preceive the external 
objects largely depends upon what it is able to do with 
the objects. This capability involves a variety of 
movements each of which has some adaptive value and is 
contributive towards the mental development of the 
animal. 
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COMMENTATIONES PHYTOMORPHOLOGICAE 
ET PHYTOPHYSIOLOGICAE 

III 

KICIIHORNIA STUDIES 
BY 

Paul Bruhl, D.Sc., and Atulchandra Dutta, M.Sc. 

ON THE DISTRIBUTION OF POTASSIUM IN 
EICHHORN1A SPECIOSA 

As already known, Eichhornia speciosn is one of 
the plants which absorb considerable amounts of potassium 
from the medium in which they grow. It is therefore of 
some interest to have more precise information concerning 
the distribution of potassium within the different parts of 
the plant. Such knowledge might supply indications as 
to the most profitable utilisation of the potash contents. 
According to Weevers (Recueil des Tmteiux botani- 
ques Nierlandais, Vol. Fill, p. 289 ) potassium accumu- 
lates in plants, particularly in reserve organs and 
in the growing-point, in medullary rays and in the 
cambium ; more is found in the phloem than in the xylem, 
and it occurs markedly in the unlignified parts of the 
cortical tissue. Wee vers states that it is concentrated 
in the vacuoles, but is not present in the chroraatophores. 
Willstatter and Stoll’s researches have shown that 
neither Chlorophyll a nor Chlorophyll b contain any 
potassium, magnesium being the only metallic constituent 
of these compounds. 
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Professor Molisoh ( Mikrochemie der PJlanse, third 
edition, 1923 ) recommends alcoholic solution of platinic 
chloride and a solution of sodium cobaltinitrite as 
reagents for the determination of the presence of 
potassium in the tissue-elements of plants. Macal- 
ltjm (in Journal of Physiology, Yol. XXXII, p. 95J 
recommends the following method of preparing the 
reagent — Dissolve 20 grams of cobalt nitrite and 35 
grams of sodium nitrite in 75 cc. of dilute acetic acid (10 
cc. glacial acetic acid diluted with water to 75 cc.). As 
soon as the evolution of nitrous fumes has ceased, dilute 
with water to 100 cc. Filter off any precipitate formed 
due to the presence of potassium in the reagents. Accord- 
ing to Molisch the reagent prepared as described 
above loses its efficacy after one or two days and has 
to be freshly prepared after the lapse of a couple of 
days, which is certainly a drawback. 

F. Cleyrefet (in Bull. Soc. Chim. Belg., 1922, 
XXXI, pp. 417-420, see Abstracts, Chew. Soc., London, 
No. 725, March , 1923, II, 1H1) prepares two solutions: 
(1) Dissolve 28 , 0 gr. of cobalt nitrate in 50 cc. of 
glacial acetic acid and dilute with water to 500 cc. ; (2) 
Dissolve 180 gr. of sodium nitrite in 500 cc. of water. 
For use add (1) slowly to (2) ; let stand for 24 hours and 
filter, if necessary. 

Pozzi-Escott (in Bull. Soc. Chim. Belg., 1923, XXII, 
p. 227, quoted in Journ. Chem. Soc., London, No. 729, 
July, 1923) points out that De Koninck published a similar 
process some years ago and states that the procedure is 
followed officially in the United States. De Koninck 
dissolves 5 parts of cobalt chloride or cobalt nitrate and 
10 parts of sodium nitrite in 100 parts of water and adds 
some drops of acetic acid. 

The process described by Cleyrefet has the ad- 
vantage that the two stock solutions can be kept ; 
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suitable quantities of the reagent can then be prepared 
for testing plant tissues by mixing equal volumes of (1) 
and (2). 

It appears, however, that the solution recommended 
by Treadwell (Treadwell- Sail, Analytical Chemistry, 
Vol. I, p. 50) keeps quite well for a long time in the 
temperature conditions obtaining in the botanical labora- 
tory at Baliganj. Treadwell, who quotes William J. 
Brat, recommends to dissolve 100 gins, sodium nitrite 
in 200 cc. of water, adding 60 cc. of 30 per cent, of acetic 
acid and 10 gms. of hexahydrated cobalt nitrate ; after 
standing for at least 21- hours, the solution is filtered and 
diluted to 400 cc. 

In order to test the permanence of the reagent pre- 
pared according to Treadwell with reference to its appli- 
cability to the microchemical proof of the presence of 
potassium in the tissues of plants, we compared the results 
of tests made by using a solution of Treadwell’s reagent 
prepared in May, 1021, with those obtained by a freshly 
prepared solution as well as by a solution prepared 
according to the directions given in Cleyrefet’s paper. 
We have not found any difference when using consecu- 
tive sections through different parts of Einhhornia specioso. 
The reagent prepared according to Treadwell’s recipe 
appears therefore to deserve to be recommended for 
locating potassium in various parts of plant tissues. 

It will appear from the following detailed account 
that the size of the crystals formed on the treatment 
of sections with sodium cobalt initrite varies from less 
than one r to more than six e. Examined between crossed 
nicols they prove themselves to belong to the cubical 
system. They are isodiametrical and are bounded by 
at least twelve faces, which form sets of pairs of parallel 
faces. Moliscb declares the crystals to he pentagonal 
dodecahedra. This agrees with the characters just 
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described. It is however noticeable that the laces of the 
larger crystals, such as shown in fig. 4 on plate I, are 
more or less irregular hexagons, whilst in other cases the 
face-view of the crystals is square or oblong. This 
suggests such combinations as 

|l00j 1 210 1 and {ill} j 201 j . 

The crystals are deep orange-yellow; the yellow 
colour is visible even at high magnifications. In the 
figures only the crystals of potassium cobaltinitrite are 
shown ; other granular contents of the tissue elements — 
starch, chlorophyll grains and others — are omitted. 

The following is a detailed statement concerning the 
distribution of potassium in the different parts of the 
Water Hyacinth. 

1. The Runner. — The crystals of potassium 
cobaltinitrite in the epidermis and the subepidermal 
layers are pretty numerous, but less than 1/* in diameter. 
As we proceed towards the centre the crystals increase in 
size from 1 to 6 m. whilst in the central parts crystals from 
6m to 14m in diameter are mixed with smaller crystals. In 
the bast fibres crystals are pretty numerous. 

2. The Petiole. — In the epidermis numerous 
small crystals make their appearance on applying the 
reagent. The same holds good with regard to the sub- 
epidermal layers. In the parenchymatous bundle-sheath 
the crystals formed are minute and numerous. In the 
cells of the diaphragms the crystals are uniformly distri- 
buted and numerous, and in the cells constituting the 
longitudinal walls of the air-canals the plentiful crystals 
have the form of minute grains. 

3. The Pseudobulb. — In the more centrally situated 
cells of the diaphragms crystals are more numerous than 
in the peripheral ones ; in either case they are very 
minute. In the other cells of the pseudobulb the size 
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and amount of the crystals is similar to what is obser- 
vable in bulbless petioles. 

4. The Leaf Blade.— The crystals found in the 
epidermis of the upper leaf-surface are regularly more 
numerous but much smaller— 2/* and less— than in the 
bells of the lower epidermis where the larger crystals, 
which reach 3’5/* in diameter, prevail. A large number 
of crystals are found in the parenchymatous bundle- 
sheath and the surrounding parenchyma. The palisade 
and spongy tissue cells contain only a small number of 
crystals, and the crystals observable in the diaphragms 
are very scanty. 

5. The Stem. — The crystals, which are usually 

to 6^ in diameter, although larger and smaller crystals 
occur also, are almost uniformly distributed over all the 
cells of a cross-section, but it appears that they are more 
numerous in the cells surrounding each vascular bundle. 
The quantity of potassium indicated by the crystals of 
potassium cobaltinitrite is greater in the upper than in 
the lower part of the stem and evidently reaches there 
its maximum. 

The .Rootlets. — Crystals are most numerous in the 
ground-tissue, the number diminishing from the centre 
outwards ; they are nearly uniform in size and less than 
1/* in diameter. 

The Axis of the Inflorescence.— Numerous crystals 
of Potassium cobaltinitrite are found in all the 
cells and they exceed in number those observed in the 
cells of the leaf-stalk ; they vary from 1^ to 3’5 in 
diameter. 

TnE Ovary. — Crystals are numerous both in the 
cells of the wall of the ovary, and in those of the 
ovules. 

Buds. — Longitudinal sections exhibit numerous 
crystals. 
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The Ligular Sheath.— Crystals are found in all 
the cells, but they are most numerous in the bundle- 
sheaths. 

We may add that the numerous starch-grains found 
in the cells of the stem during the cold season gradually 
disappear as the hot season advances. 

From the foregoing account it will be seen that 
potassium occurs in all parts of the Water Hyacinth, 
although in somewhat varying quantities, the part richest 
in it being evidently the stem (often wrongly called the 
root). 

Botanical Laboratory, 

University College or Science, 

The 1st of September, W 23. 




Explanation of Figure. 

Pj.atk I. 

Fig. 1. Transverse section through the runner : peri- 
pheral portion, X00. 

Fig. 2. Face-view of the epidermis of the run- 
ner, X 120. 

Fig. 3. Transverse section through the central part 
of the runner, x 00. 

Fig. d. Some cells of the central part of the runner, 

X 120. 

Fig. 5 . Transverse section through the petiole : 
peripheral part, X 120. 

Fig. 6. Diaphragm from the petiole, X120. 






Explanation of Figure. 

Pt, ate XL 

Pig. 7. Transverse section of a rootlet : pith below, 
innermost, layers ot‘ cortex uppermost, x 310. 

Pig. 8. Part of epidermis of the upper surface of the 
leaf, X120. 

Pig. 9. Part of the epidermis of the lower leaf-sur- 
face, Xl20. 

Pig. 10. Part of a cross section through the stem 
showing a fibro- vascular bundle, x 100. 

Pig. 11. Part of a cross-section through the central 
region of the pseudo-bulb. 

Pig. 12. Diaphragm from the central part of the 
pseudo-bulb, x 100. 

Pig. 13. Part of the longitudinal wall of an air- 
canal, xioo. 
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THE PRECIPITATION OP SUSPENSOIDS 
BY ELECTROLYTES 


BY 

PwopEssoit Jnanendhanatii Mukhekjee, D.Sc. (Lond.) 
INTRODUCTION 

Investigations on the precipitation of suspensoids have so far 
been restricted to the influence that the nature and the concentration 
of an electrolyte have on the process. There is, however, no exact 
investigation of other factors which determine the rate of precipita- 
tion. One finds in the literature quite contradictory observations. 
Thus Woudstra (Z. Phys. Chem. 1908, 67, 607) found that the 
greater the concentration of the colloid the smaller the concentration 
of an electrolyte necessary to precipitate it. This is the reverse of 
what Freundlieh (Z. Phys. Chem. 1906, 44, 129) has observed with 
arsenious sulphide sols. The need for a detailed investigation will 
also be evident from the fact that even the order of the coagulating 
power of various electrolytes, as observed by different investigators 
for the same colloid, is not the same (of. Reprint No. 2, Table 1). 
Besides it is not known what influences the degree of dispersion, the 
concentration of the peptising substance, and temperature, have on 
the process. For example, Linder and Picton (T., 1905, 87, 1906) 
remark that the precipitating concentration of a salt is generally 
diminished by rise of temperature. But Paine (Proc. Camb. Phil. 
Soc., 1912, 76', 480) observes that there is no very marked change 
in the rate of coagulation on raising the temperature to 100°C. 
It is not a priori possible to say whether the differences between these 
observations are duo to the fact that the colloidal systems studied are 
different; for there is no data to show that these influences have 
been at all studied. 

Recently Smolucbowski (Zeit. Phys. Chem., 1917, 92 , 129) 
has advanced a mathematical theory regarding the rate and 
manner in which the coalescence of the particles proceed with time. 
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Ultramicroscopic investigations have been carried out by Zsigmondy 
(Z. Phys. Chem. 1918, 92, 600), Westgren and Reitstotter (ibid, 
1918,99, 750) and Westgren (Arkiv. Kem. Min. Geol., 1918, 7, 
No. 6) and Kruyt and Arkel (Rec. Travaux Chim. Pays-Bas ; 1920, 
39, [ 4 ], P. 6fi6; 1921, 40, [4], 169). Though there is in some cases 
tolerable agreement between the theoretical and observed values^ 
the agreement is on the whole unsatisfactory. The limitations of 
the ultramicroscope make it desirable to have an independent test of 
the equations deduced by Smoluchowski, The interest of this work 
is that on the basis of this theory it is possible to compare quanti- 
tatively the influence of various factors on the rate of precipitation. 
It is also possible to determine and compare the percentage of the 
total encounters between the particles of the colloid, which leads to 
a stable coalescence of the colliding particles. 

The importance of the charge of the colloidal particles on their 
stability has been well established through the works of Hardy 
(J. of Physiol 1899, 24, 288), Burton (Phil. Mag. [G], 1906, 12, 
472; 1909, 17, 583), Galecki (Z. Anorg. Chem., 1912, 74, 179), 
Ellis (Z. Phys. Chem., 1914, 89, 145), and Powis (ibid., 91,186). 
The manner in which the rate of precipitation depends on the 
potential of the double layer surrounding the particles requires a 
thorough investigation. Only from a knowledge of the quantitative 
relationship existing between the percentage of successful collisions 
aud the potential of the double layer, a definite theory of 
the protecting influence of the electric charge can be expected. The 
usual methods of determining the electric charge are of two 
kinds, namely : 

(а) the microscopic method of measuring the movement of a 

particle in different layers ; and 

(б) the macroscopic method of measuring the movement of a 

colloid-electrolyte (and water) boundary. 

Of these the first method is not suitable for line particles showing 
great Brownian movement for several reasons. The second method is 
usually employed and was tried by the writer. The method was found 
to be quite unsuitable for experiments with arsenious sulphide and 
thi6 led to an investigation as to the sources of error. It is generally 
known that the limits of error by the usual methods are as great 
as 20% . An improved method has been developed but unfortunately 
the time taken up by this investigation was too great to permit of 
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ft determination of the variation in the percentage of successful 
collisions with the potential of the double layer. 

For an examination of the influence of the degree of dispersion and 
of the colloid content, sols of arsenious sulphide are particularly suitable. 
The concentration of the colloid and the size of the particles can be 
^widely varied with ease. The sol can be prepared easily and is of 
great stability. This sol has the additional interest that observations 
on this system have long been the basis of theoretical treatment of 
the subject. 

For the work directed to test Smoluchowski’s theory the fine gold 
sols obtained by the nucleus method of Zsigmondy are particularly 
suitable. They satisfy to a large extent the theoretical condition of 
uniformity in the size of the particles. 

The subjects dealt with in the present thesis are given below, 

/. Experimental. 

Part I. — Experimental procedure for arsenious sulphide sols with a 
few remarks on the suitability of different methods. 

Port II. — Influence of the dilution of the sol on the rate of precipita- 
tion of metal sulphide sols. 

Part UL — Influence of the quality of the sol, that is, of its degree of 
dispersion and of its colloid content : arsenious sulphide 
sols. 

Part IF. — Influence of the hydrogen sulphide content on metal 
sulphide sols. 

Part V. — Influence of temperature : arsenious sulphide and gold sols. 
Part VI. — An experimental test of Smoluchowshi’s theory. 

Part VII . — An investigation on the measurement of the electric charge 
of colloidal particles by the U-tube method. The 
measurement of the charge by an improved method. 
The influence of 11 age ” and of dilution on the electric 
charge. 

Part Fill. — Discussiou. A connected account of the process of pre- 
cipitation. 

II. Theoretical . The Adsorption of Ions. 

The cause of the precipitation by an electrolyte is generally 
admitted to be due to a decrease in the electric charge resulting from 
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the adsorption of oppositely charged ions. The nature of this adsorp- 
tion is not definitely known. An attempt has been made to consider 
the rdle of the electric forces under the heading : 

“ The origin of the charge of a colloidal particle and its neutralisa- 
tion by electrolytes.” This paper was read at the discussion on 
colloids held by the Faraday and the Physical Societies of London* 
on 25th October, 1922. 


PART 1. 

Experimental Procedure for Determining the Coagulating Power 
of an Electrolyte or the Rate of Coagulation . 

The Ullramicroscopic Method . — Obviously the most direct method 
is to record by ultramicroscopic measurements the actual progress 
of the coalescence of the particles. Unfortunately, due to the limita- 
tions of the ultramicroscope such measurements are possible in an 
extremely limited number of eases. It is only recently that Zsigmondy 
( loc . cit .) has been able to improve the method sufficiently to follow 
the rate of decrease of the primary green particles in his gold sols. 
The experimental difficulties that come in are that most suspensoids 
(with the probable exception of two specially prepared sols ; gold sols 
prepared by the nucleus method of Zsigmondy, and the colloidal 
sulphur of Sven Oden) contain particles of various sizes. Some of 
these particles are amicroscopic, /.<?., they are beyond the range of 
visibility of the instrument. Galecki {loc. cit .) found that as coagu- 
lation proceeds the total number of observed particles at first increases 
due to the formation of visible particles by the aggregation of amicrons. 
The total number of the particles thus remains undetermined. 

In order that the measurements can be relied upon the light 
scattered by each particle must separately reach the eye. Also the 
intensity of this light must be sufficiently strong. The intensity of 
the scattered light is dependent on the optical properties of the 
substance aud this introduces a limitation. To prevent the masking 
of one particle by another, the sol is sufficiently diluted. One cannot 
always be sure that the dilution itself does not change the original 
total number of particles. The experiments of Coward (Trans. 
Faraday Soc., 1913, 9, 1212) may be cited as example. Wheu an 
electrolyte is present, the addition of a protective colloid is necessary 
to avoid any further change in the stage of coalescence (</• 
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Zsigmondy), and also to stop any disintegrating effect that dilution 
itself may have. But there is no means to ensure that the dilution is 
not producing any change in the total number. Besides the protective 
colloid scatters some light and when the light scattered by the 
particles of the sol is not sufficiently strong it becomes difficult to 
oount the particles. 

In the few instances where this method has so far been success- 
fully used, the concentration and the degree of dispersion of the 
colloid can be varied only within narrow limits. For this reason these 
colloids are not suitable for investigation on the effect of the quality 
of the sol on the rate of coagulation. 

Other Methods , — There are several other methods of measuring 

o 

the coagulating power of an electrolyte. The general principle is to 
find the limiting (minimum) concentration of an electrolyte that will 
lead to a complete separation of the colloid. Bodlander (Zsigmondy, 
Kolloidchernic, 1920, 66) called this the “ Schwellenwert.” Linder 
and Picton (J. Chcm. Soc., 1392, 67, 114, 17:2 ; 1395, 67, 53) titrated 
a definite volume of a sol with an electrolyte solution, and observed 
the amount of the latter necessary to render the supernatant liquid 
completely clear. Different amounts of electrolyte is, however, 
necessary, when different concentrations of electrolyte are employed. 
This is a great objection to this method. 

Freundlich (toe, cit.) generally mixes a definite volume of the 
colloid, say 10 c.c., with a definite volume of the electrolyte solution 
(2 c.c.) of various concentrations. He takes the concentration required 
to produce the complete precipitation of the colloid in a given interval, 
as a measure of the coagulating power of the electrolyte. This modi- 
fied form of the method of determining a ‘‘ limiting concentration ” 
has been used by several other workers. Two objections can he raised 
against this method. Firstly, the variation in the limiting concentra- 
tion produced by a change in the conditions of experiment ((’.//., the 
quality of the sol) is small. This is due to the enormous influence 
that small chauges in the concentration of an electrolyte has on the 
rate of coagulation. Secondly, much depends on how the limiting 
concentration is defined. In many instances, the time required for the 
complete separation of the colloid is very large. M hen the colloid 
content of the sol is small it may take several hours for this separation. 
Thus Young and Neal (J. Physical Chem., 1917, 2/, 14) allowed 
twenty-four hours for this separation. In an investigation on cupric 
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sulphide hydrosol by this method they remark that u the amouut of 
electrolyte required is iudepondeut of the dilution of the sol within 
wide limits. This latter was found to be true by Freundlich within 
rather elose limits for arsenioas sulphide sols.” It will be seen from 
the sequel that this is erroneous and that this method gives wrorg 
results. 

Paine (Proc. Camb. Phil. Soc., 1912, 16, 430) tried to measure 
the rate of coagulation by estimating the amount of colloid remaining 
in suspension after different intervals of time. He considers the 
portion of the colloid that separates easily as the coagulated amount. 
To hasten this separation he would heat the sol. He found that this 
heating (up to 100°) does not change the rate of coagulation. It will 
be seen from the sequel that this is not true. 

Lottermoser (Koll, Zeitsch., 1914, 75, 145) has tried to utilise 
a variation in the physical properties to study the process of coagula- 
tion. Freundlich and Ishizaka (Z. Phys. Chem., 1913, 83, 97 ; 85, 
398) utilised the variation in viscosity to measure the rate of coagu- 
lation of ferric hydroxide sols. Gann (Koll. Chem. Beihefte, 19 16, 
8, 113) has carried out an extensive investigation on the precipitation 
of aluminium hydroxide sols by measuring the change in viscosity. 

Method adopted for irork . — Most of these colloidal solutions 
change from day to day. In order to avoid the disturbing effect of 
this change the method should be comparative and rapid. 

It appeared necessary first of all to examine in detail what hap- 
pens on the addition of an electrolyte to a sol. The precipitation is 
evidently due to the uniting together of the particles of the colloid, 
which were so long existing separately to form bigger aggregates 
(clots and flakes). The subsequent settling of these aggregates is a 
distinctly different process and it is important to know what part these 
two processes play in a particular experimental method. An examina- 
tion of the process of coagulation made it clear (Mukherjee, J. Amer. 
Chem. Soc., 37, 2024-2026 (1915) ; Reprint No. 2 attached herewith) 
that “ the settling of the particles or clots is irregular. The times 
for its complete settling is not characteristic of the rate of coagula- 
tion ; but that required for the appearance of perceptible change or 
for the attainment of the maximum opacity or for the beginning of 
the settling yields a definite idea of the rate of the change.” In a 
later paper (Mukherjee and Sen, Trans. Chem. Soc., 115 } 1919, 462- 
Reprint No. 3 attached herewith) the objections against the " limiting 
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concentration 99 methods as adopted by Freundlich and others have 
been stated as follows : u The justification of any method used to 
follow the coagulation lies in so far as it indicates the progress of 
coalescence. The increased mass of the particles with progress 
of coalescence introduces a new factor ; namely, their gravitational 
effect, which masks the true behaviour of the sol, as will be clear 
from the following observations on mercuric sulphide sols. 

These sols are opaque unless very dilute. On the addition of elec- 
trolytes, there is a quiescent period followed by a sharp clearing of 
the whole liquid. At this stage, the liquid loses its homogeneous 
appearance, and visible clots are found suspended throughout the 
liquid. As the change is sharp, the times noted by different observers 
agree satisfactorily. In this way, it is found that a mercuric sulphide 
sol, on saturation with hydrogen sulphide, requires a longer time for 
the observed change thau when it is not so treated — the electrolyte 
concentration, of course, being identical. 

These experiments leave no doubt that dissolved hydrogen sulphide 
increases the stability of the sol. The subsequent settling of these 
clots, however, requires a very long time, which is about the same for 
both samples. So long as the respective times required for the clear- 
ing of the sols are very small compared with the time required for 
the subsequent settling of the clots, it is found that the times that are 
necessary for the complete separation of the colloid do not differ much 
in the two cases. However, with electrolyte concentrations where the 
clearing requires intervals comparable with that required for the 
subsequent settling of the clots, regular differences in stability are 
observed eveu if the times necessary for complete separation of the 
colloid are noted.” Similar obseivations have been made on gold sols. 

The method ultimately adopted is a comparative one and consists 
in observing what change the mixture of sol and electrolyte undergoes 
with time when equal volumes (generally 5 c. c.) of both are mixed 
together. The comparison is made with reference to a blank contain- 
ing equal volumes of water instead of the electrolyte, to determine 
the first perceptible change in the mixture. To secure a constant 
manner of mixing the electrolyte is always added to the sol. Five 
c. c. of each are measured out into carefully cleansed and dried test- 
tubes of as nearly the same size as it is possible to get. The time 
when the sol attains a limit of opacity is next noted. This is usually 
done by observing the time when the sol looks completely opaque 
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when held in front of the eye against the window, or an illuminated 
plate of glass or a filament of an electric light according to what is 
most suitable. If the sol is not too rich in its colloid content the 
breaking up of the sol into visible clots suspended in a clear liquid 
gives a sharp indication and is taken as the next stage of comparison. 
A little shaking of the tube by the hand helps the breaking up of the 
colloid into clots. This does not interfere with the accuracy to any 
great degree. 

The process of coagulation of these suspensoids is irreversible and 
the addition of small quantities of an electrolyte of much higher con- 
centration cannot fail to produce immediate changes, which the end 
concentration of electrolyte produced by the mixture is of itself not 
able to effect. This is more objectionable if the same quantity of the 
salt is added in a small volume, as it necessarily means a higher ini- 
tial concentration of the electrolyte ; for, with rise in concentration 
of the electrolyte the rate of coagulation increases enormously. On 
the other hand, on mixing the sol with the electrolyte the sol always 
becomes diluted depending on the ratio of the volumes of the two 
liquids mixed. To avoid too great a dilution equal volumes of elec- 
trolyte and of sol are mixed. 

The “ times ” which are noted change very rapidly with slight 
changes in the experimental conditions and the sensitivity of this 
procedure is due to this fact. The method is simple and rapid. In 
general three to four readings are taken. The agreement is quite 
satisfactory. It was not considered necessary to use better methods 
of comparison, for example the use of a nepheloineter, as this rapid 
method is sufficiently accurate for the purpose. Electrolytes are 
generally used in such concentrations as would give fairly rapid rates 
of coagulation so that the observed changes are sharp. It has been 
found that readings within three or four days are quite comparable. 
Evidence as to whether the sol has changed or not has been directly 
obtained by determining the mean value of the “ time ” for a particu- 
lar change under definite conditions. A variation in the time outside 
the limits of error show’s that the sol has changed. 


Preparation of Arseni om Sulphide Sols of Different Quality , 

The mode of preparation of this sol is well known and only a few 
remarks will be made here. The finest sols are obtained when a 
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large volume of pure water is thoroughly saturated with pure hydro- 
gen sulphide and a dilute solution of molecularly dissolved arsenious 
oxide (that is, free from suspended particles of arsenious oxide) is 
added to it. The two solutions should be mixed as rapidly as possible 
and care should be taken that the hydrogen sulphide is much in ex- 
3(3ss of that required to form the sulphide. Perfectly clear solutions 
can be obtained in this way. They look reddish-brown in transmitted 
light whereas coarser sols look more yellowish. The sol is next 
saturated with hydrogen sulphide by passing a rapid stream of the 
pure gas for half an hour. The dissolved hydrogen sulphide is remov- 
ed by a current of pure hydrogen. 

The arsenious oxide solution is best prepared by saturating pure 
“ conductivity ” water with the powdered oxide. The rate of solution 
is slow and the powder floats as it is not wetted. It is convenient to 
leave the vessel in contact with a small flame for several hours so 
that the water is kept boiling very slowly. The liquid should then 
be allowed to cool and left for 24 hours to allow the excess of arseui- 
ous oxide dissolved at the higher temperature to separate completely. 
Otherwise they pass through the filter and produce big particles. The 
solution is then filtered. 

For preparing sols with different degrees of dispersion the proce- 
dure is theoretically the same as that underlying the nucleus method 
of Zsigmondy. The usual method of preparing the sol consists of 
two stages : 

(1) the mixing of the hydrogen sulphide solution with the arseni- 
ous oxide solution, aud 

(2) the subsequent saturation of the mixed liquid with hydrogen 
sulphide. When conditions are satisfactory the arsenious oxide be- 
comes converted completely into arsenious sulphide in the first process 
aud there remains an excess of hydrogen sulphide after the reaction. 
In this case fine sols are formed. The subsequent passage of hydro- 
gen sulphide is to prevent any aggregation of the p?rtieles. The size 
of the particles in this case is governed by what happens in the first 
stage. As there is plenty of dissolved hydrogen sulphide and a very 
dilute solution of arsenious oxide is mixed with it the probability 
of the union of the resulting molecules of arsenious sulphide, 
to form bigger aggregates, is smaller than when the reverse is the 
case. The size of the aggregates may be said to depend on the 
concentration of the colloid formed. This subject has been 
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treated fully in Zsigmondy’s book “ Kolloidchemie,” 1920, pp. 145- 
148, 152. 

When an excess of the arsenious oxide remains unconverted into 
the sulphide, the particles formed in the first stage, act as nuclei 
and grow in size. Thus by adjusting the relative volumes of the two 
solutions and the concentration of the oxide, sols of different quality* 
can be prepared. Any desirable colloid content can be obtained by 
adding water after the second process. It is easy to prepare sols with 
different degrees of dispersion in this way. 


PART II. 

Influence of the Dilution of the Sol on the Bate of Precipitation, 

It is necessary to point out at the outset, that when sols differing 
in quality are compared, the comparison cannot be absolute. A dilu- 
ted sol has different physical properties than the original sol. Thus 
its turbidity as measured by a nephelometer or its absorption coeffici- 
ents for a definite wave-length of light, is different from that of the 
original sol. Since in general the rate of coagulation is defined by 
the time taken to produce a definite change in the sol, the standard 
of comparison of one sol is arbitrary for the other. The manner in 
which any of these properties change with the progress of coalescence 
is very complicated and no relationship between these physical pro- 
perties and the average size of the aggregates is known. These 
indirect methods, therefore, lose a quantitative basis of comparison. 
The quantitative relationship varies according to the conditions utilised 
for comparison. This fact is sometimes lost sight of in discussing 
the results of different authors. 

At the same time there cannot be any doubt as to the qualitative 
nature of the effect observed. Thus it was observed on one occasion 
that with N/16 NaCl, arsenious sulphide begins to separate with a 
sol in ten minutes, but when tha sol was diluted twenty times no 
separation of the colloid was observed unless full ten days have 
elapsed. 

The following data are taken from Reprint No. 8. (Mukherjee 
and Sen, T., 1919, 115 , 461-6.) 
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Table I. 


Sol A contained 17*68 millimoles of arsenious sulphide per litre. Sol B was 
prepared by diluting Sol A live times, and Sol C by diluting Sol A ten times, with 
pure water. 


Electrolyte : lithium chloride . 


Dilution 
(after mixing). 

Sol A. 

, 

Sol B. 

Sul C. 

6N/16 


... 

Coagulation after 20 
seconds. 

6N/32 

... 

Coagulation after 30 
seconds. 

Coagulation after 60 
minutes. 

N/8 

Instantaneous coagu- 
lation. 

Coagulation after 
lialf-an-hour. 

Perceptible ebango 
after 8 minutes. 
Coagulation after 

2 hours 15 minutes. 

N/16 

Change perceptible 
on mixing ; congula- 
tion not observed 
after 1 \ hours. 

Change just after 
mixing not percep- 
tible. 

Change perceptible 
after 45 minutes. 


Table 11. 



Electrolyte : 

thorium nitrate . 


Dilation. 

Sol A, 

Sol B. 

SolC. 

N/ 10,000 

Instantaneous coagu- 
lation. 

Instantaneous coagu- 
lation. 

Iustantaucous coagu- 
lation. 

N/20,000 

Perceptible turbidity 
just after mixing. 
Sol changes slowly. 

Coagulation in 2 
minutes. 

Coagulation within 
linlf a minute. 

N/30,000 

Perceptible turbidity 
after lialf-an-hour. 

Perceptible turbidity 
after 5 minutes. 

Coagulation in 4 
minutes. 


N/40,000 


Coagulation in 53 
minutes. 
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Table III. 

Electrolyte : barium chloride. 


Araooious sulphide sol containing 19 '45 millimoles per litre. 


Dilation of 
Electrolyte. 

Original Sol. 

Sol diluted 

4 times. 

Sol diluted 

16 times. 

N/800 

Complete coagulation 
in 1 minute. 

Change perceptible 
in 20 seconds. Co- 
agulation after 4 
minutes. 

Percoptiblo change 
after 1 minute. Co- 
agulation after 12 
minutes. 

N/1,000 

Change perceptible 
after half a minute. 
Clots appear after 
17 minutes. 

Change perceptible 
in 1 minute. Clots 
appear throughout 
after 18 minutes. 

Change perceptible 
after 2 minutes. 
Clots appear 

throughout after 
26 minutes. 

N/1,200 

Change perceptible 
in 2 minutes. Clots 
appenr after 1 hour 
7 minutes. 

Change perceptible 
in 2 minutes. Clots 
appear after 52 
minutes. 

Change perceptible 
after about 3 mins. 
Clots appear after 

1 hour 1 minute. 


Table IV. 

Electrolyte : aluminium sulphate. 

Sol contained 19*45 millimoles arsenious sulphide per litre. 


Dilation. 

Original Sol. 

Sol diluted 4 times. 

1 

Diluted 

16 times. 

Diluted 

20 times. 

N/ 4,000 

Coagulation in 

Coagulation imme- 

Coagulation in 

Coagulation in 

7 minutes. 

diately on mixing. 

40 seconds. 

50 seconds. 


A summary of tbe main results is given below. 

(a) The nature of the cation of the electrolyte determines 
whether the diluted sol is more or less stable than the original sol. 
The degree of dilution and the quality of the sol has also to be 
considered. 

(i) A diluted sol of arsenious sulphide is mostly more stable than 
the undiluted sol when the precipitating cation is univalent. 
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(c) A diluted sol of arsenious sulphide is always less stable when 
the cation is aluminium (trivalent), or thorium (tetravalent). 

(tf) When the cation is divalent, either a diminution or an 
increase in stability may be observed. At moderate dilution the 
sol becomes unstable. At higher dilutions the sol may become 
^stable depending on the degree of dilution. Somewhat similar results 
may be observed with aluminium sulphate. 

(e) Cupric and mercuric sulphide sols always showed an increase 
in stability on dilution. This is connected with the relatively 
high concentration of the electrolytes necessary to precipitate them, 
and the smallness of their colloid content and the lower degree of 
dispersion. 


The Effect of the Amount of Colloid-liquid Interface cn the “ limit- 
ing concentration 

These observations afford a clue to an understanding of the 
opposite effects of dilution recorded by different observers. 
Freundlich in his experiments restricted himself to trivalent cations 
and hence observed that with dilution of the sol the limiting con- 
centration of the electrolyte required to coagulate an arsenious sul- 
phide sol decreases. He explained this on his adsorption theory as 
follows. On dilution 1 the number of particles of the colloid per 
unit volume decreases. Consequently the extent of the colloid-liquid 
interface also decreases. The amount adsorbed per unit area depends 
on the equilibrium concentration. Let and x A be the amount of 
cations adsorbed per unit area of the interface for the undiluted and 
diluted sols respectively. If and s d be the corresponding colloid- 
liquid interface per unit volume of the two sols and "c ” the amount 
of the cation present in unit volume then the respective equilibrium 
concentrations y H and y (l (that is the amount of cation remaining in 
the solution per unit volume after adsorption) are given by 


y s (1) 

y t =C-r. d . 8i ( 2 ) 


Since #„>*„ we have y. L y,r, i.e., the equilibrium concentration is 
greater when the sol is dilute. 

1 Throughout this discussion it is assumed that the siao and properties ot the 
particles do not change on dilution. 
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According to Hardy coagulation takes place at the iso-electric 
point. Freundlich concludes that since the iso-electric point 
depends on the equilibrium concentration and has been reached when 
it has the value equal to y u the limiting concentration for the dilute 


sol will have a total concentration equal to 

c'=y*+a„. s d (3) • 

It is obvious that c is less then c. It should be noted that on this 
view the difference between c and c is given by 

c-c'= *v (4) 


This view of the process therefore predicts that ou dilution a sol 
should always be less stablo. Considering the smallness of the amount 
adsorbed it is easy to understand that a variation in the amount adsorb- 
ed will make its effect felt only wheu the total amount of electrolyte 
present is comparable to the amounts that are adsorbed ; that is, 
is comparable in magnitude to " c” The electrolytes with 
trivalent and tetravalent cations can coagulate negatively charged 
suspensoids at very low concentrations and it is in these instances that 
the above effect is most pronounced. On the other hand when the 
concentration of the electrolyte is so large, e.g ., N/IO NaCI, that 
.r, s u or s d are negligible compared to “ c” then this effect will 
be absent. That is, the diminution in stability will not be observed 
and both sols should be equally stable . The increase in stability on 
dilution is not contemplated in this theory. 


The Inf uence of the Distance between the Particles in Determin- 
ing the Number of Collisions . 

The opposite effects of polyvalent and univalent cations strongly 
resemble similar effects noticeable in biological systems. These 
apparently contradictory factors can, however, be easily understood if 
one considers the influence of the distance between the particles of the 
colloid. In order that two particles may coalesce they must meet. 
The rate of collision is determined by their rate of diffusion resulting 
from their Brownian movement, and the distance they have to cover 
before they can meet. On diluting the sol this distance increases. 
The dependence of the rate of collision on the number and the rate 
of diffusion has been clearly formulated by Smoluchowski. 
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Thus on diluting a sol two opposite factors are brought into play. 
Firstly, a decrease in the surface which diminishes the stability and 
secondly, an increase in the distance between the particles or a decrease 
in the rate of collisions, which increases the stability. The observed 
results are, therefore, due to the combined effect of these two factors. 
For arsenious sulphide sol the concentration of the cations of different 
valencies that produce instantaneous coagulation has roughly the 
following values. 


Table V. 


Valency of cation 

1 

2 

3 

4 

Concentrations I 

N/IO ] 

N/OOO 

N/6,000 

N/10,000 



It is apparent that the influence of a variation in the amount 
absorbed will be negligible with univalent cations and the effect of 
dilution preponderates. A balance between the two effects have been 
observed with barium chloride and aluminium sulphate (Tables III and 
IV). Kruyt and Spek (Proc. K. Akad. Wete. Amsterdam, 1915,17, 
1158) who also found an increase in stability on dilution for potassion 
could not observe tbe same with barion. This is probably due to 
their not varying the dilution sufficiently. Recently Burton and 
Bishop (J. Phys. Cliem. 1920, 701) have studied the coagulation 

of sols of arsenious sulphide, mastic and copper, and have come to 
the same results as recorded above (of also Kruyt and Arkel. 
Tec. Trav. Thim. Pays-Bas, 39, [IV], 1920, 509). 


Evidence of a Continued Variation in the Percentage of Successful 
Collisions beyond the “ Limiting Concentration .” 

One important conclusion can be drawn from the stabilising effect 
of dilution observed with univalent cations. This is that the older 
view that coagulation takes place at the iso-electric point is untenable. 
Let us assume that the original undiluted sol coagulated immediately 
ou mixing with the electrolyte when the end concentration is N/I6 
of sodium chloride. A sol prepared by diluting it four times is not 
coagulated immediately when the electrolyte has the same concentra- 
tion. It is, however, coagulated immediately when the concentration 
is N/14. It is evident that the iso-electrio point must have been 
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reached when the end concentration is N/16 for both sols. Of course 
it is assumed that the particles do not change on dilution. It will 
be seen in the sequel that on dilution the velocity of migration in 
an electric field remains constant within the limits of experimental 
error. There is thus no reason why the diluted sol should not coagu- 
late at the same electrolyte concentration. # 

The fact that at a higher concentration of the electrolyte the 
coagulation is instantaneous shows that the rate of coalescence or 
the rate of successful collisions can be extremely great. The total 
number of encounters between particles per unit volume in unit time 
is constant and does not depend on the electrolyte concentration ; for 
it can be safely assumed that the Brownian movement remains un- 
affected by the electrolyte concentration (cf. Svedberg, Die Exis- 
tenz der Molekiile, 1921 , p. 105). It is therefore necessary to assume 
that the higher concentration of the electrolyte only increases still 
further the percentage of the total number of collisions that produces 
a stable coalescence. 

Similarly the view that coagulation takes place only at a definite 
critical potential of the double layer is untenable. One is forced to 
admit that the percentage of successful collisions has not reached its 
full value (hundred) at the limiting concentration and that it increases 
with higher concentration. This increase cannot be observed because 
the rate of coalescence has already become practically infinite. On 
dilution the total number of collisions decreases and to increase the 
rate of coalescence to its former value a greater percentage of success- 
ful collisions is necessary. The higher electrolyte concentration is 
necessary for this effect. 


PART III. 

Influence of the Quality of the Sol . 

On dilution of a sol the distance between the particles increase 
at a rate proportional to the cube root of the dilution, but the colloid- 
liquid interface per unit volume decreases at a rate proportional to 
the dilution. An increase in the distance and a decrea s e in the surface 
have opposite effects. It would, therefore, be interesting to observe 
the effect of varying these two factors simultaneously in the same ratio. 
Two sols which have the same mass of colloid per unit volume but 
have different numbers of particles satisfy this condition. It is to be 
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expected that in this case the influence of a variation in the distance 
will be more prominent than in the other case. Care was taken to 
maintain the hydrogen sulphide content constant. Both sols were 
prepared on the same day. 

It was found that the finer sol is less stable with univalent and 
divalent cations. The variation in surface was insufficient to coun- 
teract the influence of that in the distance even for divalent cations. 

A simple calculation will show that both the distance and the 
surface varies in the same ratio. Since the total amount of the colloid 
per unit volume is the same we have 


n t v x =n 2 v 2 ( 5 ) 

where v t and v 2 are respectively the average volumes of the par- 
ticles in the finer and in the coarser sol ; n x and * s are the corresponding 
numbers of particles in unit volume. 

The mean distances between the particles vary as 

) 1/:i : (fl) 

The colloid-liquid interface per unit volume may bo taken as 
proportional to 


2 /3 2/3 

«». t’t ' and n,-r, ’ respectively. 

Prom (5) we have 

«i /n t =vjv 1 

or (»,/»,) 2 / 3 =(<',/(• (1) 

The ratio of the surfaces S, and S a respectively is given by 


s/s,= 


>L.V/’ 

w.r.V 3 


_ u j ( 

ft 



( 8 ) 


1/J 1 J , . 

Thus both factors change in the ratio («,) : (».) ' bnt in 

the opposite direction.* Since n 1 >n i the finer sol has a larger 
value for the surface and smaller distance than the coarser sol. 
The greater surface tends to make it stable and the smaller distance 


* The average time required for one particle to meet another (by diffusion) may 
he taken to vary ditrectly a. the distance between them. The rate of collisions would 

V S / x l / 3 

thus in tlio initial stage vary in the ratio («») • \ n i) 
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tends to make it unstable. The effects are thus opposite. The 
following data are taken from Reprint No. 3. 

Table VI. 

Electrolyte : strontium chloride . 


Doth sols contained 8*52 millimoles of arsenious sulphide per litre. 


Dilution. 

Fine So). (1) 

1 Coarse Sol. (11) 

N/200 

Coagulatiou aftor^a few. seconds 

Coagulation after a minute 

N/300 

Coagulation aftor two minutes 

Coagulation aftor fonr 
minutes. 

N/ 400 

Coagulation after thirteen 

Turbidity perceptible after 

minutes. 

1 minute. A portion of the 
colloid had separated after 

40 minutes. 

N/500 

The greater portion had separat- 
ed after 40 minuteB. 



It appears that the magnitude of the difference in stability is 
roughly the same for the different electrolytes. It will be seen from 
the sequel that dissolved hydrogen sulphide has an anomalous effect 
on the rate of coagulation of arsenious sulphide sol in the case of 
certain salts. Here, also, the greater stability of the coarser sol is 
marked. In the next table are given the respective concentrations 
of an electrolyte which corresponds with about the same coagulation 
time for these two sols. 


Table VII. 


Electrolyte. 

Comparable Concentrations. 

Remarks. 


Soli. 

Sol II. 

Strontium Chloride 

N/GOO 

N/400 


Do 

N/400 

N/300 

1 In presence of H,S. 

Lithium Chloride 

N/8 

6N/32 


Ammonium Chloride 

N/20 

N/16 


Potassium ” 

N/20 1 

N/16 



The influence of the degree of dispersion is quite pronounced. 
It may be pointed out that the mere mention of the colloid content 
per unit volume means very little in defining its properties. From 
the following section it will be seen that the hydrogen sulphide 
content of a sol has also a marked influence. 











PART IV. 

Influence of the Hydrogen Sulphide Consent on Mclal Sulphide Sols . 

It is well known that hydrogen sulphide is necessary for the 
peptisation of the precipitated sulphide. It is, therefore, natural to 
expect that when a sol is saturated with hydrogen sulphide it will be 
more stable than when it is free from hydrogen sulphide. This is not 
so. It was at first observed that the stability increases when the 
precipitation is carried out with electrolytes having univalent cations. 
Later, it was found that the opposite effect is observed with bivalent 
cations. Table VIII shows the concentrations of the electrolyte which 
produce roughly the same rate of coagulation in the sol in the presence 
and in the absence of hydrogen sulphide. The results show that the 
magnitude of the effect varies somewhat with the quality of the 
sol used. 


Table VIII. 


Comparable Concentrations. 


Electrolyte. 

Sol. 1. 

II .8 

1 Sol. II. 

| H s S 

Sol. 

II, 

in. 

.S 

Absent. | Present, i Absent. 

Present. 

Absent, j 

1 Present. 

KOI 

NH.Cl 

BaC)„ 

SrCi; 

Th(NO,), ... 

S/18 

N/20 

N/800 

N/300 

N/10000 

S/S 

N/12 

N/I000 

S/400 

Si 12000 

N'20 
! N/800 
j N/300 

N/12* 

N'lOOO 

SHOO 

S/16 
! N/20 

... 

i 

N/8 

N/12 


A summary of the results is given below. 


i. Amnions sulphide so!. 

(») In the presence of hydrogen sulphide the sol is more stable, 
when the coagulating cation is univalent (K°, NH, 4 °, Na 0 .. 
(h) The reverse is the case when the cation is bivalent (Ba 00 , 
Sr 00 ). 
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(<?) With tri valent or tetravalent cations the influence is 
irregular. The nature of the change depends on the 
concentration of the electrolyte and on the quality of 
the sol. These electrolytes are hydrolysed in dilute 
solutions and their behaviour is complicated (r/. Powis). 
More elaborate work with these electrolytes is desirable; 
though, because of the extremely complex nature of the 
phenomena, a satisfactory solution can only bo expected 
after the simpler cases have been clearly understood. 

£. Mercuric Sulphide. 

(a) Increased stability in presence of hydrogen sulphide observed 
with the chlorides of ammonium and potassium. 

(h) Diminution in stability with tlio chlorides of barium and 
strontium. That is the same effect as with arsonious 
sulphide. 


3. Copper Sulphide . 

A diminution in stability was observed with the chlorides of 
potassium, ammonium, strontium, barium and the sulphate of 
aluminium. 

It seems that there arc several factors to be taken into account. 
A removal of dissolved hydrogen sulphide probably produces several 
simultaneous changes in the sol, namely, the electric charge of the 
particles and the degree of dispersion. Young and Neal {he. cit.) 
observed that with increasing amounts of hydrogen sulphide, the 
velocity of migration of the particles in an electric field increases, 
reaches a maximum and then falls. The degree of dispersion seems 
to undergo the same changes. The increase in the charge should 
make the sol more stable. On the other hand, Young and Neal 
observed that in the presence of hydrogen sulphide the rate of migra- 
tion of particles of a copper sulphide sol decreases. This decrease 
would lead one to expect the diminution in stability of the sol that 
has been observed. The method of measuring the charge of the 
particles from the rate of motion of the colloid boundary, as used 
hitherto, is not accurate and there are some serious objections against 
the soundness of the usual method. This subject will be dealt with 
in a separate section. 
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In the absence of any reliable data on the changes produced in 
the sol by the removal or introduction of hydrogen sulphide it is not 
possible to definitely account for the differences observed. These 
observations show the complexity of the process of precipitation and 
clearly contradicts the very common belief that a peptising substance 
jncreases the stability against prccipitatiou. It is, so far as the writer 
is aware, the only case where the same substance acts as a protective agent 
on a snspensoid with regard to one electrolyte and acts in the opposite 
way in the case of another . 

One definite conclusion can he drawn from the observations 
recorded in Sections II, III and IV. It is that a quantitative com - 
parison of the coagulating powers of the different electrolytes as measured 
by their coagulating concentrations is impossible and faulty . Thus the 
ratio of the concentrations of four cations having different valencies 
which produces the same rate of coagulation varies with the quality 
of the sol and the amount of hydrogen sulphide present. Many of 
the discussions on this subject would have been avoided if the above 
facts were more generally known. 

Injtucnce of alkali sulphides . — It is interesting to note in this 
connection that traces of alkali or alkali sulphides have a more marked 
protective action on sulphide sols. (Reprint No. 3, p. 471.) These 
substances dissolve arsenious sulphide forming arsenites and thioarse- 
nite. So the observed protective action cannot be referred to any 
particular ion. Indeed, the liquid obtained by dissolving in a few 
cubic centimetres of dilute alkali as much arsenious sulphide as 
possible has an equally marked protective action on the sols of these 
three sulphides. The stabilising effect has been observed with the 
chlorides of ammonium, potassium, barium and strontium, and with 
the sulphate of aluminium. 

It was next thought desirable to examine the inHucnce of tempera- 
ture on the process of precipitation. 



PART V. 

Influence of Temperature. 

There are very few observations on the effect of variations in the 
temperature on the rate of coagulation. 

The need of such investigations for an understanding of 
the mechanism of the process is obvious. The precipitation of 
arsenious sulphide sols of various qualities have been examined 
with the following electrolytes at temperatures lying between 0°C 
and 65°C 

Chlorides of potassium, sodium, lithium ; nitrate and sulphate of 
potassium ; sulphuric and hydrochloric acids ; the chloride of barium 
and strontium ; the chloride and the bromide of calcium ; aluminium 
sulphate and thorium nitrate. 

It was first ascertained that the sol does not suffer any irreversible 
change with a rise in the temperature. The experimental data are 
given in Reprint No. 4. The influence of temperature is quite 
complex. Whether an increase or a decrease in the stability is 
observed depends on the nature of the electrolyte, the range of varia- 
tion of the temperature and the quality of the sol. The electrolytes 
are classified below according to their behaviour. 

1. Electrolytes that invariably show an increase in stability 
at higher temperatures — the salts of alkali metals fall in this 
group. 

2. Electrolytes which invariably show a decrease in stability 
with rise in temperature — the two acids and the salts of the divalent 
cations. 

3. Electrolytes which show a more complex behaviour depend- 
ing on the range of temperature used and on the quality of the sol — 
aluminium sulphate and thorium nitrate. 

In the following tables some of tho observations are given as 
illustrations. The times recorded are strictly comparable only for a 
particular sample at different temperatures. The data are taken from 
Reprint No. 4 (Mukherjee, T., 1920, 117, pp. 350-358). 



PRECIPITATION OF SUSPENSOIDS 


23 


The observations at different temperatures were made side by side 
and always on the same day. The sulphide contents of the different 
sols are given below. Sol A contains 1*925 millimoles of arsenious 
sulphide. Sols B, C and F have the same sulphide content, namely, 
14*23 millimoles per litre. Sols D, E and I contain 3*5575 millimoles 
# of sulphide per litre, but Sol E contains an equal amount of arsenious 
oxide in excess. Sols H and J each contain 4 8 millimoles per litre. 
In comparing the different sols, it should bo remembered that the 
behaviour of a sol is not determined by its sulphide content alone. 


Table IX. 



Electrolyte. 

Concentration, i 

3ol used. 

Times required at different 
temperatures. 





25°. 

45°. 

1. 

Potassium chloride 

17S/200 

A. 

4 mins. 

38 mins. 

2. 

» « 

N/20 

B. 

w „ 

38 „ 

3. 

h ii 

N/I8 

B. 

4 „ 

10 „ 

4. 

„ nitrate. 

N/20 

C. 

I hr. 51 
mins. 
(U’5>) 

3 hrs. 30 
mins. 





14-5°. 

45°. 

5. 

Potassium sulphate 

N,7 

D. 

8-J mins. 

4 hrs. 

2 mins. 

6. 

it ii 

i 

E. 

1 min. 

20 mins. 

7. 

Sodium clilorido 

3N/40 

F. 

10 mins. 

4 hrs. 

42 mins. 

a 

Hydrochloric acid 

0-07385N 

D. 

5 mins. 

About 1 min. 

9. 

ii ii 

O07385N 

E. 

4 „ 

n 1 -I n 

10. 

Sulphuric acid 

0 08438N 

E. 

40 „ 

23 mins. 

11. 

Hydrochloric acid 

00733N 

E. 

11 ,, 

3 „ 





28°. 

C5 J . 

12. 

Barium chloride 

N/800 

H. 

5 mins. 

1 min. 

13. 

Calcium bromide 

N/800 

H. 

13 „ 

2 mins. 

14. 

Strontium chloride 

N/800 

II. 

21 „ 

4} mins. 

15 . 

Magnesium sulphate 

N /GOO 

H. 

7 „ 

2 „ 
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Observations 1 and 2, 1 and 3, and 5 and G show clearly that the 
effect of temperature depends on the quality of the sol. The concen- 
tration of the electrolyte has also an effect even for the same sol. 

It would appear from Table IX that the extent to which the time 
varies with change in temperature differs with different preparations 
of the sol. For any particular sol, however, the effect of temperature^ 
is approximately the same for the different ions within the groups re- 
ferred to above. 

Experiments were made with freshly prepared sols with excess of 
arsenious oxide, and the results were similar. In all, fifteen different 
samples have been used, and the results were always concordant. 
The experiments with excess of arsenious acid show that the effect 
of temperature cannot be wholly referred to hydrogen sulphide 
evolved by the decomposition of arsenious sulphide. It is true that 
rise of temperature increases the rate of decomposition of arsenious 
sulphide, but the quantity produced in this way is extremely small. 
Moreover, the rate of evaporation of dissolved hydrogen sulphide 
also increases. It would appear from what follows that the effect of 
temperature is rather complex, and a slight change in the quantity 
of hydrogen sulphide cannot explain it. It may be pointed out that 
freshly prepared sols have no perceptible odour of hydrogen sulphide 
at any of the temperatures investigated, and that the magnitude of 
the effect observed would require a rather marked change in the 
concentration of dissolved hydrogen sulphide. 

With aluminium sulphate and thorium nitrate, more complicated 
results were obtained. In some cases, an increase of temperature 
increased the time, and in other cases the reverse is the ease. With 
a particular sample of the sol and a particular concentration of elec- 
trolyte, different readings agreed with one another perfectly. On 
closer investigation, it was found that concentration of the electrolyte, 
as well as the quality of the sol, have to be taken into consideration. 
It must also be remembered that a dilute solutiou of aluminium 
sulphate “ages” considerably with time, as pointed out by Powis 
(Zeitsch. Physikal. Chem., 1914, 89, 106). The combined effect of 
“ ageing ” of the sol and the electrolyte will be apparent from Table X, 
in which the time for coagulation diminishes with l*064N/9000 alumi- 
nium sulphate from six and a half minutes to two and a half minutes 
eleven days later, but the influence of temperature is the same in both 
cases. 
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Table X. 

lileclrohjle : Aluminium Sulphate. 


Concentration. 

• 

Sol. 

Corresponding times at different 
temperatures. 

Room 

temperaturo. 

25° 

45° 

1064 N/7000 

I 

| 3 mins. 

2 mins. 

1 £ min. 

1-004 N/9000 

I 

6J „ 

... 

More than 12 min 

1.064 N/9000 (11 days later) 

2i „ 

... 

4 mins. 

1004 N/10000 

1 

6 „ 

■■■ 

17 „ 

1.004 N/10000 

D 

15 „ 

... 

3 hrs. 28 mins. 

N/5000 

J 

2 hrs. 41 „ 

57 mins. 

1 hr. 26 mins. 


Table XI records some similar data with thorium nitrate. Similar 
irregularities will be noticed here. It would seem that a change in 
temperature produces independent changes iu several factors which 
govern the mechanism of coagulation. 

Table XI. 


Electrolyte \ Thorium Nitrate. 


Concentration in grams of the 

Sol. 


Cor res] 

ponding limes at different 
temperatures. 

crystallised salt per litre. 



4°. 

1 

28'. 

60°. 

0'025 

A 

4 

mins. 

1 mill. 80 secs. 

more than 

2 hrs. 

0*02 

1 

11 

n 

28 mins. 

Not in 12 hrs. 

0*0175 

A, 

81 


Not in 2 hrs. 

... 


Sols A and A x are of the same sulphide content, but prepared 
on different dates. 


Experiments with Sols containing Ethyl Alcohol and Phenol • 

Kruyt and Duin (Koll. Chem. Beihefte, 1914, 5, 269) investigated 
the effects of adding substances like Ethyl alcohol, /aoanyl alcohol, 
and phenol, which diminish the surface tension (air-liquid surface) of 
water. They used them in concentrations varying from N/50 to 

4 
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3N/10. It is needless to point out that in such concentrations most 
of the physical properties of the dispersion medium will be altered. 
Their work has an interesting bearing on the results recorded here in 
so far as they also found that the bivalent group of cations act in a 
different manner from the uni- and ter-valent groups. In fact, they 
observed the reverse effect, namely, an increase in stabilisation wi^i 
the barium group and a decrease with the rest. 

Experiments at three different temperatures with potassium 
chloride, barium chloride, strontium chloride, calcium bromide, mag- 
nesium sulphate, aluminium sulphate, and thorium nitrate were made 
with sols containing small quantities of alcohol and phenol. 

To a definite volume of a sulphide sol was added a definite volume 
of a solution of alcohol or of phenol of known strength, and in a blank 
experiment water was added in the same ratio. 

With potassium and the bivalent cations exactly the same resulfs 
were obtained as with the ordinary sols, that is, an increase in stability 
with rise of temperature for potassium and a decrease in the case 
of bivalent cations. The concentration of phenol in the sol was 
about 0*515 gram in 100 c.c,, and that of alcohol varied from 5 c.c. 
to 25 c.c. of absolute alcohol in 100 c.c. of the sol. With the small 
quantities of phenol used, no noticeable change was observed from 
the blank experiment, but with alcohol a slight decrease iu stability 
for potassium and a slight increase with the bivalent cations were 
noticed. This is in agreement with the observations of Kruyt and 
Duin (loc. cit .), but the magnitude of the change is small. 

With aluminium sulphate and thorium nitrate, more complicated 
results are obtained, as is to be expected from the temperature-effect 
with the pure sols, and they will be dealt with on a future occasion. 

A few selected data are given in Table XII. 

Table XII. 

Electrolyte: Strontium Chloride . Concentration , E/800, 


Corresponding times. 



0-2°. 

28°. 

65°. 

Sol with water 

1 hr. 15 mins. 

21 mins. 

4} mins. 

Alcohol present 

tt 

30 „ 

4* „ 

Phenol „ 

tf 

*0 „ 

3k „ 
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Calcium Bromide, N/800 approximately, 


Sol with water ... | 

1 hr. 18 mins. 

10 mins. 

2 mins, 

Alcohol prcflonb 

1 hr. 23 mins. 

22 „ 

2 

rhonol „ 

1 hr. 15 mins. 

13 „ 

About 2 mins. 

a Magnesium Sulphate, N/600. 


Sol with water 

35 mins. 

7 mins. 

2 mins. 

Alcohol present 

34 „ 

7 „ 


Phenol 

1 33 „ 

1 

6 

; 

About 2 mins. 


The hydrosol contained 4*8 millimoles of sulphide per litre. 

From the above it would appear that a variation in the temperature 
produces independent changes in several factors which govern the 
mechanism of coagulation. A variation in the temperature may have 
the following effects : — 

A. A change in the degree of dispersion. 

B. Increased Brownian movement of the particles due to greater 

thermal energy and smaller viscosity. 

C. An increase in the potential of the double layer surrounding 

the particles due to a decrease in its dielectric constant — 
on the assumption that water molecules are present between 
the two layers in sufficient thickness, the dielectric con- 
stant can be taken to be that of water in bulk as is done 
usually. 

D. A change in the electric charge of the particles which will 

also vary the potential of the double layer. 

E. A variation in the adsorbability of the precipitating ion ; that 

is, a variation in its precipitating power. 

The influence of temperature on the Brownian movement and on 
the viscosity is definitely known. It would increase the rate of 
collisions at a rate depending on the value of d/rj where “ 0 ” denotes 
the absolute temperature and “ 17 ” the viscosity; for according to 
Einstein I), the rate of diffusion of particles executing Brownian 
movement is given by 


JL 

No ()7rn7 

where 11 = the gas constant in C.G.S. units; 
number, and r denotes the radius of the particles. 


( 9 ) 


No, is Avogadro’s 
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The influence of the variations mentioned in C and D can be 
ascertained experimentally by measuring the migration velocity in 
an electrical field at different temperatures. Tho changes considered 
under A, B, C and D are common to all electrolytes. The fact that 
an increase in the stability is observed with potassium salts and that 
a decrease in stability is observed with hydrochloric acid, enables 
to conclude that the difference cannot be due to any difference in the 
condition of the sol. For, in this case, the change in the degree of 
dispersion would act in the same way for both. We have also seen that 
a difference in the degree of dispersion acts in the same way with both 
univalent and divalent cations. A change in the electrical potential 
of the double layer would affect the stability equally in each case. 
We are thus left with one variable, namely, E, to account for the 
different effects of the various electrolytes that have been studied. 

The adsorbability of the various cations this changes in a different 
manner in each group with a variation in the temperature . 

Freundlich and Ishizaka (Z. Phys. Chem., 1913, 83 , 97 ; 83, 398) 
and Freundlich and Gann (Koll. Chem. Heihefte, 1916, <9, 67) have 
suggested that the process of precipitation is autocatalytic in nature. 
The influence of temperature recorded above shows that the kinetics of 
precipitation cannot be compared with the kinetics of chemical 
reactions where a much higher increase in the rate of reaction is usual. 

Experiments with gold sols . 

In the case of gold sols the experiments of Zsigmondy have 
shown that there is no change in the degree of dispersion on 
boiling the sol. The time taken for the change of the colour of 
the sol to a certain nuance of bluish-violet can be observed 
very accurately. The experimental data are given in Part VI. 
Precipitation by the following electrolytes has been studied between 
15°C to 50°C: — the chloride and sulphate of potassium; barium 
chloride and strontium nitrate. With potassium chloride as the pre- 
cipitating agent both an increase and a decrease in the stability has 
been observed depending on the temperature. In all other cases a 
decrease in stability has been observed. Here also a variation in 
adsorbability with temperature has to be assumed. The subject will 
be discussed from the point of view of Smoluchowski's theory in the 
next section. 
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A General Conclusion . 

The previous sections will show the complex nature of the 
process of precipitation and the futility of quantitative com- 
parison of the coagulating power of electrolytes from a determination 
the concentration which produces the same rate of coagulation. 
It is, however, interesting to note that throughout the influence of 
the valency of the cation predominates. The order of the coagula- 
ting power of the different electrolytes is determined by the cation 
and is as follows : 

Th>Al>Ba>Sr>Ca>Mg>H>K>Na>Li 
independent of changes in the sol. 

It may be pointed out that the present work has been restricted to 
the simpler inorganic electrolytes. 



PART VI. 


Experimental led of Smoluchowski's Theory of the Kinetics of « 
the Process of Coagulation . 

A Short Account of the Theory . In the experiments on the degree 
of dispersion of colloidal arsenious sulphide on the rate of coagulation 
it has.been shown that the finer sol is less stable. In 1915 the writer 
pointed out the obvious connection with the increased facilities of 
coalescence. The smaller particles have a more vigorous Brownian 
movement due to the smaller frictional resistance of the medium. 
This would be clear from the Equation (9) given above. The diminu- 
tion in the mean distance between the particles also increases the rate 
of collisions. We have seen that the adsorption theory does not take 
these factors into consideration. Kccently Smoluchowski has been 
able to formulate the progress of the coalescence with time. 

His attention was drawn to the subject by Zsigmondy. Bredig 
(Anorgauische Fermente, 1901, p. 15) suggested as the cause of 
coalescence an increase in surface tension with a decrease in the 
electric density on the particles. Zsigmondy modified this idea in the 
sense that there is an attraction between the particles which increases 
with decrease in the electric charge. As a result of this attraction 
he assumes that when one particle comes within a certain distance of 
another the two coalesce. This distance is taken as a measure of the 
force of attraction and is called the radius of the sphere of action. 
It has been shown by Zsigmondy that the time required for a definite 
colour change in a gold sol gradually decreases with rise in electrolyte 
concentration till it reaches a minimum, 1 which does not change any 
further with higher concentrations. This was assumed to prove that 
the radius of attraction reached a maximum value. 

1 Similar minimum times have been observed with cupric sulphide and mercuric 
sulphide boIb by the writer. A copper sulphide sol gave two minutes as the time 
necessary for tho appearance of visible clots when the concentration of tho prccipi* 
tating electrolyte (barium chloride) was varied from N/3U0 to N/20. At dilutions 
higher than N/300 the time was observed to increase as usuul. (Mukherjee aud Sen, 
luc> cit.) 
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Smoluchowski utilised this idea of a sphere of action to avoid a 
consideration of the forces that influence the coalescence. lie considers 
the probability of particles coming within their mutual sphere of 
action when the radius of the sphere has a constant value determined 
by the conditions. It is assumed that as soon as a particle comes 
# within the sphere of attraction by virtue of its Brownian movement 
the two particles coalesce. This discontinuous view of the obviously 
continuous process of coalescence was assumed to avoid a considera- 
tion of the nature and distribution of the forces that are present. 

Considering the effect of the motion of each particle and also that 
each of the aggregates acts as a condensation centre lie derives the 
following equations : — 


n — 



( 10 ) 



( 11 ) 


n _ tto (ttttoO *" 1 
(l + aw 0 /)* + l 


( 12 ) 


where W » 0 W denotes the total number of particles originally present 
per unit volume before coalescence begins. They are all assumed to 
be spherical and equal in size. " t ” is the time in seconds that has 
elapsed fiuce the electrolyte and the sol have been mixed. “ T ” is a 
constant characteristic of the rate of coagulation and is given by 


T 


1 

4.7T.1). R a .U a 


(13) 


where “D” is the diffusion constant as given by Equation (9), 
a=4irDIi fl ; and Ra is the radius of the sphere of action. 

5? n denotes the total number of particles in all stages of co- 
alescence in unit volume when the time is “ l 99 ;n x denotes the number 
of the primary particles whose original number was w 0 , at the time 
11 t" ; n k denotes the number of particles of the k th stage of co- 
alescence ; that is, the number of aggregates each of which consists of 
u k" of tho primary particles. "k n is evidently an integer. In 
1918 Zsigmondy ( loc . c/7.) published the results of an investigation 
to test this theory. He restricted his investigation to the rate of 
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decrease in the primary particles (green in the ultramicroscope) in a 
colloidal gold sol when the minimum time of coagulation has been 
reached. He found that Ra = 2*2 times r, the radius of the particles. 
Similar values were obtained by Westgren and Reitstbtter with more 
coarsely dispersed gold sols. The value of Ra/r, however, varies in 
one experiment from 1*4 to 3*8. The recent experiments of Kruyt 
and Von Arkel show greater variations. They are of opinion that 
there is some regularity in these variations. They could not observe 
a maximum value of Ra/r equal to 2. They found a maximum value 
equal to 0*73. 

Smoluchowski, assuming from the data of Zsigmondy available 
at that time that Ra/r = 2, points out that the maximum rate of 
coagulation is reached when each collision between two particles is 
successful in bringing about a coalescence. When the rate of coagula- 
tion is slower all the collisions are not successful in bringing about 
a coalescence of the particles. If “ (? ” is the fraction of the collisions 
that are successful in bringing about coalescence then " T ” in 
Equations (10) and (1 1) takes the form 


n' £ u. rj 

* B. w/Q 6 


( 14 ) 


where No, R, 0 , nh and y have the same meaning as in Equations 
(9), (10) and (13). 


Putting * 


JSo.il _ 1 
R. 0 . nh ft 


( 15 ) 


we have 


5*-= 



__ ftp 

1 +/?.€. t 


( 16 ) 


Since only “ c 99 is variable a comparison of the coagulation time 
« t ” for the same change in the sol makes it possible to determine the 
variation in the percentage of successful collisions and its dependence 
on the conditions of experiment. When the maximum rate is 
reached c=]l and hence a measure of the absolute value of c is possible. 

Problems awaiting Solution . — A glance through the experimental 
work would show that the assumption of the constancy of “ T 11 is 
not well justified. The simplicity of Smoluchowski’s equations 
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consists in that there is only one constant. The experimental 

limitations are great and it is quite possible that the discrepancies 

are due to the defects of the ultramicroscopic method. The other 

possibility is that the simplifying assumptions of Smoluchowski, for 

example, the constancy of “ T ” independent of the stage of 

coalescence, are true within narrow limits. It is of great interest to 
• ..... 

know the limits within which these equations are valid. 

The important questions that await solution in this connection are : 

(a) the limits within which the above equations are valid ; and if 
the above equations are valid, 

(b) the variation of « with concentration of electrolyte; 

(c) the dependence of f on the electric charge; 

(d) the variation of e with temperature. 

In the following an account of an attempt to examine these 
factors with the exception of (e) is recorded. 

Indirect Methods . — Variations in physical properties that occur 
simultaneously with the process of coagulation can be utilised to 
measure the rate of coalescence. 

Smoluchowski pointed out that the viscosity measurements of 
Gann do not satisfy the main requirements of his equations, namely, 
a similarity in the form of the curves (showing the variation in 
viscosity with time) independent of the nature of the electrolyte. He 
concludes that viscosity changes do not form a measure of the 
coagulation process. Vet he considers that the method is suitable 
for a quantitative comparison of the effect of various concentrations 
on the values of c when the curves are similar. 

The variation in physical properties, however, is likely to show the 
validity of the fundamental equations of Smoluchowski. The fact that 
the curves showing the change in viscosity with time are dissimilar 
shows that these assumptions are not justified and Smoluchowski 
thinks that “ T ” is dependent on the magnitude of the aggregates. 

Since as yet it is not possible to express physical properties, 
e.tj. y the viscosity or the absorption of light, in terms of definite 
functions of the number and size of particles, a quantitative compari- 
son of different sols is not possible by indirect methods. We have, 
therefore, to restrict ourselves to the same sol. 

Experiments with Gold Sols . — An examination of the changes in 
the colour of gold sols on the addition of an electrolyte showed 
(Mukherjee and Papaeonstantinou. T., 117, 1920, 1503) that the 

5 
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variation in the absorption of light of gold sols afford an easy aud 
accurate method suitable for this purpose. The gold sols prepared 
by the nucleus method of Zsigmondy conform very nearly to the 
requirements of Equations (10) to (12) in so far as the particles are 
fairly uniform in size. It would be very convenient to work with 
a sol with reproducible properties, as data obtained on different^ 
dates with different preparations can be rigorously compared. 

The reproducibility of gold sols . — The reproducibility of these 
sols was, therefore, examined in two ways : 

(I) the measurement of the absorption of light by a 
Konig-Martens Spectrophotometer corresponding to seven different 
parts of the spectrum, (2) by determining the time taken for a 
definite change in the colour corresponding to a definite electrolyte 
concentration. This time is very sensitive to any change in the 
condition of the sol. 

(1) Twelve samples were prepared under the same conditions 
and the limits of variation in the extinction co-efficients corresponding 
to the wave lengths mentioned are given below : — 


Table XIII. 


1 

Wave length in nn 

1 

Limits of variation in the Absorption Coefficients 
(‘ K ’) observed. 

I 

683 

1*0150— 0-0762 

602 

00827-0'1517 

583 

1 0-1207— 0 1900 

563 

0-1517-0-2322 

547 

0-2512-0-2687 

523 

0 3679-0-4884 

506 

0-4197—0 4884 

475 

I 0 3387- 0-3985 


The wave lengths mentioned above were determined from the 
position of the spaerometer screw of the instrument with the help of 
a calibrating curve obtained in the usual way. It will be seen from 
Fig. 1 that the variation is least in the region 520pfi to 540 p/i. 
The curve is taken from Reprint No. 5 (Mukherjee and Papacon- 
stantinou, T., 1920, 117, 1563-1573). 
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Fig. 1. 

Method of measuring “ coagul ilion times” 

(2>) The 44 coagulation times” as defined above show greater varia- 
tions. They were measured as follows. The gold sols were prepared 
Jby the nucleus method of Zsigmondy. The sols contain 0’067 grams 
of gold per litre. In the cardioid ultramicroscope, the hydrosols 
show mostly green particles with a few brown ones. The great 
variation in the colour of a ruby-red gold sol makes it suitable to 
use a definite shade of violet-red or bluish-violet for comparison. 
44 Standards ” for comparison were made by arresting the colour 
change at a selected stage with gelatine. With care perfectly repro- 
ducible standards can be prepared. The 44 times ” necessary for the 
sol to change to the colour of the standards are given below. 


Table XIV. 



Electrolyte : 

‘852 N / 1000 Bari/m. Chloride . 



Viol o/. 

j Blue. 



I 

i I 

II 1 

II 

Sol A. 

6 inin. 

0 min. | 29 min. ‘ 

29 min. 

Sol B. 

2 min. 

2 min. 25 see. j 10 min. 45 see. j 10 min. 30 see. 


The results are the mean of six observations taken separately Sol B 
was obtained by boiling Sol A for a few minutes and cooling. This 
shows that the boiling produces a change in the sol. 

The concentration of the electrolyte used for producing the change 
in the colour should preferably have a slow rate of precipitation. About 
2 c.c. of a 2% gelatine solution (liquid) was added to 10 c. c. of the 
sol-electrolyte mixture. The same 44 standards ” remain satisfactory 
for 10 to 12 days. Wide test tubes were used to secure a suitable 
depth of colour. As is well known, ruby-red gold sols are extremely 
sensitive to impurities. Reproducible results can only be obtained 
if the vessels are cleaned with sufhcient care. The glass vessels were 
washed with 44 conductivity ” water after the usual cleaning with hot 
chromic acid and distilled water. The test tubes were washed with 
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boiling distilled water (after chromic acid had been used). They were 
next washed with conductivity water and dried by passing steam 
derived from conductivity water. There is a noticeable difference 
between cleaning with distilled water and conductivity water. Table 
XY illustrates the reproducibility of the results : — 


Table XV. 

N/1000 SR (NO^) 2 . Observations 



1 

2 

3 


4 

5 

6 


min. 

see. 

min. 

see. 

miu. 

sec. 

min. 

sec. 

min 

. sec. 

min. 

sec 

Violet 

1 

10 

1 

6 

1 

11 

1 

13 

l 

0 

1 

12 

Blue 

5 

45 

5 

48 

5 

30 

5 

30 

3 

30 

6 

0 


In each case 3-5 readings were taken. With all these precautions, 
at times discordant results were obtained which are probably due to 
occasional presence of dust particles. The agreement between the 
different observations and the appearance of the characteristic blue 
colour are the surest indications of the absence of impurities. With 
long intervals it is difficult to avoid dust. Also a slow change in 
colour is much less sensitive to the eye. For these reasons it was 
found suitable to use concentrations of electrolytes which change the 
colour to blue within an hour. As different “ standards” were used 
they are indicated as V lf V 2 , etc., for violet standards and in a simi- 
lar manner for blue standards. 

A sol on standing undergoes somewhat irregular changes which 
may in part be due to dust particles getting in accidentally. In spite 
of all precautions one cannot be sure that there is no such variation in 
a particular sample. This variation is not wholly due to the fungus 
that grows in these sols. For this reason it is necessary to vary one 
factor only at a time and compare its effects. Tabic XVI illustrates 
the variations. The same “ violet ” and “ blue 99 standards were used. 
The times given are the mean of 3-5 observations. The “ age ” 
denotes the time that has passed since the preparation of the sol. 
The sols were kept in resistance glass vessels. Sol I is an old pre- 
paration kept for two months. It was boiled twice during this inter- 
val to destroy the organic growths. 
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Table XVI. 

Electrolyte : '852 Nj 1200 Barium Chloride 


Standards. 

Sol Q. | 

SolH. 



Sol I 

Age. 

• 

min. 

sec. 

min. 

sec. 

min. 

sec. 

Violet, 

3 

15 

3 

« ' 

... 


2 days. 

»» 

2 

30 

8 

0 

11 

0 

3 „ 

>> 

1 

4 

0 

15 

12 

30 

4 „ 


2 

0 

6 

52 

12 

30 

* .. 


2 

45 

4 

10 


30 

! 6 „ 

Bluo. 

7 

0 

e 

30 

! 


2 „ 

>» 

5 

45 

18 

0 

| 22 

J 

0 

3 


4 

40 

19 

0 

j 30 

0 

4 


9 

0 

22 

30 

; 30 

30 

j 5 „ 

»» 

9 

0 

; n 

0 

j 33 

i 

0 

j « ,, 


The comparison was therefore restricted to the same sol so long 
as it showed no variation in its properties. 


The Constancy of" T” in Equations (10) to (12) (hiring the 
Process of Coalescence. 

According to the simple assumptions of Smoluchowski the pro- 
gress of coalescence should be uniformly the same for various electro- 
lytes and for their different concentrations. The constancy of " T ” 
implies that if we assume a series of consecutive stages of coalescence 
of a sol — under a definite set of conditions, namely, a definite 
electrolyte concentration and temperature— following each other 
by intervals of time equal to “St,” they are each characterised 
by a definite number and manner of distribution of particles 
of each category (primary, secondary, etc.). Let us indicate 
the stage of coalescence corresponding to the time seconds 
(since the sol and the electrolyte were mixed) under the given 
conditions by the numbers 

2 *, *• 5 

where the subscripts refer to the number of primary particles by the 
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union of which the aggregate is composed. Thus n k denotes the 
number of aggregates, each of which are composed of “ k 99 primary 
particles. “ k" is evidently an integer. 

Similarly let us denote the stage of coalescence corresponding to 
the interval £+8* by 

# 

These stages of coalescence are independent of external conditions, 
so long as Equations (10) to (1&) are valid. The only change that 
external conditions can bring about is a variation in the value of T. 
That is, if the external conditions are varied the sol will always pass 
through the same consecutive stages of coaloscence, only the rapidity 
of succession of these stages will be determined by them. Any pro- 
perty which varies continuously with the progress of coalescence with- 
out having any maxima or minima can be utilised to characterise the 
stages of coalescence. For each value of this property is characteris- 
tic of the time that has passed since the mixing of electrolyte and sol. 
According to the equations of Smoluchowski the times taken to reach 
any particular stage depend only on the value of T which is constant 
under a definite set of conditions. Let us compare two different 
electrolytes A and B, of concentrations C l and C a . Let us suppose 
that after the time “ t 99 the stage of coalescence indicated by 


gw, w j , w a , w 3 , n k 


has been reached when the electrolyte is ‘ A 9 of concentration C t . 
This stage of coalescence has a definite value for the physical property 
ure are considering, and is independent of the value of T. Let 
us assume that T x and T a are the corresponding values of T for the 
two eases. To be definite we shall consider the variation in the total 
number of particles of all categories, which varies continually with 
the progress of coalescence. Let us assume that at the times u t x 99 
and “ t % 99 both electrolytes have reached a state at which the total 
number of particles is the same. From Equation (10) we have there- 
fore o 


1+ % 

Tf 


i+ i* 

T, 


(17) 



or 


(18) 
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The general equation (12) can be written as 


(L) 

«0 V T 


d+Y> 




( 19 ) 


Since 71 q and h are constants, if rp is constant n k has a fixed value. 
That is the condition • 


f J- which is deduced from the condition that gnhas 

T, T 

a fixed value also implies that the values of n x , n t , « s are 

same in both cases. This means in other words that a definite value 
of fixes unequivocally the stage of coalescence. Therefore from 
the deduction that the successive stages of coalescence are always the 
same and depend only on the time, any property of the sol that varies 
continually can be utilised to represent a fixed value of §n or n x or a 
definite stage of coalescence. A definite value of this property is thus 
characteristic of the stage of coalescence. It also follows from the 
above considerations that all curves showing a variation of this proper- 
ty with time should be similar. A deviation from this similarity, in 
itself, would mean that the Equations (10) to (IS) do not represent 
the facts. 

The absorption co-efficients of gold sols for different wave lengths 
change on addition of an electrolyte in a complex manner. The 
theories of the colour of these sols as advanced by Maxwell Garnett 
(Phil. Trans., 1901, SOS , A , 385 ; 1906, 205, A, 237), and by 
Mie (Ann. der Phys. [IV], 1908, 55, 377) would lead one to 
expect that any change in the number and manner of distribution 
of the particles n p n„ etc., will produce a great change in the 
optical properties of the sol. This is in agreement with obser- 
vations. Now, if the successive stages of coalescence were independent 
of the nature and concentration of the electrolyte, then the manner of 

variation of the complex absorption would be the same in each case. 

The absorption in the red region of the spectrum varies continuously. 
Corresponding to each value of the absorption eo-efficient for a parti- 
cular wave in this region the values in the other parts should be fixed. 
If the contrary holds good then the conclusion is obvious that the 
successive stages of coalescence are not independent of tne nature an 
concentration of the electrolyte as assumed by Smoluchowski. 
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It has been found that for the stage indicated by the value of the 
co-efficient of absorption for 683 /^ = 0*4985 the values of the co- 
efficient for the other wave length given in the following table in 
column II are independent of the nature of the electrolyte. 

The concentrations of the electrolytes were such as to produce 
rapid coagulation. In columns III and IV the co-efficients of the^ 
nucleus sol ” have been given for the original sol and for the stage 
of coagulation characterised by the value of the co-efficient for 
683 /i/a= 0*4156. Fig. 2 represents the figures graphically and' is taken 
from Reprint No. 5 (Mukherjee and Papaconstantinou, lac . cit.) 


Table XVII. 


Wave length in ftp. 

Absorption Co-efficients (k) 

I 

II 

j m 

IV 

683 

00453 

0-4985 

00376 

04156 

602 

01055 

0-3679 

0*1131 

0-409 

583 

0*1518 

0*3388 

01595 

0-3936 

563 

0-2076 

0-3294 

0-2076 

0336 

547 

02512 

0-3238 

: 0-2867 j 

0-3732 

623 

0 3780 

0-3780 

1 

0-3780 I 

0-3882 

506 

04647 

0-3581 J 

0-3882 j 

0-3780 

475 

0-3581 

0-3198 j 

0-2581 ' 

03780 


Fig. 2. 

The changes in colour were observed with a Konig-Martens 
spectrophotometer. (Fig. 2.) The changes in the colour from red to 
blue on the addition of an electrolyte are mainly a result of a change 
in the absorption-co-efficient of red and violet rays. The change is 
greatest in the red region. The co-efficients were calculated from the 
equation (Hildebrand, Zeitzsch, Elektrochem, 1908, 14, 319). 

K=K,/ 2 - 806 =*log, o ^;“’ 


=the angle for water or electrolyte solution alone. 
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In studying the precipitation, equal volumes of sol and electrolyte 
were mixed. The co-efficients for the pure sol refer to that for the sol 
diluted with an equal volume of pure water. The electrolytes used 
were potassium chloride, sodium chloride, barium chloride, potassium 
nitrate, strontium nitrate, and potassium sulphate. 

^ The results are given in Fig. t and are the mean of observations 
with different samples of sols and different electrolytes. The wave- 
lengths are correct within ±fip. It is interesting to note that in the 
region near 523/*/* there is scarcely any change in the absorption- 
co-efficient. 

The results obtained for the absorption of light by the hydrosols, 
prepared under exactly similar conditions, differ a little among them- 
selves except in this region, which is close to the spectral region, where 
the absorption is at a maximum (near 506/*/*) (compare Ehrenhaft, 
Ann. Physik, 1903, [IV], ll y 489). 


Comparison of the values of (( T ” as a test of Smoluehowski's theory. 

Since the absorption co-efficient in the red region varies continuously 
with the coagulation and its magnitude is sufficiently great, a definite 
value of the absorption co-efficient for a fixed wave length (683/a/a) 
can be taken as representing a definite stage of the coalescence. 

In the following tables the absorption-co-efficients at different times 
are given for the wave length 68‘3/a/a. The tables are taken from 
Reprint No. 5 (Mukherjee and Papaconstantiuou, loc. cit .) : 

Table XVIII. 

Eteetrolyte : Potassium Chloride . 


Absorption co-efficients for various concentrations. 

Time in minutes after mixing 
equal volumes of electrolyte 

and sol. N '24 N/26 N/28 


0-5 

00453 

0 3732 

1 

0*438 

1*5 

0'4t97 

2 


3 


5 


9 


13 


15 



00453 

0-2807 

0*3630 

0-404G 

0-438 

0*4497 


00453 

0-1683 

02257 


0*2777 

0*3431 

0 3836 

0-4263 

0438 

0-4497 
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Table XIX. 
Potamnm Nitrate. 


Time. 

Concentration. 

N/24 

N/26 ! 

! 

N/30 


i 

0*0453 ! 

! 

0*0453 

u 

00453 

0*5 

0*3336 



1 

0-4263 I 

0*2866 

0269 

15 

0*4497 j 

0-3271 

0*3143 

2 

i 

0*3629 

0*3336 

3 


0*4156 

0*3732 

4 


0*438 

0 394 

5 


0*4497 | 


8 



i 

! 

0 4263 

10 

i 

i 

1 

0-438 

16 

i 

i 

1 

0*4497 

Table XX. 

Barium Chloride. 

Time. 

Concentration. 

0*852 N/ 900 

0 852N/1000 

0 852N/U00 

! 

0-0453 

0*0453 

! 004S3 

1 

0-2257 


j 0 1603 

2 

0 2807 


02007 

4 

0-3529 

i 

02687 

5 

0*3836 

0*3051 

0*3051 

7 

0-438 

0*3431 

0-3237 

8 

0'4497 


0-3336 

9 

04497 

0*3836 

0*3529 

11 


0-4263 

0363 

13 

... 

0-4497 

0*363 

16 

... 

... 

0-3732 
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The limits within which the rate of coalescence could be varied 
were restricted by the fact that when the rate is slow the particles 
begin to settle leaving a clear layer at the top and the measurements 
are not reliable. Also with time some of the particles stick to the 
sides of the vessel. Lastly, it is difficult to avoid dust particles for 
a long time. 

• The values given in Tables 18 to 20 have been plotted graphically. 

fiach of these curves is characterised by a definite value of T 
(or c). Corresponding to the three concentrations of any one of 
these electrolytes, there are three intervals which must pass in order 
that the absorption co-efficient may have the same value. These 
intervals are correlated by the following relation according to 
equations (10) to (12) or (15). 


Jt J* 

tr T, 


( 20 ) 


or 


/ . / • / _ rv . rr . r.i __ 1 

1 1 ■ l 'i * r 3 ~ 1 1 ’ 1 a • 1 3 — 


( 21 ) 


Since T x , T a and T 5 are constant the ratio of the time-parameters 
corresponding to the same absorption co-efficient should be independent 
of the absolute value of the absorption-co-efficient. Corresponding to 
different values of the absorption co-efficient we get different values 
of l l9 l 9 and l 5 . All these values should show a constant ratio. In 
the following three tables this comparison is made for the three 
electrolytes mentioned in tables. 

Table XXI. 


Electrolyte: Potassium Chloride. 


Values of 
absorption co- 
efficient. 

Time in seconds. 


Ratios. 


N 24 

N 26 

N'28 


1 1 

r 


T, 

: T, : 

T. 

•370 

27 

60 

255 

l 

: 247 : 

9*44 

•400 

36-40 

85 

345 

l 

: 23 

9*3 

•4-38 

- 

120 

! "so 

1 

: 2*0 : 

13*3 

•446 

! 7f> 

180 

000 

1 

: 24 

12 0 


i 


Average 

i 

: 23 

114 


Extreme 

, 1 

deviation from average. 


7-4% 

19% 
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Table XXII. 


Electrolyte Potassium Nitrate, 


Absorption 

Coefficients. 

Times. 


: T, : 

T. 

N/24 

N/26 

N/28 

T| 


'* 

K 

's 



J) 

350 

25) 2? 

30) 

105 

145 

l 

: 3*9 : 

54 

■400 

45 

165 

255 

1 

3*7 : 

5*7 

*425 

60 

210 

375 

1 

: 3*5 : 

62 

445 

00 

300 

780 

1 

3-3 : 

86 



i 

Average 

1 

: 36 : 

6*3 


Extreme 

variation from Average 


8*8% 

33% 


Table XXIII. 


Electrolyte : Barium Chloride . 


Absorption 

Co-efficients. 


Times. 


m 

r, : 



u 


i X 


0*300 

135 

277 

345 

1 

2 : 

255 

0327 

165 

345 

430 

1 

2*1 

26 

0350 

225 

430 

540 

1 

191 : 

24 

0370 

265 

480 

780 

1 

1-81 : 

31) 



1 i 

I ! 

Average 

l 

193 : 

264 


Extreme 

variation from Average 


6% 

13% 


It will be seen from Tables XXI to XXIII that the agreement 
is as good as can be expected. The variation in T is as great as 
1 1 times but the ratios are constant. The agreement shows that the 
ratios in the value of T are independent of the time or the stage of 
coalescence. The ultramicroscopic measurements so far made show 
even during one experiment a much greater variation in T as will be 
evident from the following tables : 
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Table XXIII (a). 
Observer — Zsigmondy. 
Values of /3'=~ * 


# Series D. 

SerieB E. 

Series F. 

0*083 

0105 

0*040 

0*028 

0058 

00195 

00302 

0049 

00183 

0*0309 

0*0475 

0*0153 


0*0403 

0*0187 



0*0126 


Zsigmondy used high concentrations of electrolyte for securing a 
rapid rate. Whcu the rate of coagulation is slow and the duration 
of experiment is greater than a few minutes he found that impossible 
values of j3' are obtained. He thinks that the presence of impurities 
in the water used in diluting the sol for ultramieroscopic observations, 
is the cause of this irregularity. In his case the maximum time 
covered by the experiments is SO secs. Similarly Westgren and Reit- 
6totter working with coarse gold sols lind the following range of 
variation in the constant. 


Table XXIII (b). 

Observer : IFestgren and Reitslbtier . 
Values of — — 


Series I. 

Series 11. 

1 

| Series III. 

Series IV. 

3-74 

2.56 

I 2-73 

3*41 

2-47 

2-81 

1 2-60 

2*80 

207 

2 33 

i 2-17 

2*60 

2*10 

2*31 

j 2-40 

2*48 

2*09 

2*31 

j 2-12 

214 

1*62 

1-41 

2* 16 

; 2*15 

2*15 


2- 19 

i 

i 

2*05 

Average 2*2 

2-3S 

| 2-3(1 

219 

Extreme 

Variation 75% 

10% 

i n% 

t 

55% 


46 


3. N. MUKHERJEE 


Kruyfc and Arkel working with Selenium sol and very slow rate 
of coagulation find extremely wide variations in T in the same experi- 
ment. 


Table XXIV, 
Observer : Kmi/t and Arkel. 

Values of T (in hours). 


I 

11 

Ill 

IV 

2-8 

i 

260 

131 

13 

51 

390 

55 

3-4 

44 

270 

52 

2-2 

(43) 

•120 

54 

4-3 

(157) 

600 

68 

10-5 

200 

370 

55 

40 


510 


... 


440 

48 

37 


! 


52 



| 

38 

! 


The above few instances will suffice to show the range of varia- 
tions in “ T ” during the course of one experiment ; that has been 
observed in the ultramicroseopic measurements. 

Considering that in Tables XXI to XXIII the ratios between the 
different values of T are taken, the range of variation is extremely 
small. The actual deviations in the value of T in any one experiment 
must be much less than the extreme variations yiven. This comparison 
leaves no room for doubt that “ T ” is a constant in the case of gold 
sols and within the limits of the rato of coagulation that have been 
studied. In fact these data constitute the best evidence so far 
recorded in favour of the theory of Smoluchowski. 

The Dependence of t on the Concentration . 

Tables 21 to 23 show clearly how rapidly c the percentage of 
successful collisions increases with concentration. A change of 
concentration in the ratio 24 to 28 increases the rate in the ratio 
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1 : 1 1 or 1 : 0 as the case may be. It would be extremely interesting 
to work with a sol which is less susceptible to impurities than these 
gold sols. 


Variation of T or c with Temperature . 

Similarly by determining the times required to produce a definite 
change in the colour of the sol for the same electrolyte concentration 
but different temperatures we can determine the variation in c with 
temperature. 

From equation (1 i) 




1 +p.€.t 


we get ~ =14 

Sn 


( 22 ) 


Since a definite change of colour is being used is constant or 

1+ k j a constant. (23) 

Substituting the value of ft in (15) we get 


1 + 


•^0 V 


Since H, rj Q , and N 0 are constants we have 


(24) 


a constant (25) 

The viscosity of colloidal gold solutions has been found to be 
practically equal to that of water and the variation with temperature 
can be assumed to be equal to that of water. For different tempera- 
tures we have 


1 1 A'Ji =5 /26) 

vx y* 

Since i is experimentally determined and 6 and jj are known varia- 
tions in « can be compared. 

The experimental data are given below. They are taken from 
Reprint No. 5, pp. 1570-1. 
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Table XXV. 





Temperatures. 

Electrolyte. 

Standards. 

15° 

30° 

60° 

N/30 potassium 
chloride 

V Sol. C 

5 min. 

10 min. 

8 min. 30 sec. * 

N/30 potassium 

it »» ® 




sulphate 

30 sec. 

10 sec. 

10 sec. 

N/30 potassium 





nitrate 

II M D 

42 sec. 

18 sec. 

12 sec. 


Table XXVI. 

Electrolyte : Barium Chloride, Sol, E, 

Temperatures. 


Concentration. 

Stan- 

dards. 

15' 

30° 

40 J . 

50° 

0-852N/1000 


7 min. 

6 min. 

4 min. 50 sec. 

4 min. 20 sec. 

0-852N/1000 


34 „ 

23 „ 


13 „ 30 „ 

0-852N/1200 


23 „ 

13 „ 

12 min. 30 sec. 

6 min. 15 

0-852N/1200 


124 „ 

74 „ 

02 min. 



Table XXVII. 

Electrolyte : Strontium Nitrate. Sol. F, 

Temperatures. 


Concentration. 



16' 

| 30°. 

50° 

N/1000 

1 min. 10 sec. 

* 20 soc, 

| 

8 soc. 

N/1000 

8 „ 15 „ 

j 1 min. 40 sec. 

45 „ 


At 15°, 30°, 40°, and 50° rj/0 has the values 3-96 x 10"\ 3-96 x 10" 5 , 
3 • 31 x 10“ 8 , 2 • 1 x 10“ 5 , and 1 • 7 x 10" 8 respectively. The values for 
the viscosity are taken from the tables in Kaye and baby's book on 
Physical and Chemical constants, P, 30, 1919, 

From Equation (26) we have 

< 15 0 ' € S0 0:C 40 0: «50 0 =( 1 ?/^)i5°KV^;s0 0 -(V^)*0 0 -(V^)50 0 
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Table XXVIII. 


Electrolyte. 

... 

Temperatures 

15° 

30°. 

50° 

N/ 30 K 01 

1 |/w X 10’ 

1-32 

0-50 

0*33 

*N/80 K.SO, 

l> 

13-2 

33 

17 

N/30 KNO, 

1) 

9-43 

18*4 

140 


Table XXIX. 


Electrolyte : Barium Chloride. 


Concentration. 

Standards. 

Temperatures. 

15° 

30° 

40° 

60" 

•852N/I000 

V. V ilt x 10 s 

9-43 

9-2 

7-24 

6-54 

II ••• 

II 

1-94 

2-4 

... 

21 

Ratio between ... 


100 : 

98 : 

77 : 

70 

11 it 

)b s 

100 : 

123 : 

... : 

108 

•852N/J200 

V, i>i te x io» 

2-87 

4-24 

2*8 

4-5 

11 

B« »i 

53-22 

74-5 

64 

... 

Ratio between . . . 

V /W)V. 

100 : 

148 : 

98 : 

158 

i» 11 ••• 

.. ;b 5 

100 : 

140 ; 

106 : 

11 


Table XXX. 

Electrolyte : Strontium Nitrate. 


Concentration. 

Standards. 

Temperatures. 

15° 

% 

50° 

! 

N/100J 

v, 1 j!te x 10 " 

0 565 

1 65 

21 

11 

B, „ x 10’ 

0-80 

3-3 

3*77 

Ratio between) ... 

I V ’ 

100 : 

291 : 

371 

Vlt9 ) ... 

! B. 

100 : 

410 : 

430 
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Since rj/tO is a constant for a definite electrolyte concentration and 
temperature according to Smoluchowski's equation the ratios should 
be independent of the standard used. This is true within the limits 
of experimental error with ’852N/1200 Barium Chloride. In the 
other two cases the variations are not great considering that we are 
comparing the ratios. A slight variation in each value will be magni- 
fied in the ratio. Taking into account the probable experimental 
error it can be said that c is roughly constant in each experiment. 

On the other hand the variation in e with temperature is consi- 
derable. We have already seen that the irregularity in the variation 
of c means that the precipitating power of the ions change with the 
temperature. 


PART VII. 

The Measurement of the Electrical Charge of Colloidal Particles by the 

U4ube Method 

The stability of a sol is dependent on the electric charge of its 
particles and it is of interest to know how the charge varies under 
different conditions. Thus, it is desirable to determine the variation 
of the percentage of successful collisions € with the potential of the 
double layer. 

[An improved method free from the sources of error inherent in 
the U-tube method as it is used at present has been devised. This 
portion of the thesis has been published in the Proceedings of the 
Royal Society, A, Vol. 103, (1923), pp. 102-121.] 

PART VIII. 

Discussion, 

It is generally admitted that the stability of the so-called suspen- 
soids is due to the electrical charge of the particles. Some of these 
suspensoids can be kept indefinitely without any separation of the 
colloid. The numerous collisions that occur between the particles 
during this time do not, therefore, bring about their stable coalescence. 
On the other hand, in most sols the colloid separates slowly with time. 
Thus we see that with pure sols the protective action of the charge 
can be sufficient or insufficient to overcome the cohesive forces that 
bring about the coalescence. The stability of the sol is determined 
by the relative magnitudes of these forces. 
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As to the manner in which the elec trio charge prevents the coal- 
escence, nothing definite is known. It is suggested by some that 
before the two colliding particles can come in contact the double layer 
must be disrupted. Hatschek (Roll. Zeitsch., 1911, 9, 159) suggested 
that the stability is due to repulsion between the similar charges on 
the particles. Donnan pointed out that (Trans. Far. Soc., 1918, 9, 
i P. 20, 28, c.p. also Smoluchowski, loc. at.) it is not quite justifiable 
to treat the electrical forces between two colloidal particles when they 
come near each other as to be due simply to the repulsion between 
two like charges. The presence of an electrical double layer introduces 
complications. There is, however, some evidence of the existence 
of repulsive forces. Perrin and Constantin (C. K. 1914, 158 , 1168, 
1171, 1341) found that repulsive forces should be assumed to exist 
when the number of particles per unit volume is large. It is possible 
that when two colloidal particles approach each other closely the 
electrical charges in the double layer become differently distributed. 
The consequent difference in electrical energy will manifest itself as a 
repulsive force as it involves the motion of electrical charges. The 
attractive and repulsive forces between the particles in some instances 
produce a regular orientation of the particles. The experiments of 
Freundlich on the double refraction of vanadium pentoxide sols can 
be mentioned in this connection. 

Anything that would decrease the density of the electrical charge 
will favour the action of the cohesive forces. Hardy suggested that 
coagulation becomes instantaneous when the iso-electric point is 
reached. The experiments of Ellis and Powis have shown that 
coagulation can take place before the iso-electric point is reached. 
The narrow limits of the concentrations which produce instantaneous 
coagulation on one hand and no sensible change in the sol on the other 
hand, have led Powis (/ oc. ciL cp. also Zsigmondy) to postulate a 
critical potential below which coagulation is possible, lhe experi- 
ments on the influence of the quality of the sol, of the dilution and 
of the hydrogen sulphide content, recorded here show that it is not 
possible to characterise any colloid bv ascribing to it. a definite critical 
potential determining its stability. ^ hat seems to be more plausible 
is that depending on the potential of the double layer a ceitain 
amount of work has to be done in order that two particles can come 
sufficiently near each other to bring into play the forces of cohesion. 
Only those particles which have sufficient kinetic energy to do this 
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work can approach eaoh other sufficiently near. The union oan be 
stable only when the attractive forces are greater than the opposing 
electric forces that the union may result in. The energy term 
representing the energy which must be spent to do work against the 
electric forces, may be taken to determine the percentage of successful 
collisions in Smoluchowski's equations ( loc . ciL). Assuming Maxwell's 
distribution law to hold good the fraction of particles having kinetic 

energy greater than A is given by e ~ where k is given by R/No., 
R is the gas constant. No., the Avogadro number and T the absolute 

temperature. t€ « ” is thus proportional to e^^/kT. The exponential 
form of the expression explains the rapid variation in " e ” with the 
concentration of an electrolyte. The electrolyte concentration and 
hence the potential of the double layer determined the rate of coagu- 
lation that is being considered. A, the work against electric forces, 
diminishes as the electric charge diminishes. 

For a complete understanding of the process of coagulation it 
remains to explain the electrical charge on the nature and the concen- 
tration of the electrolyte and to define the nature of the forces that 
bring about the coalescence of the particles. 

The diminution in the electric charge on the addition of an elec- 
trolyte is referred to the adsorption of ions. Regarding the nature 
of this adsorption nothing definite is known except that the adsorption- 
isotherm of Freundlich has been shown to express the equilibrium 
conditions in a number of cases. In the second portion of this thesis 
this question is dealt with under the heading, u the Origin of the 
Charge of Colloidal Particles and its Neutralisation by Electrolytes.” 
The roll of electrostatic forces has been considered. 

As to the nature of the forces that bring in coalescence, they seem 
to be chemical in nature. According to Zsigmondy the coalescence 
does not lead to any such fusion as when two drops coalesce to form 
a bigger drop. He pointed out that a consideration of the diminution 
in the total surface (surface energy) is not capable of explaining the 
coalescence. There is some evidence to show that the surface of the 
particles do not always touch each other but are rather separated by a 
layer of water molecules. It is not possible to say anything definitely 
about the nature of these forces. A general consideration of these 
forces is, however, necessary to elucidate some facts connected with 
the process of precipitation, The action of protective colloids can be 
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attributed to a modification of these forces for the change in the 
electrical charge is not capable of explaining the stability in a con- 
sistent manner. It is possible to imagine that the adsorbed ion also 
affects the surface forces. Such an assumption seems necessary to 
explain the observation of Powis ( loc . cit.) that an arsenious sulphide 
sol has different electric charges at the point of instantaneous coagu- 
lation for potassium chloride and barium chloride respectively. In 
*this case the equations of Smoluchowski are not expected to be valid 
in the sense that the manner of coalescence depends on the nature 
of the electrolyte. Similarly, this possible effect of the adsorbed ions 
on the cohesive forces at the surface may be the cause of the dissimilar 
forms of the viscosity curves obtained by Gann (toe. cit % ). 

[Thesis presented for the Degree of Doctor of Science, University 
of London — May 1921.] 
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The large boulder of granite in the front of the 
the Kothamsted Laboratory, bearing the following 
inscription, “ To commemorate the completion of fifty 
years of continuous experiments (the first of their 
kind) in agriculture, conducted at Kothamsted by Sir 
John Hen nett Lawes and Joseph Henry Gilbert, A.D. 
MDCCCXCVIT,” represents a national expression of the 
recognition of the services rendered by the two pioneers 
of scientific agriculture ; but, the Kothamsted fields, set 
up by them, where a series of experiments have been 
carried out since 1813, stand as a place of pilgrimage for 
all agricultural investigators. It is perhaps, uith the 
single exception of Boussingault’s station at Bcchelhronn 
in Alsace, the first agricultural experiment station in the 
world. The German station at Mockern dates back to 
1852, and that in America at Middletown, Connecticut, 

to 1875. 
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Though living in the midst of an industrial era, the 
gifted owner of the Manor of ltothamsted had the 
foresight to realise that the prosperity of a nation 
depends, to a large extent, on the development of 
agriculture. What lie undertook as a private citizen, 
has now become a National Institution, and Greaf 
Britain is proud of possessing the oldest aiid the most 
unique agricultural research station of the world. I am 
tempted to lay much stress on the great undertaking of 
Sir John Lawes, which lie carried on exclusively at his 
own expense in his estate ; for his example may he a 
source of inspiration to those of our landlords who desire 
to improve the agricultural conditions of their estate, hut 
look to the Slate for inaugurating enterprises calculated 
to benefit agriculture. The State has become a sort of 
fetish to us, and we keep our gaze steadfastly fixed on the 
State-policies, always anticipating that the State 
authorities would do all for us. Whatever argument, 
historical and psychological, there may he in the explana- 
tion of such a lack of self-reliance among the people 
themselves, it can he asserted that a great, advance may 
he made in matters of agricultural development, and also 
revitalizing the rural life of India, if some of our rich 
landowners seriously undertake agricultural enterprises 
in their own estates. 

Anyone who cares to look into the history of the 
growth of the ltothamsted Experimental Station would 
realise the truth of the aphorism “ Great undertakings 
have small beginnings.” Out of the series of pot 
experiments, started as early as 1834, to investigate 
solubility of phosphatic manures and their application 
to root-crops, there grew extensive lield plots covering 
to-day an area of about 300 acres ; and the genesis of 
the well-equipped chemical laboratory may he traced to 
a bedroom fitted up for chemical research by young 
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Mr. John Lawes soon after his return from Oxford. In 
his autobiographical note 1 he refers to it as follows 

“ At the age of twenty, I gave an order to a London 
firm to fit up a complete laboratory, and I am afraid it 
sadly disturbed the peace of mind of my mother to seo 
•one of the best bedrooms in the house fitted up with 
stoves, retorts, and all the apparatus and reagents 
necessary for chemical research.” 

With the assistance of a young chemist named 
Dobson, the work was started ; but, later on when the 
field trials were undertaken, Dr. John H. Gilbert, a 
distinguished English chemist, was appointed. The 
historical importance of the Rothamsted experiments 
may be realised from the fact that a series of field 
experiments conducted by Houssingault on his farm at 
Beehelbronn in Alsace, though the first of their kind, were 
unfortunately discontinued while the Rothamsted fields 
are still going on since IS M. To my mind, the meeting 
of these two pioneers, Lawes and Gilbert, is one of those 
remarkable incidents in which we cannot but see the 
hand of Providence. Perhaps without the the co- 
operation and meticulous care of Gilbert, Lawes would 
not have had the success in making such a valuable 
contribution to our knowledge of agricultural chemistry. 
They lived and worked together for a period of nearly 
(50 years. Lawes died in 1900, and Gilbert in 1901. 

.Sir John Lawes left an endowment fund of £100,000 
to the Lawes Agricultural Trust for the maintenance of 
the work, but as the income from the Trust Fund was 
not sufficient for the expansion of the research work, a 
Society was formed for the purpose of providing funds. 
The development and reorganisation oi the Station began 


* A letter to tl>e Into Mr. John Clmmhors Morion, Editor of •' the Agricnltnral 
Onzetto” in 1S8S, 
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soon after the appointment of Mr. A. D. Hall (now Sir 
Daniel) as the Director. The interesting fact about its 
expansion is that State-aid was preceded by donations 
from private sources. In 1900, Mr. J. F. Mason, 
M. P., presented the Trust with £1,000 for the 
building and equipment of the bacteriological Laboratory 
together with a grant towards its maintenance. In 1007 
the Goldsmiths’ Company made a grant of £10,000, and 
it was then possible to organise a department exclusively 
for soil investigations. A grant of £2,000 came from the 
Permanent Nitrate Committee. 

The State recognition of the Rothamsted Experimen- 
tal Station as the Research Institute for soil and plant 
nutrition problems was followed by a grant from the 
Development Commissioners in 1911, and substantial help 
for further extension of buildings came from the Ministry 
of Agriculture after the cessation of the war. 

The progress of the research work and the reorgani- 
sation of the Station are mainly due to the untiring 
efforts of the present Director, Sir John Russell. The 
scientific and administrative staffs increased from 21 
persons in 1912 to G7 in 1923. In comparison with what 
I saw in 1911, there has been expansion in various 
directions, both in equipment of the farm as well as the 
laboratories. The departments of plant pathology, proto- 
zoology and statistics are among the recent additions to the 
Station. Since the war, agriculturists have realised the 
importance of improving the standard of British farming, 
and therefore efforts are being made by the Station to 
disseminate the knowledge of scientific agriculture among 
the farmers of the country, and co-operation with schools, 
farmers’ clubs and similar organisations is also encouraged. 
On an average 1,300 persons visit the Station per annum. 

Most of the Rothamsted work is concerned with the 
fundamental problems related to the production of crops. 
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The reliability of the investigations carried on here may 
be ascribed to the method of combining field observations 
and data with that of laboratory work. In order to be 
able to form an accurate idea of the nature of the work, 
it is necessary to divide this account into two main 
' groups Laboratory investigations and those that are 
conducted in the famous Rotham.stcd fields. 

1. Lnboratoi if luvesfif/utions. 

(Department of Chemistry.) 

To understand Lawes’ and (Hilbert’s work, it is neces- 
sary for the student to refer to Baron Liebig’s report 1 
to the British Association, in which he maintained what is 
known as the “ Mineral theory ” of plant nutrition. But 
the importance of mineral plant food had long been 
established by l)e Saussure’s experiments 2 showing that 
the ash constituents are derived from the soil, and 
that, though the atmosphere is the source of the greater 
part of plant food, the minerals found in plant ash are 
indeed essential to its growth. Liebig went a step 
further and was so much obsessed with his theory — the 
ammonia of the air being the source of nitrogen for plants 
— that he asserted “ if the soil he suitable, if it contains a 
sufficient quantity of alkalies, phosphates and sulphates, 
nothing will be wanting. The plants will derive their 
ammonia from the atmosphere as they do carbonic acid .” 2 
With regard to nitrogen supply he definitely states 
that “the soil cannot be exhausted by the exportation 
of products containing nitrogen (unless these products 
contain at the, same time a large amount of mineral 


1 Liebig, Justus. “ Chemistry in its ApjUic.n' ion to Airrirultitre i mil l’liysiulofiy," 
1847 (4th Eli.). 

# lie Sanssnro, Theodore. " Itesearelies oliimitiues stir lit vegetation,” 1801, 
Pnris. 

» Liobiff, >1 ust up. runners' Mnpiirine (1*-^, Vul. XYT, )\ Ml. 
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ingredients), because the nitrogen of vegetation is 
furnished by the atmosphere and not by soil. Hence also 
we cannot augment the fertility of our holds or their 
powers of production, by supplying them with manures 
rich in nitrogen, or with ammoniacal salts alone. The 
crops on a field diminish or increase in exact proportion 
to the diminution or increase of the mineral substances 
conveyed to it in manure.” 

While a storm of controversies raged over Liebig’s 
nitrogen theory, Lawes and Gilbert planned out a series 
of experiments to investigate the source of nitrogen for 
plants. By 1885, they were able to publish several 
papers ' with the following conclusions 1 2 : — 

(«) Compositions of ash constituents are not the 
reliable criterion as to the plant needs. 

(A) An adequate supply of some nitrogenous com- 
pounds, such as nitrates and ammonium salts, are neces- 
sary in order to obtain increased plant growth. Therefore 
the application of artificial manures assists materially in 
the maintenance of soil fertility. 

(c) “The beneficial effect of fallowing lies in the in- 
crease brought about in the available nitrogen compounds 
in the soil.” 

The meticulous care and scientific accuracy with 
which the investigations wore carried out left no room for 
any controversies, and thus one of the fundamental facts 
of plant nutrition was established by Lawes and Gilbert. 
From the collection of bottles of samples arranged in a 
capacious “ Sample House,” one may realise the vast 
amount of soil-sampling and analytical work done since 
the beginning of the Itothamstod experiments. The total 


1 Lawes and Gilbert. “ On tlio composition of the ash of wheat grain and wheat 
straw grown at Rothamsted in different seasons and by different manures.” Trans. 
Cheni. Soo , 1884, XLV, 305-307. 

2 Russell, E. J, “Soil Conditions and Plant Growth.” 
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number of samples of soils, seeds and plant ashes would 
now probably exceed 100,000 bottles. 

But what actually happens by the application of 
nitrogenous manures to soils and in what form they are 
assimilated by plants still remains shrouded in mystery. 
The importance of nitrates to plant growth has been 
recognised, but how nitrates are produced in the 
soil still has to be investigated. Till 1877 it was 
thought the reaction involved was a chemical ono, when 
Schloesing and Muntz 1 announced that the process of 
nitrification was due to micro-organic soil population, or 
to quote their own expression, “ organised ferments.” 
Warington '' then working in the ltothamsted Station, 
undertook a series of careful experiments to study 
the details of the processes involved. He found that 
nitrification takes place in two successive stages, namely, 
conversion of ammonia into nitrites, and nitrites into 
nitrates. Warington’s experiments indicating that nitro- 
genous compounds, in whatever forms they may be, 
rapidly change to nitrates in the soil and the accumulated 
data from the ltothamsted fields showing the effect of 
such compounds on the plant growth emphasized the 
utmost importance of nitrates to crops as being their 
source of nitrogen. But the agencies responsible for 
nitrification have not vet been discovered and it was left 
to Winogradsky :i to identify specific organisms now 
known as nitrifying bacteria. His classical research 
established that (a) the organisms obtain their energy 


1 Scldoesing ami Muntz. “Sur la nitrification par les ferments organises,’ 
Comp. Rond., 1877, LXXXIV, :i()l .JUKI ; (IS77) LXXXV, 1018-20. 

5 Warington, K On Nitrification, I’arl I, Joinn. Choin. Sue., 1818, XXXI11, 
14-51 ; Part II, ibid, 1S70, XXXV, 129-55; III, ibid, 1SS1, XLV, 1547-72 ; Part IV, 
ibid, 1891, L1X, 481-529. 

’ Winogradsky, S. " Researches sur los organises do la nitrification.” Ann. 
dol’Iust. Pastour, 1890, IV, V M e moire, 213-31 ; 2' Memoire, 257-75 ; .T Memoire, 

7 ( 30 - 71 . 



8 N. N. GANGULEE 

from oxidation of ammonia, and that (/>) there exists a 
definite relationship between the amount of oxidised 
product of ammonia and the amount of carbon assimi- 
lated. 

It follows, then, that the soil must contain ammonia 
in order to effect the first stage of nitrification. But, as 
not more than a trace of ammonia could be found in 
arable soil, the only logical conclusion is that the process 
of oxidation goes on more vigorously than the rate at 
which ammonia is formed. Again, the products of this 
first stage, nitrites, are oxidised at a greater rapidity than 
the rate of formation. The reactions referred to above, 
known as ammonification and nitrification, are by no 
means simple ; but as now most of the fundamental 
problems of agricultural chemistry centre round the 
complexity of the conversion of the nitrogenous com- 
pounds in the soil, it is necessary to have a clear concep- 
tion of the existing knowledge of these reactions. The 
chain of ammonification and nitrification processes may 
be drawn as follows : — 

Plant itsMuph or substances u<Mcm 1 ) v . v . v .. , 

[ — >Aim»onut — >nitntis — >mtr;Urn. 

<is manures. 3 

But the complex nature of the reaction arises from 
several factors which bring into play a series of chemical 
and bio-chemical changes in the soil. There is the 
so-called denitrification process which reduces nitrates 
through certain bacteria in the presence of organic 
matter under anaerobic conditions. Then there is the 
process of oxidation of numerous complex plant sub- 
stances evolving carbon dioxide which is probably the 
source of energy for micro-organic life. Cellulose, which 
forms the chief constituent of the plant residues, is also 
supposed to be decomposed through bacterial agencies. 
To impress on the reader the fundamental relationship be- 
tween different processes evolved in the soil, I reproduce 
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here the excellent diagram drawn by the Department of 
Chemistry, the careful study of which will throw much 
light on the present-day problems of agricultural research. 

(Sec diagram 1.) 

Since the foundation of the ltothamsted Station, the 
nitrogen problem has been one of the chief items of 
chemical investigations. Nitrogen of soils and crops 
from the field plots as well as from pot culture experi- 
ments is determined, and as high as 1,500 nitrogen 
determinations are made every year using the well-known 
Kjeldahl method. The possibility of improving analytical 
technique is also being considered by Page, the Head of 
the Department, and his assistants. 

The chemical investigations of both the nitrogen and 
the carbon cycle are now in progress ; but the analytical 
methods followed hitherto for the study of the complex 
nitrogenous compounds of the soil require to be developed 
further, before our knowledge of the actual changes 
occurring in the soil may be advanced. Matthews 1 
working in this laboratory, devised an improved method 
for determining ammonia in the soil, and as in the process 
adopted, it is possible “ to recover 09 - 5^ of added 
ammonia as against a recovery of 50 -60^ by the older 
methods,” the details of the apparatus may interest our 
students of Chemistry. 

The apparatus chiefly consists of an aeration tube 
made of strong glass, 83 cm. long, 2-3 cm. iu diameter 
with a bulb above, and of an absorption vessel, whose 
height is 40 cm. and the internal diameter 1.8 cm. 
25 grams of sieved soil (3 mm. sieve) are introduced into 
the aeration tube and 50 c. c. of an alkaline solution 

> Matthews, D. “ The Determination of Ammonia iu Soil,” Jour. A R ric. Science, 
Vo], X (1920), p|>. 72-85. 

2 
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containing 108 grams of sodium carbonate crystals and 
150 grams of sodium chloride per litre are added together 
with about 1 c. c. of paraffin oil The absorption vessel 
contains from 5 to 10 c. c. of « sulphuric acid diluted 
with water, and a few drops of a 0 05 per cent, solution of 
Xethyl red. 

(See diagram 2.) 

In Diagram 2 A represents the aeration tube and E the 
absorption vessel. The air enters through B (diameter 
about 4 mm.) and passes through the rubber stopper in the 
lower end of the aeration tube. B is supported in a groove 
cut in the cork block C which is attached to the aeration 
tube. The upper end of the aeration tube is closed by 
a rubber stopper carrying a funnel, D, which is loosely 
'plugged with cotton avooI to stop spray. D is connected 
with E by means of a rubber stopper and bent tube E. 
H is a splash bulb fixed in the stopper, and the arrange- 
ment indicated by J is to prevent splashing. The side 
tube of E is supported by a piece of thick-walled rubber 
tubing G, split lengthwise. 

“ The diagram shows only one set of apparatus, but 
six may be used, the air passing through in turn,” says 
the author. The dotted lines show the structure of two 
wooden frames of a suitable stand that may be construct- 
ed to hold six apparatuses. K represents four cross bars, 
about 92 cm. long and M wedges of cork or wood to 
prevent the aeration tubes from slipping down. 

The passage of the air current for three hours is 
considered sufficient in ordinary cases, although by aerat- 
ing for six hours, as high as 98 5 to 99 ‘ 5 % of the total 
ammonia can be recovered from soil. It must be noted 
that the complete recovery of ammonia from soil contain- 
ing ohalk (known as calcareous soil) is difficult, unless it 
is finely ground, which is not possible in the case of wet 




Fig, 2 
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soils. However, satisfactory results obtained by the 
method in most cases have made possible further investiga* 
tions with regard to changes that occur in the process of 
decomposition of plant residues or green manuring crops 
ploughed in, or in the application of ammoniacal 
fertilizers. 

I must also refer to the modification worked out by 
the Department in the method of estimating nitrate 
nitrogen. In our laboratory we use the phenol sulphonic 
acid method, wherein the possibility of errors in nitrate 
estimation is not quite eliminated. The method worked 
out at Rot hams ted is as follows ; — 

Put 200 grains of soil, dried at 50° — 55°C, in a Buchner 
funnel fitted to a filter llask, and pour on hot distilled 
w r ater. To an aliquot part of this filtrate, add 10 c. c. of 

NaOH and 10 c. c. of KMnO,. After being 

digested for six hours, 5 c. c. of alcohol, 1.00 c. c. of 
~ NaOH, and 3 grams of Devarda Alloy (50% Al, 4,5% 

Cu and 5% Zn) are added to the solution, and the mixture 
is distilled for an hour or so. 

(See diagram 3.) 

The titration is carried out in the usual way using 
!* acid, and Methyl red as indicator. Care should be 

taken to boil off CO, before titration. With regard to 
distillation, great precaution has to be taken to prevent 
the carrying over of alkali by the fine spray caused by 
the evolution of hydrogen. 


(See diagram *1.) 

A survey of the total nitrogen content of the soil of 
two of the classical Rothamsted fields where wheat is 
being grown since 1843 and barley since 1852, is another 
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interesting piece of work the Department has taken in 
hand. I shall refer to this nitrogen question in my 
account of the field experiments. 

In Diagram No. 1, we find that Humus is one of the 
resultant products from the decomposition of plant 
residues, but the evidences with regard to the processes 
involved as well as to the formation and composition of 
humus and similar complex substances are not conclusive. 
Therefore, the most promising line of research being 
investigated by Page and Du Toit is the study of humic 
products — their properties, fractionation — and also of the 
mechanism of the process by which carbohydrates or 
similar substances are decomposed into humus. 

Perhaps a few introductory remarks as to humic 
products may bo necessary in order to form a clear 
conception of the research referred to above. 

It has been found that amino-acids and pentose 
compounds are formed when organic substances of soils 
are allowed to decompose, and the reactions set in by 
the decompositions are extremely complex, Reckley 1 
suggests after a preliminary investigation at Rothamsted 
that the formation of humus in the soil proceeds in 
two stages : Carbohydrates, such as cellulose bodies, 
react with amino-acids producing hydroxymethvl-furfural 
which condenses to form humus. As further evidences 
have to he adduced for the, acceptance of his suggestion, 
Page and Du Toit are working out physico-chemical 
methods for the examination of humus fractions. Recent 
researches indicate that there may be other sources 
of humus, such as lignins, phenolic substances, 
oxidized product of quinoncs, etc. The lignin which 

m 

constitutes an important material in the plant structure 
is now supposed to be the probable mother substance of 

* Beckloy, V. A. “ Tho Preparation and B'ractionation of Humic Acid,” Jour. 
Agrio. Science, Vol. XI, 1921, pp. 66-77. 
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humus. The problem is enmeshed with innumerable 
complex reactions, both physico-chemical and micro- 
biological, and suitable laboratory technique has to be 
developed before any'conclusive results are expected from 
the researches. 

With regard to the exact constitution of humus, the 
position is no better. Its role in soil fertility has been 
supposed to depend largely on the amount of soluble 
humus present in the soil; and, apart from being a 
source of plant food, its presence in the soil-constituents 
greatly modifies the physical properties of the soil by 
increasing its water-holding capacity, thus imparting 
conditions of good tilth and aeration. From the stand- 
point of Indian agriculture, the problem of supplying 
organic constituents of soils is vitally important; and 
therefore, the investigation of the processes involved in 
the decomposition of organic substances should be 
undertaken in India, where the climatic conditions are 
decidedly favourable for such work. Unfortunately, the 
problem of decomposition of organic substances in soils 
has not yet been studied in any of the Agricultural 
Institutes in India, .and it. may now be hoped that the 
the well-equipped Physico-chemical Laboratory of the 
University College of Science will find some interest in it. 

I must now pass on to other aspects of chemical 
investigations, that is, the determination of manurial 
values of phosphatic and potash fertilizers. 

The nucleus of every living cell in plants and animals 
is known to contain phosphorus. The ash contents of 
plants contain a certain percentage of phosphatic 
compound, the fact which led De Saussure to accept the 
findings of Lord Dundonald ’ that the value of bones 
was due to phosphoric acid contained in the manure. 

1 Lord DundoimUl. '■ Treatise on the Connection of ApricnUnro with Chemistry,’ 

1795. 



14 


N. N. GANGULEE 


According to Hopkins, one ton of wheat bran contains 
about 24 pounds of phosphorus or T22 percent. 1 

In England bones were used to a certain extent as a 
fertilizer long before 1840, the supply of which was 
chiefly drawn from North Europe. Soon after Liebig’s 
suggestion of dissolving bones by acid, England took the 
lead in the manufacture of artificial manures from bones 
and mineral phosphates. Lawos treated ground coprolites 
with sulphuric aicd and obtained the most useful fertilizer 
known as superphosphate in the factory at Deptford, and 
popularized its use through the results of the ltothamsted 
field experiments, lleferring to the extensive use of 
bone manures in England, the famous German chemist, 
Liebig, wrote as follows : 

“ England is robbing all other countries of their 
fertility. Already in her eagerness for bones, she has 
turned up the battlefields of Leipzig and Waterloo and 
of the Crimea; already from the catacombs of Sicily she 
has carried away the skeletons of many successive 
generations. Annually she removes from the shores of 
other countries to her own the manurial equivalent of 
three million and a half of men, whilst she squanders 
the contents of her sewers discharging them into 
the sea. Like a vampire she hangs on the neck of 
Europe, nay of the whole world, and sucks the heart-blood 
from nations without a thought of justice towards them, 
with a shadow of lasting advantage to herself ! ” 2 

The progress of arable farming in England from the 
beginning of the nineteenth century till 1880, charac- 
terised by the increased crop-production, must be the 
underlying reason of such an outburst from a German 
scientist. 

1 Hop kim, C. (}. •‘Noil Fertility and Permanent Agriculture,” (linn A Co. 
Boston, 101 1 . 

9 Vide Baron Liebig’s Works (1847). 
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With the development o! scientific research in relation 
to agriculture, the use of artificial manures was greatly 
extended in Germany. She utilises in agriculture a very 
large amount of basic slag, a waste-product obtained from 
steel manufacturing process, although the credit of 
* discovering its fertilising value must he given to the 
British investigators. Our present knowledge as regards 
the effectiveness of basic slag as a phosphatic manure is 
derived from the classic experiments at Cockle Park 
carried out for over 25 years. Hut unfortunately, now 
that its use has become popular among farmers (the 
requirement of basic slag in Great Britain is estimated by 
Middleton at 891,000 tons annually) a radical change in 
the process of manufacturing steel has greatly affected the 
quality of basic slag. Its chemical composition is 
extremely variable, depending on the chemical constituents 
of the iron ores and the materials used in the methods 
of purification, end largely on the process of making steel. 
In the Bessemer process, phosphoric acid formed combines 
with the lime used, and the compound of calcium phos- 
phate is removed in the slag, while in the Siemen’s open 
hearth process (now in use) “ iron-ore and lime are 
charged on to a basic hearth heated by producer gas, and 
the molten metal poured over the heated lime and ore. * * 
The slag formed in the basic open hearth process is much 
greater in volume, and there is a corresponding deciease 
in phosphoric acid content compared with the basic 
Bessemer process.” 1 Then again, in the process of 
eliminating sulphur from the metal, fluorspar is added 
which contributes largely to the reduction of the 
citric-solubility of the slag. The investigations of the 
Department have, therefore, been directed to three 
problems with regard to basic slags, one is to find the 

' Uoberteou, 0. "Ba>i< SliR. .ml Rock Wio^halc," Cumbrkl^ U.iivem.y 
Press, 1922. 
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relationship between the chemical compositions of different 
slags and their manurial values, the second is to study 
their citric solubility, and the third is to determine the 
soil conditions on which their relative efficiency depends. 
As its value rests largely on the form in which phosphorus 
is present in the compounds, Gimingham is carrying on ’ 
analytical research in this direction, especially in connec- 
tion with the determination of fluorine. 

I have dwelt at length on this research item with a 
view to impress on our agricultural investigators the 
indispensable need of phosphatic manures to modern 
farming. In bone manures, we have an abundant source 
of phosphorus, the annual export of which exceeds 100, 0C0 
metric tons ; and yet most of our soils are deficient 
in available phosphorus content. Leather’s analytical 
work and the recent Soil Survey in certain parts of India 
left no room for doubt that one of the underlying causes 
of the gradual impoverishment of the Indian soils is the 
phosphorus-hunger. The problems of utilizing bones for 
agriculture must receive an immediate attention from 
the popular Government, even if it becomes necessary to 
put an embargo on the ever-increasing export trade. 
While the financiers should come forward to organise the 
industry of manufacturing bone phosphates in India, the 
agricultural investigators should be carrying on systematic 
experiments to find out the conditions under which 
phosphatic manures yield best results. 

The line of research with potassium fertilisers being 
carried on by Eden is interesting. The extensive 
potassium deposits in Stassfurt (Germany) are the 
principal source whence this fertiliser is obtained. 
About 90 per cent, of the annual output are now used for 
agriculture both in Germany and abroad. But, owing to 
variations and irregularities in different strata of the 
deposits, salts of various compositions are obtained. The 
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chief deposits yielding potassium are Carnallite (KC1. 
MgCl 2 6H 2 0), Kainite (K 2 S0 4 .MgS0 4 .Mg01 2 GH 2 0) and 
Sylvanite (K 2 8 0 4 .MgS0 4 .KCl.MgCl 2 .NaC16H 2 0). The 
salts that come from the Alsatian deposits contain 
chlorides. 

Now, chlorides are known to be injurious to plant 
growth. Therefore, while investigating the relative 
manurial value of various potassium fertilisers, special 
attention is given to the action of the chlorine ion. No 
conclusive data can be given at this initial stage of the 
experiments, but the summary of results so far obtained 
may be of interest. With low-grade potash deposits, 
such as sylvanite the yield is loner, which is possibly due 
to the excess of chlorine ion present as sodium chloride. 
The presence oE chlorine ion in excess also greatly 
affects the quality of the crop, such as potato ; but with 
high-grade salts only a little difference is seen. It is to 
be remembered that the action of these artificial manurial 
substances varies considerably in relation to divergent 
soil conditions. Therefore, the relative effects of different 
fertilisers on soils are also being studied, following the 
methods suggested by Parker 1 and Ischerekov. 2 

In the analytical work of determining potash, the 
perchlorate method is found to he unreliable owing to the 
presence of chloric acid. Page has taken up the problem, 
and attempts are being made to devise such methods in 
which deflagration set in by the addition of alcohol and 
also the formation of compounds due to the presence of 
chloric acid may be eliminated. 

Side by side with the problem of increased crop 
production, agriculturists are faced with an aspect of 


1 Parker, F. W. “Methods of studying the Concentration and Composition of 
the Soil Solution.” Soil Science, Vol. XL1, pp. 200-232, 1921. 

* Ischerekov, V. 1907, “ Obtaining the Soil Solution in an Unaltered Condi, 
tion.” 


3 
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consumption which bears an intimate relation to 
production. I mean for an agriculturist it is not now 
merely the question of increasing the crop yield, but 
also of satisfying the consumer’s demand for quality. 
The industries which depend on agricultural crops have 
developed a need which must be met ; with the develop- ’ 
ment of modern civilisation and improvements in trans- 
portation facilities, the capacities and tastes of consumers 
have also undergone a great change. Therefore, the things 
the consumer wants, and is willing to pay for, are the 
things farmers must grow. And yet nothing is definitely 
known as to the conditions under which a desired quality 
of crop could be obtained. So the ltothamsted invites 
the consumers’ representatives, (such as wholesale dealers, 
manufacturers, etc.,) to visit the numerous experimental 
plots and to pronounce their judgment as regards the 
quality of crops grown under different treatments. This 
enables Rothamsted to advise farmers definitely what 
must be grown and under what conditions. 

At the same time the chemists are at work to discover 
the factors that appear to contribute to the improvement 
of the quality of crops. 

The chemists from the Institute of Brewing, the chief 
consumers of barley, are carrying on analytical work to 
detect the influence of manuring and of topographical 
and climatic factors on the malting quality of barley. 
Barley- malt is an essential ingredient of beer ; so much 
so that it is described as “the soul of beer.” As the 
chemical composition of barley varies widely, attempts 
are being made to study its precise relation with malting- 
efficiency. 

In India the brewing industry is still in its infancy, 
total production not being more than 8,000,000 gallons 
per annum, although the barley export from India during 
the last few years is valued at £1,500,000 per annum. 
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Sorghum (known as “ cholam ”) which is the staple grain 
crop of Southern India, is now considered to be a 
possible substitute for barley for malting operations . 1 

We have so far dealt with the chemical fertiliser 
investigations, but the agricultural practice all over the 
world indicates that farmyard manure is, on the whole, 
more effective than any other single chemical substance. 
The problems associated with its application however, are 
not simple ; and therefore, we turn to the Department of 
Fermentation, where Richards has been carrying out very 
instructive researches. 

1 Noiris. “Sorghum sis a Substitute for Suiting Barley,” Jour. Agric. Im’ ; a, 
Juno, 1923. 
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The conservation of nitrogen as a means of adequate 
food-production is one of the fundamental problems of 
agriculture, and it is this very problem that has been 
persistently investigated by the Rothamsted Experiment 
Station since the day of its foundation. The loss of 
nitrogen from the rich cultivated soil, which could not 
be satisfactorily accounted for, has been a subject of 
patient investigation for many years. But the elucida- 
tion of its causes is rendered extremely complex owing 
to the presence of so many factors in the soil ; and 
therefore, it was thought that the investigation of the 
changes that take place in a manure heap might afford 
some precise information. It should also be noted that 
the impetus from the situation of the war-emergency 
undoubtedly gave a direction to the researches on the loss 
of nitrogen. The Rothamsted Experiment Station, 
through the generous assistance of the Hon. Rupert 
Guinness, now Lord Elveden, secured the services of 
Richards, who has had a wide experience as a sewage 
chemist, and then this much-neglected investigation of 
farmyard manure was seriously taken in hand. 

Erom the point of view of Indian agriculture, this line 
of research is extremely instructive. The Indian culti- 
vator fully recognises the value of farmyard manure ; 
the idea of covvdung being * sacred ’ may have probably 
originated from its utility as an effective crop-producing 
manure. Among the numerous agricultural proverbs 
one finds occasional references to cowdung as being 
“ Lakshmi,” the symbol of the Goddess of Wealth. And 
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yet, owing to the shortage of fuel, the bulk of it is burnt, 
and whatever is left for agricultural purposes loses a 
considerable amount of fertilizing ingredients through 
mismanagement of the manure heap. 

A few remarks as to the composition of farmyard 
manure may be necessary fur clear understanding of the 
research problem I am about to describe here. 

Farmyard manure consists of more or less decomposed 
materials of the excreta of animals mixed with straw or 
some such litter used in order to absorb urine and mois- 
ture of the solid excreta. However important a place 
the chemical fertilizers may occupy in the economy of 
scientific agricultural practice, they cannot altogether 
replace the farmyard manure or vice versa. In fact, one 
is not the substitute of the other. While the chemical 
fertilisers supply certain essential plant foods, the farm- 
yard manure, besides adding nitrogen and potasli to soils, 
brings about certain physical and biochemical conditions 
which contribute largely to the maintenance of soil 
fertility. Its value is also enhanced by its residual effect 
on succeeding crops. 

During the war, one of the most important questions 
which arrested the attention of the Government, was to 
conserve all possible sources of manures so necessary for 
increased food-production in the country, and naturally 
the question of economical use of the most popular 
fertilizing material, farmyard manure, which suffers 
serious loss through fermentation and leaching, was raised. 
It was estimated 1 that 37,000,000 tons of farmyard 
manure are made per annum in the United Kingdom 
valued at £L1,000,000; but the loss in making and 
storing the manure heap, according to Russell, is more 
than £5,000,000 each year. 

i Russell and Richards. On Making and Storiug of Farmyard Manure. (Journal 
of Royal Agrio. Soc., Vol. 77.) 
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This loss of nitrogen however, cannot altogether he 
avoided. Animal excreta which are partially decomposed 
materials, in combination with straw, come under the in- 
fluence of micro-organisms, and thus a series of complox 
biochemical changes are brought about. But the loss of 
nitrogen from the manure heap can certainly be reduced, 
if the mechanism of such fermentive changes could be 
ascertained. We know that the fertilizing value of 
farmyard manure depends largely on the actions of mi- 
cro-organisms ; and yet they are also partly responsible for 
the loss of nitrogen, the volatilization of ammonia and 
leaching being other factors. Therefore, the aim of the 
agriculturist is to augment that type of fermentive 
process in which the micro-organic activities may go on 
without involving much loss to this important constituent 
of the manure heap. 

The chemistry of farmyard manure is exceedingly 
variable and complex ; its composition depends on the 
nutritive value of the food -stuffs and on the extremely 
complicated physiological process of digestion. That 
there is an intimate relation between animal food and 
dung was first shown by Boussingault ', but not until 
necessary physiological data with regard to mechanism of 
digestion was available “the residual manurial value of 
various feeding stuffs ” could he determined. Here again 
the lead was taken by Lawes and Gilbert. From 1864 
onwards they carried on several investigations with a 
view to establishing a definite relation between the nutritive 
constituents of the animal foods and the distribution of 
the various fertilizing ingredients, such as nitrogen, 
phosphorus, and potash, of dung and urine. The science 
of animal physiology has made such a great advance 
during the last two decades that almost a precise relation 

1 Bouesiug&ult. Economic Rurale, 2nd Ed., Vol. 1, p. 1. Quoted by Bussell 
iu (3). 
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between food-stuffs and manure may now be established. 
Instead of going into any detailed discussion of physio- 
logical investigations, I shall be content to reproduce 
the following summary made by Russell and Richards : 1 

“ 1. Only small amounts of the nitrogen, phosphorus 
and potash in the food are retained by the animal ; he 
lives mainly on the carbon and hydrogen of the food, 
and passes out the bulk of the mauurial constituents into 
his excretions. 

2. A good deal of the nitrogen is taken up by the 
animal, but not kept ; it passes out in the urine and be- 
comes a rich plant food. 

!’*. The more digestible the food, the greater is the 
amount of nitrogen thus taken up and excreted, i. e., 
converted into plant food. 

d !. There is no loss of nitrogen, potash or phosphoric 
acid in the animal, and an exact balance sheet can be 
made up. If the amount and the composition of the 
food is known, the amount and composition of the excre- 
tions can be calculated by simple arithmetic.” 

But as in actual practice it is not possible to 
collect faeces and urine separately, the calculations do 
not follow the simple arithmetic. Then again, the use 
of absorbents, such as si raw, dry leaves, etc., introduces a 
new constituent in the manure heap. 

Thus, we find several conditions affecting the value 
of farmyard manure. Besides the kind of animal, its age, 
its chief function, aud the quality and quantity of the 
foodstuff, there are such important factors as the relative 
proportions of solid and liquid excreta, the quality 
and quantity of litter used and the manner in which 
the manure heap is treated. It is to this question of 
treatment the most serious consideration has to l)e given. 

1 Russell and Itieliards. On making and Storing of Farmyard Manure. (Journal 
of lloyal Agric Sop., Vol. 77). 
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Through a series of carefully conducted analyses and 
field trials, it is shown that manure retains its fertilizing 
constituents best, when it is kept as compact as possible 
under sufficiently moist conditions protected from exposure 
to atmospheric influences. But in spite of these pre- 
cautions, the loss of nitrogen could not be obviated. 
Bussell and ltichards 1 designed a series of laboratory 
experiments to find out what actually happens in manure 
when subjected to aerobic and anaerobic conditions. 

Although the phenomenon of fermentation is of 
common occurrence, the mechanism of its process is still 
shrouded with marvellous complexities of multiple 
factors which are brought into play by micro-organisms. 
Therefore, in the whole field of biological chemistry the 
subject of fermentation is one of the most fascinating 
items of research. 

fermentation is a natural process known to be 
accelerated under favourable conditions by aerobic and 
anaerobic bacteria, the former acting in the presence of 
air and the latter in its absence. Aerobic bacteria attack 
the nitrogenous substances evolving ammonia in the 
process, which, in addition to carbon-dioxide, is partly 
converted into ammonium carbonate. The reaction may 
be stated as follows : 

C0N 2 lI t + H 2 0 = 2NH 3 + C0 2 
2NH 3 + C0 2 + 11,0 = (Nil ,) 2 C0 ; , 

The bacterial decomposition of protein has all the 
appearance of hydrolytic change. In fact, the hydrolysis 
of proteins into amino-acid groups is the first stage of 
putrefaction ; but further degradation of amino-acids 
brought about by bacterial activities may take place in 
two ways. Either an amino-group may be eliminated 

1 Bussell and Richards : Changes taking placo during the storago of farmyard 
manure. (Journal of Agric. Soc., Vol, VIII,, Part IV. 1917). 
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(deaminization) or a carboxyl-group may be removed 
(decarboxylation). It must not be understood that the 
processes work only within two alternatives. Various 
modifications and combinations of these processes are 
possible, depending chiefly on micro-organic activities. 

De-aminization occurs under both aerobic and anaero- 
bic conditions. Researches on protein metabolism 1 have 
thrown much light on the fundamental character of the 
process of de-aminization, which seems to be essential for 
synthetic activity. It is a normal function of both moulds 
and the micro-organisms of putrefaction. De-amini- 
zation by bacteria has been much investigated by Brasch 
and Neuberg 2 and we know that aerobic or anaerobic 
conditions, profoundly affect the molecular groupings of 
various products. Dakin 3 describes the reaction under 
aerobic processes thus : — 

R.CH.NH 2 .COOH + 0 2 =R.COOH + C0 2 + NH S 

R.CH.NH, .COOH + H 2 0 = R.C ET.OH.COOH + NH S 

Decarboxylation may take place either by the simple 
removal of C0 2 or the Carboxyl-group (*>.</., formic acid) 
in which case there must be a reduction process. 

R R 

CHNH., - CH 2 NH 2 + C0 2 

1 

or (COOJlH 

R R 

CH. NH 2 + H = CH 2 NHj + H. COOR 
jCCK) H H| 

1 Cathcart. Physiology of Protein Metabolism. (Longman’s Biochemical Mono- 
graphs, 1912.) 

* Brasch and Neuberg. Biochem. Zeit., 1908, Vol. 13, p. 299, and 1909, Vol. 22, 
p. 403. Quoted in (3). 

3 Dakin. Josrnal of Biological Chem, 1908, Vol. 4, p. 63. Quoted in (3). 
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It is found that decarboxylation takes place under an 
anaerobic process producing amines among the regular 
products of putrefaction. The fundamental destruction 
brought about by these two processes under aerobic and 
anaerobic conditions must be noted. While under aerobic 
conditions ammonia splits off, leaving a complex acid, c 
both this or the splitting off carbon dioxide leaving a 
complex amine may take place under anaerobic condi- 
tions. We thus see that with the change in the aerobic 
conditions the products change also. 

No precise information is yet available as to condi- 
tions which determine the occurrence of deaminization 
or decarboxylation. In the bacterial decomposition of 
complex nitrogenous compounds present in soils and 
manure, it is likely that under normal conditions both 
the processes go on simultaneously, and as aerobic activity 
commences soon, possibly deaminization preponderates. 
Russell and Richards’ researches on the changes that 
occur in the storage of farmyard manure have not only 
thrown much light on the problems related to conservation 
and utilization of farmyard manure and allied materials, 
but have also furnished some useful guiding hypotheses 
as regards the complexities brought about in nitrogen- 
carbon cycles through the processes of fermentation. 
From the theoretical discussions outlined above, it must 
not be concluded that the investigators are unanimously 
agreed upon the probable reactions of nitrogen-carbon 
cycles in the soil or manure. The accumulations of 
such data as obtained by Russell and Richards serve as 
links, the systemati^connections of which may some day 
reveal the true nature of the cycles. 

From their investigations it is indicated that the funda- 
mental nature of fermenting complex in manure, strictly 
under aerobic and anaerobic conditions, closely resembles 
that detected either in the bacterial decomposition 
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of protein or in sewage purification. In all cases 
the cmplex nitrogen compounds probably break 
down in the same way, involving the formation 
first of amino-acids and then of ammonia. But in 
manure heap ammonia does not accumulate, indicating 
thereby the possibilities of the occurrence of further 
reactions. 

The aerobic and anaerobic experiments were made 
side by side and the changes in nitrogen compounds 
were found to be different, as will be seen from the 
graphic illustration (Fig. 1). Comparing these results 
with those observed in the anaerobic decomposition 
of sewage or in the breaking down of protein, one 
is led to believe that whatever destruction may appear 
in manure heap is solely due to the conditions of 
storage. 

Now, the chief point to remember in connection with 
the distinctive features of aerobic and anaerobic storage 
is that there is a loss of nitrogen in the former case. 
Although the decomposition of complex nitrogen com- 
pounds goes on more vigorously in the presence of air 
than under anaerobic conditions, it is found that there 
is no loss of nitrogen under wholly aerobic conditions. 
What are then, the chief factors that bring about the 
loss of nitrogen, and in what form does it occur ? The 
usual explanation of the loss being wholly due to the 
volatilization of ammonia proved to be insufficient and 
so also the idea that soluble nitrogen compounds may be 
lost by leaching ; for the loss occurs also in sheltered 
heap. Therefore, Russell and Richards, assuming that 
the missing nitrogen may be escaping as gas, set up 
a very ingenious experiment, maintaining, as nearly as 
possible, such conditions of decomposition as are found in 
manure heap. As the apparatus they used may be useful 
to the students for nitrogen investigations, I reproduce 
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here the diagram (Fig. 2) as well as the description of the 
technique 1 they employed. 

“A weighed quantity of farmyard manure of known 
composition was placed in the flask A, connected to an 
acid bulb B (to absorb ammonia), an alkali bulb (to absorb 
CO g ) * and a soda lime tube D, and to the mercury pump 
E, whereby a stream of air could be drawn through. 
The pump was so arranged that the whole of the air 
was delivered back into the flask. The system was 
closed and it was made rigidly air-tight and absolutely 
beyond any possibility of leakage by building the appara- 
tus up with the aid of the blowpipe and making all the 
joints of blown glass, and further by having mercury 
seals on the tap and the flask. A manometer F was 
attached so that changes in pressure could be read : any 
absorption or evolution of gas could thus be measured. 
As oxygen was absorbed in quantity it was essential that 
a pure supply should be available, free not only from 
sulphur dioxide, carbon dioxide, etc., but also from traces 
of nitrogen : this was ensured by sealing on to the 
apparatus an electrolytic vessel G, charged with baryta, by 
the electrolysis of which very pure oxygen was obtained. 
The volume of oxygen was determined by measuring the 
volume of hydrogen in the nitrometer H. 

The manure having been put into the flask A, and the 
last joints blown, the pump was started working and suffi- 
cient air was extracted to allow the auxiliary mercury 
lifting pump to come into action. The system was then 
completely closed, the circulation commenced, and the 
pressure on the manometer read. 

The volume of the apparatus now had to be determined. 
This was done by letting in a known volume of oxygen 

1 Rnssel and Richards : Changes taking place during the storage of farmyard 
manure. (Journal of Agrio. Soc. Vol. VIII. Parr. IV. 1917.) 

* The glass spiral betwoen B and C is to relieve the strain on the apparatus. 





AGRICULTURAL RESEARCH IN EUROPE 20 

from the electrolytic vessel and measuring the drop in 
pressure thus caused. 

Knowing the volume of the apparatus and the per- 
centage composition of the air contained therein, it was 
easy to calculate the volume of nitrogen initially present. 

The circulation was then kept up for several hours 
a day, the mercury being lifted by the auxiliary water- 
pump so that the operation was automatic. The acid in 
the one set of bulbs caught any trace of ammonia carried 
over, while the alkali in the other set took out the CO* ; 
the movements of the manometer showed the net change 
in pressure. Fresh oxygen was periodically admitted 
from the electrolytic vessel. 

An occasional sample of gas was pumped out, measured 
and analysed and the manometer was read. Thus the 
composition of the air inside the apparatus could be 
known whenever desired. 

When the experiment had continued long enough the 
gas was pumped out, measured and analysed. This gave 
the volume of nitrogen finally present. 

Lastly the manure was collected from the flask, 
weighed and analysed, and the acid from the bulbs was 
also distilled to collect the ammonia, which was added to 
that in the manure.” 

Thus, it was possible to detect the change in amount 
of nitrogen in the manure and also in volume. That 
there is an evolution of nitrogen during the decomposi- 
tion of manure, and that only under partial aerobic 
conditions loss of nitrogen occurs, may be concluded from 
the experiment. 

As regards the cause of the evolution of nitrogen, 
there are many hypotheses advanced by the European 
investigators ; but without entering into a detailed account 
of them, it may be stated that in view of the experimental 
evidences of the loss of nitrogen only under the partial 
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anaerobic and aerobic conditions, the theory of either a 
direct oxidation, or a direct reduction process is disproved. 
Russell and Richards favour the alternate nitrification 
and denitrification hypothesis, and find explanations of 
the changes in molecular groupings which become stable 
or unstable depending on aerobic or anaerobic conditions. 
They suppose that under anaerobic conditions molecular 
groupings tend to rise, which become unstable as soon as 
aerobic conditions set in, and vine versa, thus splitting off 
nitrogen in the process of decomposition. Such changes 
occur in non -nitrogenous compounds, as for example 1 
P-hydroxy-phenyl-propionic acid formed by the de-aminiza- 
tion of tyrosine is oxidised to p-hydroxy-phenyl-acetic acid. 
A similar shortening of the carbon chain is brought about 
by oxidation in the production oE succinic acid from 
glutamic acid by putrefaction. It is supposed that some 
complex nitrogen compound could act likewise by elimina- 
ting nitrogen. In a manure heap the conditions between 
aerobic and anaerobic fluctuate, giving rise to a succession 
of a series of decompositions, and thus evolving in reac- 
tions gaseous nitrogen. 

Be that as it may, we now know from Russell and 
Richards’ investigations that “ the objects to aim at in a 
manure heap must be to secure (a) as much dry matter 
(b) as much ammonia and ( c ) as little loss of nitrogen as 
possible,” and only under complete anaerobic conditions 
and at a temperature of 2f5°C, such an ideal situation may 
be obtained. It is obvious that the complete anaerobic 
conditions cannot easily be attained, but what has been 
successfully done for silage may also be accomplished for 
storing farmyard manure. Anaerobic fermentation pro- 
duces marsh gas and hydrogen ; and as the former is 


1 Barger. Simpler Natural Bases. (Longman's Monographs on Biochemistry, 
1914 .) 
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combustible, there is certain amount of risk in subjecting 
farmyard manure to a complete anaerobic process. For 
the present, the best alternative is to keep manure well 
compacted and sheltered, bearing in mind the several 
factors that govern the fundamental changes taking place 
during the storage. The Department of Fermentation 
is continuing the investigation with a view to devising 
a method whereby the perfect anaerobic conditions 
may be attained without any risk from .combus- 
tible gas. 

As the success of experiments depends on the careful 
attention given to details, I wish to summarise, for our 
students, an abstract of the methods employed by the 
authors. 1 In the first place great care should be 
taken in obtaining a representative sample. The ex- 
perimental heap should be built up with small quantities 
of dung taken out from, tho hulk heap of fresh manure, 
and from each forkful two small samples should be laid 
aside for analysis. These samples should be thoroughly 
mixed by passing them through a large meat-mincing 
machine. In the second place, the laboratory analyses 
should all be made in duplicate thus obtaining four 
values for each item. For nitrogen determination, the 
Kjeldahl-Gunning method is sufficiently accurate ; the 
ammonia may be estimated as follows Add 500 c. c. 
of distilled water and about three grams of magnesia to 
10 grams of the sample manure, and see if the solution 
is alkaline to litmus. Distil it at ordinary pressure, and 
titrate. 

For the amide nitrogen, digest 10 grams of the manure 
sample with 200 c. c. of 10/ sulphuric acid for 10 hours 
on the water bath, making just alkaline with caustic soda. 


1 Russel and Richards : Changes taking place during the storage of farmyard 
manure. (Journal of Agric. Soe Vol. VIII. Part. IV. 1910). 
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Distil. From the value thus obtained, deduct the 
ammonia figure. 

From the problem of the storage of farmyard manure 
we now proceed to consider what Richards and his 
associates have done to explore the possibilities of 
utilising another source of nitrogen namely, the sewage 
sludge. 

The need of increasing the output of nitrogenous 
manures during the war revived in the United Kingdom 
the past efforts to find the best means of utilizing 
sewage sludge, the manurial value of which, according to 
Russell 1 is estimated at £18,000,000 per annum, if 
the total excrements of the inhabitants of the country 
could be applied to the land. It is a well-known fact 
that “ the farmers of forty-centuries ” in China and Japan 
conserve every scrap of human excreta for manuring 
purposes, and Fowler 2 * * * asserts that the fundamental 
economic stability of those countries depends on this 
universal practice. Professor F. H. - King gives very 
interesting statistics 8 of the estimated quantity of 
manure applied annually in Japan. Japan cultivates 
less than 14 million acres (in 1910) of land, to which are 
applied annually about 24 million tons of human excreta, 
23 million tons of compost made from animal droppings 
and waste materials mixed with grass, straw, etc., 5 
million tons of green weeds carefully harvested from un- 
cultivated regions, and 776,000 tons of ashes. These 
manures make an average annual application of 3*8 tons 
per acre containing, according to the accepted analyses 


1 Russell. Work of the Rothanisted Experimental Station from 1914 to 1919. 
(Journal of the Board of Agriculture, Vol. XXVI, No. 6.) 

2 Fowler. Conservation of Nitrogen with special reference to Activated Sludge. 

(Journal of ( nd. Inst, of Science, Vol. Ill, 227. 279, 1920.) 

•King. Farmers of Forty Centuries. (1911, Madison, Wis.) Abstract in the 

Orange Jndd Farmer (Jan. 22, 1910). 
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of official Japanese chemists, 54 pounds of nitrogen, 
14’8 pounds of phosphorus and 29 - 2 pounds of 
potassium. Since the last decade Japan has also been 
importing a large quantity of chemical fertilizers and 
oil-cakes to make up any deficiency in the complete 
plant-foods. Sir Humphrey Davy, writing as early as 
1827 in his treatise, ‘ Agricultural Chemistry,’ states 
as follows : 

“The Chinese, who have more practical knowledge 
of the use and application of manures than any other 
people existing, mix their night-soil with one third of 
its weight of a fat marl, make it into cakes, and dry it 
by exposure to the sun. These cakes, we are informed 
by the French Missionaries, have no disagreeable smell, 
and form a common article of commerce of the 
Empire.” 

The value of sewage as a source of nitrogen has long 
been appreciated by agricultural chemists, but the 
numerous problems associated with sewage disposal need 
to be solved, before its use can be universally recommend- 
ed. In the first place, the offensive accompaniments 
involved in its use have to be got rid of, bearing in mind 
the important question of sanitation ; and in the second 
plac 3 , the loss of nitrogen has to be guarded against, 
bringing under control, as far as possible, the fermentive 
processes that take place both in the solid and liquid 
substances. 

Various methods of sewage treatment have been sug- 
gested, but one worked out by Dr. Gilbert J. Fowler in 
Manchester, is considered practicable and efficient, and 
has received much attention from agricultural investi- 
gators. It has been found that if air is passed through 
sewage, a number of changes take place, eventually 
throwing down a brown deposit, with the progress of 
oxidation, which is known as the ‘ activated ’ sludge. 

5 
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The process as carried out in practice is described by 
Fowler 1 as follows 

“The screened sewage passes into a long narrow 
aeration tank into which air is forced in a state of fine 
division. It has been found that this fine division is 
necessary for the sake of economy of air, and it is effected 
by thfe use of what are known as diffusers of porous 
material through which the air is forced, creating a 
fine efiulsion of air and sewage. The effluent passing 
away at the end of the aeration tank is purified, but 
contains, of course, activated sludge in suspension which 
must be separated and returned to the inlet of the tank. 
The aeration tank is, therefore, followed by a settlement 
tank in which the activated sludge rapidly settles out, 
and from which the clear and purified effluent passes. 
The deposited activated sludge can be lifted from the 
bottom of the settlement tank by means of compressed 
air either back to the inlet of the aeration tank or out 
of the system altogether on to sludge drying beds, from 
which it can be removed and used as manure.” 

There are several types of sludges produced by differ- 
ent methods, but to what extent the activated sludge 
process of sewage purification may be successful as a 
practical proposition, probably needs further confirmatory 
evidences. However, the fertilizing value of sludge thus 
obtained has been carefully tested both by field and pot- 
culture experiments. At the Eothamsted Experiment 
Station, Brenchley and Richards, 2 working with slate- 
bed and activated sludges, which are produced under 
aerobic conditions, and the precipitation and septic-tank 
sludges formed under anaerobic conditions, found that the 

1 Fowler. Conservation of Nitrogen with special reference to activated sludge. 
(Journal of Ind. Inst, of Science, Vol. Ill, £o. 227, 279, 1920.) 

• Brenchley and Richards. Fertilising Valuo of Sowngo Sludge. (Journal of 
Chew, Industry, Vol. 39, p, 17 7T, 1920.) 
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manurial value of the former sludges was distinctly 
greater than the others. The chemical analyses of 
sludges used in the experiments shows a wide difference 
in nitrogen contents. 


Sludge , 

Activated. 

Slat e-bed. 

Precipitation 


% 

% 

% 

Moisture 

7-26 

55-65 

37-67 

Organic Matter 

7672 

20-76 

21-81 

Inorganic Matter 

16-02 

23-59 

37-52 

Calculated on the sludges dried at 100°C. 


Nitrogen 

7-09 

2-63 

0-89 

Phosphoric Acid 

6-82 

0-31 

0-66 

Potash 

1-12 

0-08 

007 


The pot-culture experiments made with (<*) activated and 
(i b ) slate-hed sludges indicate the superiority of the former 
not only as a high-yielding fertilizer, but also as a manure 
which has a considerable residual value. Brenchley and 
llichards carried out these experiments with an equi- 
valent dressing of nitrate of soda, thus introducing a 
standard for comparison. Their experiments also bring 
out the interesting fact that the crop increases “are 
roughly proportional ” to the availability of its nitrogen 
content as determined in the nitrification experiments 
made with sludges. The photographs of the pots, kindly 
lent by the Department, show the difference in plant 
growth under the respective treatments. 

Prior to the above test, Arden 1 carried out a series 
of field experiments near the Withington sewage works 
with a view to determine the value of activated sludge as 
a source of available nitrogen for growing crops, and his 


1 Arden. Activated-sludge Process of Sewage Purification. (Journal of Chem. 
Industry, Yol. 39, p. 60, 5, 1920.) 
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results are in accordance with those obtained at 
Rothamsted. 

But further questions were raised as regards the 
behaviour of the complex nitrogen-carbon cycle in the 
activated sludge : what is the source of its high nitrogen 
content ; is the nitrogen recovery in the case of activated 
sludge more than any other method of sewage purifica- 
tion, and does any loss of nitrogen occur in the sludge, 
and if so, under what conditions ? With a view to obtain 
certain experimental evidences for answering some of these 
questions, Richards and Sawyer 1 undertook a series of 
investigations at the Rothamsted Laboratories, and the 
financial support came from the Ministry of Agriculture. 

They attempted to present a comprehensive outline of 
the mechanism of the nitrogen-carbon cycle that operates, 
as in the case of farmyard manure, chiefly through the 
micro-organic population of the sludge. Contrary to the 
view's held by certain investigators, their experiments 
adduce no evidences of fixation of atmospheric nitrogen 
by activated sludge, but indicate that increased content 
of nitrogen is derived from the ammonia of sewage, 
which in addition to colloidal nitrogen, is removed from 
the sewage. If activated sludge is aerated for a short 
time in an ammoniacal solution, the recovery of nitrogen 
is quantitative, but under continuous aeration, loss of 
nitrogen occurs. 

The distinctive character of Richard and Sawyer’s 
experiments lies in the fact that they extended their 
observations to the micro-organic population of the acti- 
vated sludge more thoroughly than the previous workers. 
Ror, in all the processes known as ammonification, nitrifica- 
tion and denitrification, the activities of the different 


1 Richards and Sawyer. Further Experiments with Activated Sludge, (Jonrnal 
of Chem. Industry, Vol. 41, p. 62T, 1922.) 
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groups of micro-organisms under various conditions have 
much to do with the fate of nitrogen. The ammonia- 
fixing organisms are strongly aerobic, and they flourish in 
the presence of carbohydrates. The activated sludge under 
aeration, therefore, presents a suitable medium for the 
activity of these organisms with the result that a large 
proportion of sewage ammonia is ‘ fixed ’ in the sludge. 

I need not repeat here the part played by the nitrify- 
ing and denitrifying bacteria in the activated sludge. 
Fundamentally, their function is the same as in the case 
of the manure heap, but a reference should be made to 
the existence of a third group of organisms— protozoa — 
whose development is known to proceed “ simultaneously 
with the other biological changes.” The correlation 
between the bacterial numbers and the total active 
protozoa has lately been investigated by the Protozoolo- 
gical Laboratory at liothamsted, and this discovery has 
thrown much light on the complex biological changes 
that take place in soil, sludge or farmyard manure. I 
shall refer to this work in detail in a subsequent paper, 
but the interesting observation of Richards and Sawyer 
with regard to the source of extra nitrogen in the acti- 
vated sludge may be quoted here. 

“ If aeration is very good,” the authors state, “ large 
ciliates predominate ; under less aerobic treatment flagel- 
lates are mostly found. By devouring the ammonia- 
assimilating bacteria, the protozoa transfer a considerable 
part of the nitrogen gained from the sewage into the 
protein of their own cell structure.” It has been esti- 
mated that the numbers of protozoa in well-activated 
sludge run up to 1,000,000 per gram of wet sludge. In 
order to determine to what extent they influence the 
process of sewage purification, a numbor of experiments 
with partial sterilisation of activated sludge were conduct- 
ed ; and it was found thatthe rapid increase in bacterial 
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numbers following the antiseptic treatment produced no 
improvement in the purification of sewage, but seriously 
retarded the normal fermentation processes by suppressing 
nitrifying organisms. Again, through the suppression of 
the protozoa population, the value of activated sludge as 
a fertilizer may also be depreciated. 

Although the claim of activated sludge as having 
a high manurial value has been established by field 
trials, there remain two problems of sewage disposal — 
one is to find out economical methods of drying the 
sludge produced, and the other is to devise means of 
recovering nitrogen now lost in effluent — which must be 
solved if sewage is to be utilized for agricultural 
purposes. 

His long association with researches on the fermenta- 
tion processes, and. his wide experience in matters of 
sewage disposal enabled Richards to suggest a method of 
sewage purification by which the highly dilute ammonia- 
cal compounds largely derived from urine and liable to 
be lost in effluent, may be recovered and made available 
as a fertilizer. We shall discuss at length the process 
he has employed in the making of the synthetic straw 
manure. It is this readily fermentible carbohydrate, 
straw, which he used as a filtering medium for sewage 
purification. The idea must have occurred to Richards 
while carrying out, in collaboration with Hutchinson, 
researches on the fermentive changes of nitrogen and 
carbon. For, as far as the natural requirements for the 
growth of the organisms are concerned, they may be 
furnished by the combination of straw with an excess 
of carbon, and sewage with an excess of nitrogen, in 
their respective constituents. Richards states that “ it 
took from 10 to 14 days for the straw to be thoroughly 
activated. The optimum temperature was about 35°0, 
but at 60°F to 70°F the process was successful in 10 days. 
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Pig. 1 

Changes in Nitrogen Compounds in Farmyard manure (Bullock manure) 
stored in the Laboratory under anaerobic and aerobic conditions at 
different temperatures. ( Russell and Richard *.) 

(From the Journal of the Agricultural Science , Vol. VI 1 /, 1916-17.) 








Fig. 2 

Apparatus to ascertain absorption or evolution of gaseous nitrogen 
from decomposed farmyard manure. 

{Russell and Richards .) 


{From the Journal of Agricultural Science , Vol. VIIL) 
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At the end of three weeks the straw was loaded with as 
much nitrogen as it would take up.” 

The laboratory experiments, showing that straw 
saturated with a dilute solution of ammonium carbo- 
nate (10 parts of N per 100,000) gradually becomes 
active in removing nitrogen from the solution, led to the 
construction of a straw-filter (see Photograph ) which is 
described by Richards and Weeks as follows : — 1 

“An angle-iron framework, 20 feet long, 10 feet 
wide, and 7 feet 6 inches high, was fixed over a sloping 
concrete floor, with two main horizontal members, one 
2 feet and the other 4 feet G inches above the floor, passing 
along each side. On these members 1 inch diameter 
galvanised iron pipes, 12 feet long, were laid, spaced at 
4 inches apart, centre to centre ; the length of the pipes 
allowed them to project 12 inches beyond the frame- 
work at each end to give hand-hold for drawing. 

Transverse horizontal angle-irons were fixed across tho 
bed 3 feet above the upper of the two floors so formed, to 
tie the verticals together and also to carry the distributing 
troughs. Two Y-shaped wooden troughs were laid over 
the filter, the sides having notches about 12 inches apart 
with a nail driven under each to act as a drip point.” 

The rate of pumping has to be regulated ; for instance, 
if it is rapid, there would bo a very small amount of 
nitrogen fixation ; and when it is reduced to, say, 90 
gallons per cubic yard per day, there was a decided 
improvement in the nitrogen recovery. 

Richards gives the results of analyses of samples 
from his straw filter which clearly show the gain of nitro- 
gen in straw-removed filter. 


1 Richards and Weokes. Reprints from tho Proceedings ot the Engineering 
Conferenco, 1921, of tho Institute of Civil Engineers. 
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Paris per 1,00,000 
Sewago. Effluent. 


Ammoniacal Nitrogon 
Oxygen absorbed in 4 hours from perman- 
ganate 

Dissolved oxygen taken up in 5 days 
Chlorine 

Total nitrogen in raw straw ... 

Total nitrogen in straw removed from 
fdter 

Total nitrogen after storage for 6 months 


18-92 10-19 

31-88 20-82 

80-4 14-9 

31 0 393 

Dry matter % 
0-50 


1-62 

2-06 


The amount of nitrogen recovery in the above straw- 
filter process should encourage agricultural investigators 
in India to explore this source of nitrogen from sewage, 
and the Municipalities and District Boards should seriously 
consider the suitability of this method of sewage-purifica- 
tion. Eowler, whose contributions to the questions of 
sewage disposal both from agricultural and sanitary 
points of view are well known, is now in India as the 
Chief of the Indian Institute of Science (Bangalore). 
He is already, I understand, directing his students to 
such research problems, and it may be hoped that in 
India some cheaper vegetable waste products, other than 
straw could be utilised for sewage-filter. Of course, the 
details of decomposition and fermentive processes under 
the tropical conditions have to be studied first, and if 
any such method proves to be successful it would, besides 
conserving a source of nitrogen, greatly improve the 
sanitary conditions, especially of Indian villages. 

The genesis of the idea of purification of sewage by 
straw-filter may probably be traced to the experiments 
which have been going on at Rothamsted for some time 
with a view to making synthetic straw manure, subjecting 




Nitrogen qainedL or LoaC 


Effect of diet on Nitrogen fixation 

t 

0 

1 

5 0 - 

40 -^B 


m 

■ 

■ 

m 








lltl 

Horse on 

Bullock 

Horse 

Cow orv 

Bullock 

Cow 

com & 

orv cake 

on. 

cake & 

on 

on 

hay 

L grass 

grass 

grass 

grass 

grass 


Fla. 3 

( After Richard*) 

(From the Journal of Agricultural Science, Fol. I III, Wifi- 17.) 




AGRICULTURAL RESEARCH IN EUROPE 41 

straw to bacterial decomposition. Now, straw consists 
of 5-10% starch, 20-40^ pentosan and the rest cellulose 
of various types, but its nitrogen compounds are inert 
and therefore do not contribute anything to the supply 
of energy to organisms. The efforts to secure a more or 
less complete breakdown in fermenting straw were not 
successful, partly due to the lack of sufficient information 
as to the food supply of the cellulose-decomposing 
organisms, and partly due to the characteristic resistance 
of such substances as pectin, lignin, etc., to any fermentive 
process. However, ltieh aids’ investigations on the 
processes of fermentations furnished him with some 
interesting and suggestive data. As for example, while 
dealing with the problem of conversion of ammonia into 
complex nitrogen compounds, during the fermentation 
of urine, straw, and faeces, he found that only in the 
manure heap composed entirely of horse manure, there 
was any increase in the complex nitrogen compounds. 
Ilis further experiments 1 show that horse ficces fixed 
nitrogen under aerobic conditions in the presence 
of sufficient moisture and calcium carbonate, and the 
fixation is a function of the food-stuifs. I reproduce 
here the diagrammetical representation of “ the effect 
of diet on the nitrogen-fixing power of faioes from cht 
horse, bullock and cow.” {See Jig. 3.) 

Looking for the organism or organisms which may take 
part in the nitrogen fixation, ltichavds could obtain evi- 
dences to show that it is brought about by “a mixed culture 
(see the micro photo) of Azotobacter and 11. lactis aeiogenes 
Of these the latter is normally present in fmces ; Azo- 
tobacter is not, but readily infects f.eces. Both organisms 


1 Bicliarila. Fixation of Nitrogen in Pieces. (Journ. of Agric. Science, 
Vol.VIII, Part 3, 1917.) 
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are present in the soil used and will fix nitrogen in raw 
faeces but not in sterile faeces.” This fact suggests that 
there must he some actual or potential food present in 
faeces for organisms which fix nitrogen. 

The problem of making synthetic manure from straw 
resolves itself into two fundamental questions, one is to find 
the cellulose-decomposing organisms which could attack 
straw under aerobic conditions, and the other is to provide 
food for these organisms in the form of a nitrogen 
compound. 

Now, since Omelianski’s 1 investigations into cellulose- 
fermentations under anaerobic conditions, a good deal 
of the attention of the biochemists has been directed 
to the problems related to the processes involved. 
Although his observations were confined to anaerobic 
fermentations, it was suspected that there must also be 
some cellulose-fermenting microbes which work in the 
presence of air under favourable conditions. Researches 
of Van Iterson 2 first indicated the nature of the 
aerobic fermentation of cellulose. He found that the 
presence of nitrates accelerated the process, but was not 
able to isolate the pure culture of aerobic cellulose- 
decomposing organisms. Hutchinson and Clayton 3 
working in the Itothamsted Laboratory could, however, 
obtain an essentially aerobic organism, named Spirochaeta 
cytophaga , whose carbon requirements appear to he 
satisfied only by the easily decomposible carbohydrate 
materials of cellulose. The investigators found that any 
other carbonaceous compounds, especially those containing 


1 Omolianski. Abstract published in Journal Chum. Soc., 1902, 2. p. 468. 
Originalsee. Compfc. rend. 1895, Vol. 121, 653-655 ; 1897, Vol. 125, 970-973, 

1131-1133. 

* Van Iterson. Cent. Bakt. Par. II, 1904, Vol. II, 689-698. 

3 Hutchinson and Clayton. On the Decomposition of Cellulose by an Aerobic 
Organism. (Journ. Agric, Soc., Vol. IX, 2, 1919.) 
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reducing groups, were not only unfavourable to its 
growth, but they exerted an inhibitive action on the 
process of decomposition. As regards its nitrogen require- 
ments, simple compounds such as ammonium salts, 
nitrates, etc., appear to be quite suitable. They found 
Spiroohaeta cytophaga present in soil and “ capable of 
breaking down cellulose with comparative ease, ” provided 
the organism could utilise some form of nitrogen for its 
growth. This discovery indicated the way of “ making 
a nitrogenous and humus- forming manure from straw by 
bacterial decomposition,” and Richards in collaboration 
with Hutchinson continued his investigations as regards 
the necessary conditions for straw decomposition. The 
following conclusions are drawn from their experi- 
ments. 1 

(1) Air-supply. — Typical rotting occurs only under 
aerobic conditions. 

(2) Supply of soluble nitrogen compounds in suitable 
concentration. 'The concentration of even the weakest 
undiluted urine is above the maximum limit for decom- 
position. No rotting occurs until the concentration of 
ammonium carbonate has been sufficiently reduced by 
volatilization. The rate of decomposition is accelerated 
under a neutral or slightly alkaline reaction. 

(3) The rate of fermentation is rapid at a tempera- 
ture near 35°0. 

The success of the process, then, depends on both 
physical and chemical factors which are found to induce 
fermentation. The straw heap should be uniformly moist, 
and well-aerated, and the amount of nitrogen compounds to 
be used is based on the calculations of the inter-relations 
between nitrogen and straw. According to Hutchinson 


* Hntchinson and Richards. Util isa lion ( »r Straw and the Production of 
Artificial Farmyard Manure. (Journ Min. Agrie., XXVIII, 5, 1921.) 
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and Richards, the amount varies between 0'70 and 
0*75 parts of nitrogen per 100 parts of dry straw, and 
within these limits fermentation goes on without any 
appreciable loss of nitrogen. To guard against acid con- 
ditions, which may arise through organic fermentations, 
finely ground chalk or limestone is sprinkled over the 
straw heap. The uniform alkalinity is to be aimed at. 

Theoretically speaking, the method for the preparation 
of artificial manure is a simple one, but many practical 
difficulties have to be overcome in order to satisfy all 
the essential requirements of straw fermentation. How- 
ever, as soon as its possibilities as an efficient manure have 
been clearly indicated both by laboratory experiments 
and field trials, the process has been covered by Letters 
Patent and the problem of its commercial development 
is now in the hands of the Agricultural Developments 
Company, Limited. 

As it is essential that the process should be carried 
out precisely on the lines established by experiments, 
the Company has prepared a chemical mixture which 
supplies nitrogen up to the limit of required concentra- 
tion. Amoore, who has been working out the practical 
difficulties of the method says, “ the uniform saturation 
of the straw with water is the difficult part of tho job. ” 
Already the Company has designed such transportable 
devices by which they are capable of turning out 2,000 
tons of straw manure per annum. It is estimated that one 
ton of dry straw makes four tons of fresh and about three 
tons of rotted manure, but it remains to be seen to what 
extent farmers avail themselves of the process. 

Through the courtesy oE the Company I was able 
to obtain certain experimental data, 1 showing the 


1 Adco’s publication. Process for breaking down Straw, 1923. 
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fertilising value of synthetic straw manure, which are 
cited below. 


Comparison between Synthetic Straw Manure and Ordinary Farmyard 

Manure, 


Moisture, Matter! Nitro § en ' Phosphate. Potash. 


Bullock dung 

74-65 

78-06 

2*45 

1*04 

2-83 

Cow dung 

80-56 

78-55 

2*20 

0-99 

2-24 

Synthetic straw 

manure 

76-00 

78-60 

2*16 

0-56 

0-60 


Comparative field trials on heavy loam at Rothamsted 
and on light soil at Working indicated that this synthetic 
straw manure was as good as high quality farmyard 
manure. 


Field Trials. 


Working Farm. (Light soil.) 



Weight 

Yield per acre in tons. 


applied 

Potatoes 

Mustard 


per acre. 

(1920). 

(19*1). 

Synthetic straw manure 

. 20 tons 

6*92 

2-91 

Sulphate of ammonia 

. 4 cwt. 

5*32 

2*37 

Dung ... 

20 tons 

6-18 

4*66 

No manure 



3*44 

1-83 

Rothamted . 

(Heavy loam.) 



Weight 

applied 1 

Tons per acre. 


per 

acre. 

Potatoes. 

Synthetic straw manure 

... 16 

tons 

2*42 

Sulphate of ammonia ... 

4 

cwt. 

1*57 

Dung 

No manure 

... 16 

tons 

2*98 

1*46 
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The most significant increases of potato yield over 
‘no manure ’ were obtained at Heath Place farm under 
the Company’s supervision, as shown by the following 
data: — 

Potatoes (1922). 
... 4 Tons 1 Cwt. 

7 2 

... I „ A „ 

manure.., 5 „ 16 „ 

The synthetic straw manure behaves almost as effi- 
ciently as the farmyard manure, both in seasonal and 
residual manurial value. 

I have dwelt at length on this question of making 
synthetic straw manure and have quoted experimental 
evidences to prove its claim as an equally efficient 
substitute ; for, the fundamental problem before Indian 
agriculture is the supply of nitrogenous manures, pre- 
ferably those which add organic materials to soils. 
While, owing to the scarcity of fodder in India, straw 
cannot be utilised for the purpose, there are numerous 
refuse organic materials such as cotton stalks, cane waste, 
mahua from distilleries, dry leaves, and dried water- 
hyacinth, etc., which may be successfully fermented with 
some modifications of the process Richards employs. It 
is likely that some of these organic materials may prove 
to be better media for the cellulose-decomposing orga- 
nisms than the straw. The analysis 1 of cane waste 
shows that it contains 0’2l% N, 0108^ CaO, 0'25% 
K 2 0, and 0142^ P 2 0 5 , and the quantity available 
annually is estimated at 22 millions of tons. I trust that 
the success Richards has had with the straw decomposi- 
tion, will encourage the Departm ;nts of Agriculture and 


Increases over no manure. 
Chemical fertilisers only 

„ „ and cow manure 

„ „ and synthetic straw 


1 Adinarayan, Rao K. A New Source of Manure. (Journal of Agriculture of 
India, Vol. XVII, Part 6, p. 476.) 
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the Research Institutes in India to investigate into the 
possibilities of utilising such abundant sources of waste 
organic materials for the making of efficient fertilisers. 

From the researches described in these pages we may 
realise how intimate is the relation between the problem 
of plant-nutrition and the micro-organic population of 
the soil. Here, indeed, lies the unexplored field of 
research. Wc shall next acquaint ourselves with the 
investigations that are in progress at Rothamsted on soil- 
bacteria, protozoa, algae and other micro-organisms. 
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